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Bevezetés

A habilitacids cikkgytjteményben tiz publikacid szerepel, amelyek kéziil nyolc
Tengely Szabolcs PhD disszertaciéjdnak megvédése utan sziiletett. Ezek a pub-
likdcidok a kovetkezdek: [1][22][48)[49][57]]62], [105] és [106]. Az eredmények
tartalmuk szerint négy fejezetben keriilnek bemutatasra. A témakorokrdl, a kuta-
tott problémék hatterérdl, irodalmi bedagyazasukrél részletesebben a kapcsolddé
fejezetekben olvashatunk.

Az elsé részben bizonyos exponencidlis egyenletek vizsgalataval kapcsola-
tos tételek szerepelnek. Az Ax?> + B = Cy" alakl diofantikus egyenletek iro-
dalma meglehetésen gazdag. Kilonboz6 végességi allitasok igazolasa mellett
sok esetben lehetdvé valt az egyenlet Gsszes megolddsainak meghatarozasa-
ra is. Az alkalmazott médszerek kozott megtaldljuk az algebrai szamelmélet
mély eredményeit, a Baker-moddszer megfeleld valtozatainak az alkalmazéasat és
ezen egyenletek esetében igen eredményesen alkalmazhatdnak bizonyult Bilu,
Hanrot és Voutier egy eredménye Lucas és Lehmer sorozatok primitiv osztdival
kapcsolatban. Abu Muriefahval, Lucaval és Siksekkel kozdsen Tengely vizsgal-
ta az x> + C = 2yP eqyenletet, ahol C egy 4k + 1 alakli egész. Tételiikben
p-re gyakorlatban jol hasznalhatd korldtot igazoltak, amit tobb példan keresz-
tiil illusztraltak is. Példdul meghatdroztdk az x?> + 179 = 2yP egyenlet dsszes
(x,y, a, p) megoldasat. Lucaval és Togbéval kozosen az x> + C = 4yP eqyen-
let esetében értek el eredményeket. A publikacidkban Tengely tarsszerz6i Abu
Muriefah, Luca, Siksek és Togbé voltak.

A masodik részben szdmtani sorozatok elemeinek szorzataval dsszefiiggés-
ben végzett kutatdsok kapnak helyet. Az n(n + d)...(n + (k — 1)d) = by'
diofantikus egyenlet specialis eseteivel mar Euler is foglalkozott, igazolta, hogy
nem létezik megoldds, ha k = 4,[ = 2 és b = 1. Kés6bb is sokan vizsgaltak
a kiilonboz6 eseteket, csak néhany nevet emlitve, Erdés, Gy6ry, Hajdu, Oblath,
Rigge, Saradha, Shorey, Tijdeman ért el tobb fontos eredményt. A fejezetben
bemutatdsra keriil Tengely eqy eredménye, amelyben kiterjeszti Mukhopadhyay
és Shorey egy tételét az n(n + d)(n + 2d)(n + 3d)(n + 4d) = by? egyenletre
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8 Bevezetés

vonatkozdan. Ugyanebben a dolgozataban Tengely megoldotta Hirata-Kohno,
Laishram, Shorey és Tijdeman eqy tételében szereplé kimaraddé eseteket. Az
el6z6 probléma egy valtozatat vizsgalta Laishram, Shorey és Tengely a kozos
dolgozatukban. A szamtani sorozat egymast kovetd tagjai koziil néhanyat torliink
a szorzatbdl és tovabbra is olyan sorozatokat keresiink, amelyeknél ez a szorzat
kozel teljes négyzetszdmot eredményez. A publikdcidkban Tengely tarsszerzéi
Hajdu, Laishram, Shorey és Tijdeman voltak.

A harmadik fejezetben a csupa teljes hatvanybdl felépiilé szdmtani soro-
zatokkal kapcsolatos eredmények taldlhatéak. A témakor kutatdsdban szamos
jol ismert matematikus vett részt. Mar Fermat megfogalmazta a sejtést, hogy
négy kilonbozé négyzetszam nem alkothat szdmtani sorozatot, ezt késébb Euler
be is bizonyitotta. Azonos hatvanyok esetében Mordell, Dirichlet és Lebesque
igazoltak eredményeket kis kitev6kre, késébb Dénes kiterjesztette a megoldast
magasabb kitevékre. Végil Darmon és Merel adott altalanos valaszt tetszéle-
ges kitevékre, felhasznalva a Fermat-egyenlet esetében sikert jelenté modularis
technikat. Kiilonb6z6 hatvanyokbdl allé sorozatokat vizsgélt Bruin, Gydry, Haj-
du és Tengely. Tobbek kozott bebizonyitottdk, hogy négyzetszamokbdl és kib-
szdmokbdl csak trividlisan lehet szamtani sorozatot felépiteni. Késébb Hajdu
és Tengely megmutatta, hogy négyzetszamokbdl és azonos kitevds teljes hatva-
nyokbdl legfeljebb hat hosszdi nem trividlis sorozat allithaté eld, kobszamokbal
és azonos kitevds teljes hatvanyokbdl pedig legfeljebb négy. A publikaciokban
Tengely tarsszerz6i Bruin, Gy6ry és Hajdu voltak.

