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Earlier results

[ Earlier results

O Lehmer Sequences

o x" =y’ +1: Lebesgue (1850).

U The equation

X2+ C=2yP e Cx?+ D = y": Ljunggren (1964).
O Sketch of the proof
O Applications ® X2 = gn + 1 : Ko (1965)

U Experiments

e Cx?+ D =2y" : Ljunggren (1966).

m

e y" = P(x): general result by Schinzel and Tijdeman = for
fixed A, B, C there are only finitely many solutions x, y, n > 2 of
Ax? + B = Cy", (1976).

o X2+ C = y" : Cohn, 81 values of C in the range 1 < C < 100,
(1993, 2003).

e x>+ 7 =y": Cremona and Siksek, for any unknown solution
(x,y,n) one has 108 < n < 6.6 x 10, (2003).

e x>+ D =y",1<D <100 : Bugeaud, Mignotte and Siksek,
complete resolution by means of Baker’s method and modular
approach (20006).
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0 Lehmer Sequences [ X2 -+ 203b = yp Luca (2002)

U The equation

X2+ C=2yP

O Sketch of the proof
U Applications

00 Experiments () X2 —+ 52k — yn Murlefah (2006)

o x° 4+ p?k*t1 =4y" Arif and Al-Ali (2002).

o x°+ " = 2yP : Tengely, finiteness result, complete
solution of the case g = 3, (2007).

o x°+295P13¥ = y" : Goins, Luca and Togbé (2008).

o x°+ p°K = y" : Bérczes and Pink, all solutions for
2 < p <100, prime, (2008).
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Theorem (Tengely). There are only finitely many solutions

O Lehmer Sequences

0 The equation (x,y,m,q,p) of x> + g°™ = 2yP with gcd(x,y) =1,x,y €N,

2 — P . c
o= such that y is not a sum of two consecutive squares, m € N and
O Sketch of the proof

0 Applications p > 3, g are odd primes.

U Experiments
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Theorem (Tengely). There are only finitely many solutions

O Lehmer Sequences ,
0 The equation (x,y,m,q,p) of x> + g*" = 2yP with gcd(x,y) =1,x,y € N,

2 — . .

o =ap such that y is not a sum of two consecutive squares, m € N and
O Sketch of the proof )
0 Applications p > 3, g are odd primes.

U Experiments

The question of finiteness if y is a sum of two consecutive
squares is interesting. The following examples, all for m =1,
show that very large solutions exist.

y| p q

5| 5 /79

5| 7 307

5|13 42641

5| 29 1811852719

5 | 97 | 2299357537036323025594528471766399
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We have

O Lehmer Sequences

The equation . .
2Oy x =R((1+ i)(u + iv)P) =: Fp(u, v),
O Sketch of the proof . .
O Applications p qm — C\?((’I + l)(u + lv)p) —- Gp(u’ V)'
U Experiments
Gp(u,v)
Let Hp(u,v) = 2555
U+ 0qv = qk,
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If there exists a k € {0,1,..., m} such that (1) or (2) has a

O Lehmer Sequences

[0 The equation solution (v, v) € Z* with gcd(u, v) = 1, then either k = 0 or
X2 4 C = 2yP . - .

O Sketch of the proof (k — e 3& q) or (k = m — 1’p — q)

U Applications

U Experiments
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[ Earlier results

O Lehmer Sequences
U The equation

X2+ C=2yP

O Sketch of the proof
U Applications

U Experiments

If there exists a k € {0,1,...,m} such that (1) or (2) has a
solution (v, v) € Z* with gcd(u, v) = 1, then either k = 0 or

(k=m,p#q)or(k=m—1p=q)

If X2 4+ g°™ = 2yP admits a relatively prime solution (x, y) € N?
then we have (by applying Baker's method)

p <3803 if u+ 04v ==+qg",g" > 503,
p <3089 if p = g.
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Remark. Schinzel's Hypothesis H says that if
0T seption P1(X), ..., P,(X) € Z|X] are irreducible polynomials with
)I;zS—'I;eC‘;ch:iytile ool positive leading coefficients such that no integer [ > 1 divides
0 Applications P;(x) for all integers x for some i € {1,..., k}, then there exist
H Experiments infinitely many positive integers x such that Pq(x), ..., P(x) are
simultaneously prime. Since £H,(+1 — 04v, v) is irreducible
having constant term £1, the Hypothesis implies that in case of
k =0, m =1 there are infinitely many solutions of (1) and (2).

Hence there are infinitely many solutions of x* + g* = 2yP”.
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Lehmer Sequences

a“er S““S A Lehmer pair is a pair (a, B) of algebraic integers such that
0 The equation (a + /3)2 and af are non-zero coprime rational integers and
2 _ 5 o .

Cerl =2 a/B is not a root of unity. For a Lehmer pair (a, B), the

O Sketch of the proof

0 Applications corresponding Lehmer sequence {u,} is given by

U Experiments
(" — B")/(a — B) if n is odd,

up, =
(a” — B")/(a® — B?) if n is even.

A prime q is called a primitive divisor of the term u, if g
divides u, but g does not divide (0(2 — 32)2u1 oo Up_1.
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The equation x* + C = 2y”

O Earlier results Theorem (Abu Muriefah, Luca, Siksek, Tengely). Let C be a positive
sy | integer satisfying C =1 (mod 4), and write C = cd®, where ¢ is
square-free. Suppose that (x, y) is a solution to the equation

O Sketch of the proof
U Applications X2 + C — 2yp, X, g & Z+, ng(X, y) — 1'

U Experiments
where p > 5 is a prime. Then either

() x=y=C=1,or

(ii) p divides the class number of the quadratic field Q(v/—c), or

(iii) p =5 and (C,x,y) = (9,79,5), (125,19, 3), (125,183, 7),
(2125,21417,47), or

(iv) p | (g — (—c|q)), where g is some odd prime such that q | d and
g 1 c. Here (c|q) denotes the Legendre symbol of the integer c
with respect to the prime q.
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Sketch of the proof

O Earlier results

O Lehmer Sequences AbOUt the prOOf: X2 + Cdz — Zyp’ assume that
o, The equation (cd?, x,y) # (1,1,1) and p { class number of Q(y/—c).

Here O = Z[\/—c] and (2) = g°. We obtain that

U Applications

O Experiments Z(P 1 /2 X + d1 /__

Hence 2P~V (x + d\/— (U + Vv/—c)P for some integers
U,V.In concluswn,

x+dy—c _ (U+ \/\/—_c)p
V2 V2

O’—U—I_V\/__C g —
=— -~

Then (o, B) is a Lehmer pair.
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O Earlier results We note that

O Lehmer Sequences
U The equation

x2 4 C = 2yP alP — BP = dv —2c, a—B=VVv-2c.

U Applications

0 Experiments Thus, V' | d and u, | d/V. We have that u, has a primitive
divisor unless p =5 and (¢, U?, V%) is one of the possibilities
listed in the theorem. So we may assume that u, has a
primitive divisor g. Clearly, g | d, but by the definition of the
primitive divisor, g { (o> — B%)? and so, in particular, g { c. Let

y=U+ Vv—c, o=U—-—Vv—c.

Write v, = (y" — 08")/(y — d). We note that g | v, but
q 1 (v — d)yo. After checking that q | vy_(_¢|q) we get that p

divides g — (—c|q), (a result by Bugeaud, Luca, Mignotte and
Siksek).
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Applications

gfa:ier fSeS““S Theorem (Abu Muriefah, Luca, Siksek, Tengely). The only
" The equation solutions to the equation x> + C = 2y" with x, y coprime
2+ C=2yP integers, n > 3, and C =1 (mod 4), 1 < C < 100 are

O Sketch of the proof

1241=2-1", 79249=2.5° 52429=12.33

U Experiments

1172 +29=2-193, 9932 4+290=2.793 112+41=2.3%
692 +41=2.7* 1712 +41=2-11* 124+53=2.33
252 +61=2-7°, 51°+61=2-113, 3724+89=2.9°

About the Proof. Previous Theorem implies that

(C,x,y) € {(1,1,1),(9,79,5)} or p € {2,3}. It remains to solve
the equations x* + C = 2y> and x> + C = 2y* for C =1

(mod 4), 1 < C < 100.
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O Bl resulis Theorem (ALST). The only solutions to the equation

O Lehmer Sequences
U The equation

X2+C:29p X2 + 1701 = Zyn, 01 Z 0, ng(X; y) — 11 n Z 3;

O Sketch of the proof

U Applications

U Experiments

are
124+17°=2.1", 2392417 =2.13%, 312 4+174=2.5"%
The only solutions to the equation
x% 45911392 = 2y", ai,a; >0, gcd(x,y)=1, n>3,

are

124+5%.13°=2.1", 924+5°.13°=2.5% 7245".130=2.33,
99° +5%.13°=2.17%, 192 4+5%.13'=2.73,