Véqiil a negyedik rész algebrai gorbék egész- és raciondlis pontjainak meg-
hatarozadsardl szél. Elészor Tengely egy haromszogekkel kapcsolat cikkét mu-
tatjuk be, amelyben olyan egész x, y értékeket hatarozott meg, amelyekre tel-
jestil, hogy ha eqy dra kismutatéjanak hossza x, nagymutatdjaé pedig y, akkor
a két mutatoé tdvolabbi végpontjainak tavolsaga (i) 2 érakkor és 3 drakkor ((ii)
2 orakkor és 4 orakkor) is egész érték legyen. A mdésodik publikacié a feje-
zetben hiperelliptikus gorbék egész pontjainak meghatarozasaval foglalkozik. A
klasszikus témakorben Baker adott felsé korlatot a megoldasok méretére, ezt az
eredményt késébb tobben élesitették, altaldnositottak. A Bugeaudval, Mignot-
teval, Siksekkel és Stoll-lal kozos dolgozatban a Baker-mddszer eqgy valtozatat
felhasznalva fels6 korldtot nyertek a megoldasokra, ez a korlat azonban tul nagy,
hogy segitségével leszamolhaté legyen az 6sszes megoldas. Viszont a Mordell-
Weil szitat felhaszndlva megmutathatd, hogy ha van nem ismert megoldas, akkor

annak mérete az elézé korlat felé esik. Igy tobb esetben az dsszes megoldds
5

— x egyenletet és az (g) = (é)

meghatarozhaté, illusztraciéként az y> — y = x
egyenletet oldottdk meqg a cikkben. A publikaciokban Tengely tarsszerzéi Bu-

geaud, Mignotte, Siksek és Stoll voltak.



Exponencialis diofantikus
egyenletek vizsgalata

Ebben a fejezetben a [104] dolgozatban szerepld, a [1] cikkben szerepld, Abu Mu-
riefahval, Lucaval és Siksekkel kdzésen nyert és a [62] publikdciéban megjelent,
Lucaval és Togbével kozosen igazolt eredmények keriilnek bemutatésra.

Az irodalomban jelent6s szamu eredmény talalhaté az

A’ + B=Cy"

diofantikus egyenlettel kapcsolathan, ahol A, B,C € Z,ABC #0ésn > 2,x,y
ismeretlen egészek. Lebesgue [58] 1850-ben igazolta, hogy a fenti egyenletnek
B =1 esetében csak az x = 0 valasztassal kaphatunk megoldast. Chao Ko [54]
1965-ben meghatérozta a fenti egyenlet dsszes megoldésat a B = —1 esetben.
J.H.E. Cohn [26] megoldotta az egyenletet a 1 < B < 100,C = 1 feltétel
mellett, kivéve néhany B értéket. A kimaradé esetek koziil Mignotte és De Weger
[65] oldott meg néhanyat. Bugeaud, Mignotte és Siksek [21] a Baker-mddszer
és a modularis-moédszer kombinaldséval meghatarozta a kimaradé esetekben a
megoldésokat.

Bilu, Hanrot és Voutier [12] a Lucas és Lehmer szamok primitiv osztdival
kapcsolatos elegéns eredménye egy jol alkalmazhatd eszkoz lett a fenti egyen-
let kezeléséhez, azokban az esetekben, amikor B = p? ~~p§S és C =1,2,4.
Néhany eredmény a témakorbél: [2], [3] [72], [73] [74], [4], [5], [20], [25], [27], [60],
[61], [64], [70], [71], [77].

Tengely a [104] cikkében az

X2+ g*" = 2yP, (2.1)

egyenletet vizsgalta, ahol x,y € N, (x,y) = 1,m € N és p, g paratlan primek.
A kovetkezd végesséqi allitds igaz az eqgyenlettel kapcsolatban.



10 Exponencialis diofantikus egyenletek vizsgalata

2.1. Tétel. Az (2.1) egyenletnek csak véges sok (x,y, m, g, p) megolddsa létezik,
ahol (x,y)=1,x,y € Nym € N, p > 3, q pdratlan primek és y nem dll el6, mint
két eqymdst kdvetd négyzetszdm dsszege.