791372 + 52133 =2.14633, 2532 +5%.13"=2.733,
1880004972 + 58 - 13* = 2. 2604733, 239 +5°.13° =2.13%.
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U Earlier results

O Lehmer Sequences
U The equation

X2+ C=2yP

O Sketch of the proof

U Applications

U Experiments

Theorem (ALST). The only solutions to the equation
X>+39119 = 24", a1,a2 >0, gcd(x,y)=1, n>3,

are

124+3%.11°=2.1", 3512 +3%°.11* =2.41°,

132 4+3*.11°=2.53, 5243*.112=2.17°,

27607° +3*- 112 =2.725%, 5452 +3°.119 =2.533,
6792 +3°-112 =2-653, 1093° +3%.11% = 2.365°,
4106392 + 3'9. 112 =2.4385%, 2392 +3°.119=2.13%,
792 +3%.11Y =2.5°.
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Experiments

O Earlier results

O Lehmer Sequences X2 + 19m = ng
U The equation
X2+ C=2yP
O Sketch of the proof _ k
I]Appliations u-+v= 19 ! (3)
ut + 40Py — 140?v? + 4uvd 4+ v = 191K,

or

u+v=—19 )
ut + 403V — 140V + duvd + v = —1917K,

with kK = 0 or t.

If kK = t, then we solve the Thue equations

u* 4+ 4udv — 14u°v? + 4uv’ + v = £1. Using MAGMA we get

that
(u,v) € {(£2, £1),(£1, £2),(£1,0), (0, £1)}.

We also have that u + v = +197, so we obtain that m = 0.
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U Earlier results

O Lehmer Sequences
U The equation

X2+ C=2yP

O Sketch of the proof
U Applications

U Experiments

It kK =0, then we get the following two equations

—20ut + 400 — 20u% +1 =19t
200t + 4003 + 200 — 1 = 19°,

We have that —20u” + 40u3 — 20u? +1 > 0 only if u = 0 or
u =1, in both cases t =0, hence x =1 and y = 1. In the
second case we obtain

7 =20u® + 400> + 200 —1=19"=1,3 (mod 8),

a contradiction.
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O Earlier results

O Lehmer Sequences X2 + 41 9m = ng
U The equation

X2 C =2y we get that m is even and p € {2,3,5,7}

O Sketch of the proof
U Applications

u+v =419
ut + 40y — 1402V + duvd + vt = 4191,

or

u+v=—419%,

6
u? + 4wy — 140V + 4o 4+ v = —4191F, )

with k =0 or t. If kK = t, then we solve the Thue equations
ut 4+ 4ulv — 14uv? + 4uv’ + v = £1. Using MAGMA we get
that

(u,v) € {(£2, £1),(£1,£2), (£1,0), (0, £1)}.

We also have that u + v = +£419!, so we obtain that m = 0.
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U Earlier results

O Lehmer Sequences
U The equation

X2+ C=2yP

O Sketch of the proof
U Applications

U Experiments

It kK =0, then we get the following two equations

200t + 4003 — 20u% +1 = 419",
20u* + 4003 + 20u? — 1 = 419°,

We have that —20u” + 40u3 — 20u? +1 > 0 only if u = 0 or
u =1, in both cases t =0, hence x =1 and y = 1. In the
second case we obtain

7 =20u® + 400> + 200 —1=419'=1,3 (mod 8),

a contradiction.
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U Earlier results

O Lehmer Sequences
U The equation

X2+ C=2yP

O Sketch of the proof
U Applications

U Experiments

x* + 4197 = 2y’

u—v =419,
u® + 8u”v — 13u*v? — 48u> v — 13u?v? + 8uv? + V0 = 41 9t_k,
(7)

or

u—v=—419%,
u® + 8u’v — 13u*v? — 48u3 v — 13u8v + 8uv + vP = —41 9t_k,

(8)

with kK =0 or t.
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Dl Eaier resulic It kK = t, then we solve the Thue equations

O Lehmer Sequences

O The equation u + 8uv — 13u*v? — 48u3v3 — 13u?v* + 8uv? + vb = 1.
x2+C=2yp .

) Sketch of the proof Using PARI we get that

U Applications

(u,v) € {(£1,0),(0, £1)}.

We also have that u — v = +419!, so we obtain that m = 0.
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O Earlier results It kK =0, then we obtain the following two equations

O Lehmer Sequences
U The equation

24Oy —56u° + 168w — 140u* + 42u% — 14u + 1 = 419,
- Sketch of the prool 56u® + 168u° + 140u* — 4202 — 14u — 1 = 419,

U Applications

We have that —56u® + 168u> — 140u* + 42u? —14u +1 >0

only if u =0 or u =1, in both cases t =0, hence x =1 and
y = 1. In case of the second equation

2.3,4,6,10 = 56u° + 168u° + 140u* — 420u% —14u —1 =
419" =1  (mod 11),

a contradiction.
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0 Earlier results Theorem (Luca, Tengely, Togbé€). The only integer solutions

O Lehmer Sequences

0 The equation (C, n, x, y) of the Diophantine equation
X2+ C=2yP
etcn o e proo 2
romcstoms ¥+ C=4y", xy=>1, gedlx,y) =1,
n>3 C=3 mod4, 1<C<100

are given in the following table:

3,n,1,1) 3,3,37,7) 7,3,5,2) (7,5,11,2)
(7,13,181,2) (11,5,31,3) (15,4,7,2) (19,7,559, 5)
(23,3,3,2) (23,3, 29, 6) (23,3, 45, 8) (23,3,83,12)
(23,3,7251, 236) (23,9, 45, 2) (31,3,1,2) (31,3,15, 4)
(31,3,63,10) | (31,3,3313, 140 (31,6,15,2) (35, 4,17, 3)
(39,4,5,2) (47,5,9,2) (55,4, 3,2) (59,3,7,3)
(59,3,21,5) (59,3,525,41) | (59,3,28735,591) (63,4,1,2)
(63, 4,31, 4) (63,8,31,2) (71,3, 235, 24) (71,7,21,2)
(79, 3, 265, 26) (79,5,7,2) (83,3,5,3) (83,3, 3785, 153)
(87,3,13, 4) (87,3,1651, 88) (87,6,13,2) (99, 4, 49, 5)
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UlEarlior sl About the proof: the cases p = 2,3 can be reduced to elliptic

O Lehmer Sequences

0 The equation curves. The class numbers of the related number fields are
X;;;ji";e ool 1,2,3,4,6,8 for 1 < C <100, except for C = 47,79 for which
O roplliasifios h =5, and C = 71 for which h =7, respectively.

X +47 =4y>, X +79=4y>, x*+71=4y".

One can reduce the above equations to Thue equations, e.qg.
when C =71 and p = 7 we have:

+16384 = u’ — 147u®v — 1491u°v? + 52185u?v? + 176435u3v?
—2223081u?v? — 2505377 uv® + 75161317 .

PARI/GP = (u,v) = (£4,0) = (x,y) = (21,2).
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O Earlier results

O Lehmer Sequences

+2097152 = 21u’ — 1295u®v — 31311u°v? + 459725u*V3

U The equation

X2+ C =2y4P +3705135u3v* — 19584285u?v> — 52612917 uv® + 66213535V
O Sketch of the proof
PARI/GP — no solutions.

+268435456 = 313u’ — 8379u’v — 466683u°v? + 2974545u"v3
+55224155u3 vt — 126715617 u?v> — 784183001 uv® 4 428419467V .

These Thue equations are all impossible modulo 43.
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UlEarlior sl Theorem (LTT). The only integer solutions of the Diophantine

O Lehmer Sequences

0 The equation equathrl
X2+ C=2yP
O Sketch of the proof
U Applications

U Experiments

X>4+79 11" =4y", x,y >1, gad(x,y)=1, n>3, a,b>0

are:.
52 4+71.119 = 4. 23, 112 4+7V.119 = 4. 23,
3124+ 791117 =4.3°, 5724717112 =4. 4,
1324+73.119=4.27, 5724 7V.112=4.210
1812+ 71 . 110 = 4. 213,
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UlEarlior sl Theorem (LTT). The only integer solutions of the Diophantine

O Lehmer Sequences .
0 The equation equathrl
X2+ C=2yP
O Sketch of the proof
U Applications

U Experiments

xX>4+7913 =4y", x,y >1, gad(x,y)=1, n>3, a,b>0

are.

524+71.139=4.23, 53716552 + 73 - 132 = 4 .193223,
12471130 =4.2%, 132473.130=4.27,

872 +73-132=4-47, 1812+7'.130 =4.213,
872 4+ 73132 =4.214,
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