Amikor y elGall két eqymast kovetd négyzetszam osszegeként, akkor léteznek
nagy megoldasok, ahogyan az alabbi példak is mutatjk.

y | p q

5 5 79

5 7 307

5 | 13 42641

5 | 29 1811852719

5 | 97 2299357537036323025594528471766399
13| 7 11003

13 | 13 13394159

13 | 101 | 224803637342655330236336909331037067112119583602184017999
25 | 1 69049993

25 | 47 378293055860522027254001604922967
41 | 31 4010333845016060415260441

A tétel bizonyitdsaban felhasznaljuk, hogy a Gauss-egészek korében fakto-
rizdlva a megoldasokra paraméteres egyenleteket tudunk nyerni:
x =R((1+ i)(u + iv)’) =: Fp(u, v),
q" = (1 + i)(u + iv)P) = Gy(u, v).
Ahol F, és G, kétvaltozés egész egyiitthatés homogén polinomok. Valamint igaz
a kovetkez6 oszthatdsagi tulajdonség:
(u—204v) | Fplu,v),
(u+04v) | Gp(u,v),
ahol
1Tifp=1 (mod 4),
—1itp=3 (mod4).

04 =

Az oszthatdsdgi tulajdonsagbol a kovetkezé egyenletrendszereket kapjuk:

u+ o4v = g, 5
ok (2.2)
Hplu,v) = g™,
vagy
u+ 04v = —qk,
Hy(u,v) = —q"F,

ahol Hp(u,v) = i‘j:g;vv). A végességi allitas igazolasahoz sziikség van egy felsé

korlatra a p kitevd esetében, ezt a Baker-mddszer segitségével kapjuk meg. Itt
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Mignotte [12, Theorem A.1.3] eredményét alkalmazzuk és a p < 3803 korlatot
nyerjiik. Véqil a problémat visszavezetjiik véges sok Thue-egyenletre:

Hylu,v) = =p,
és
Hp(u, v) = +1

alakban. Az ilyen egyenletek esetében Thue [108] igazolta, hogy csak véges sok
megoldas létezhet. A cikkben még taldlhatéak eredmények a rogzitett y és a
rogzitett g esetekkel kapcsolatban is. Igy példaul igazoldst nyer a kovetkezd
tétel.

2.2, Tétel. Az x> + 3°™ = 2uyP diofantikus egyenlet ésszes rela-
tiv prim (x,y) megolddsa az m > 0 és p prim feltételek mellett
(x,y,m,p)=1(13,5,2,3),(79,5,1,5), vagy (545,53, 3, 3).

Az Abu Muriefahval, Lucaval és Siksekkel [1] kozosen irt cikkben az x* +
C = 2y" vizsgalatéval kapcsolatos eredmények talalhatdak. Bizonyitast nyer a
kovetkez6 eredmény.

2.3. Tétel. Legyen C pozitiv egész, amelyre C =1 (mod 4), és C = cd?, ahol c
négyzetmentes. Teqyiik fel, hogy (x, y) megolddsa az

XX+C=2yP, x, yeZ", (xy =1, (2.3)
egyenletnek, ahol p > 5 prim. Ekkor a kovetkezd lehetdségek vannak
() x=y=C=1, vagy
(ii) p osztia a Q(/—c) szdmtest idedlosztaly szdmdt, vagy

(iii) p=56s(C,x,y)=(9,79,5), (125,19, 3), (125,183,7), (2125,21417, 47),
vagg

(iv) p | (g — (—c|q)), ahol q pdratlan prim és q | d de q 1 c. Itt (c|q) jeldli a
Legendre-szimbdélumot.

A fenti tétel seqgitségével a szerz6s meghataroztak az x? + C = 2y" eqgyenlet
osszes megoldasat C =1 (mod 4), 1 < C < 100 feltételek mellett.
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2.4. Tétel. Az x*> + C = 2y" eqgyenlet relativ prim x, y megolddsai az n > 3, és
C =1 (mod 4), 1< C <100 feltételek mellett a kivetkezéek

124+1=2-1", 79°+9=2.5, 524+20=2.33

1172 429=2-19%, 99324+29=2.79%, 112441 =2.3",
692 +41 =27, 1712 +41=2-11", 124+53=2.33,
252 +61=2-73, 512461=2-113, 372+89=2.9°

A tétel alkalmazhaté olyan esetekben is, amikor C primosztdi rogzitettek,
ennek illusztradlasara a cikkben meghataroztdk az

X2 4+ 179 =2y",
x* +57113% = 2y",
X7 4371117 = 24",

egyenletek osszes megoldasat is.
2.5. Tétel. Az
X2 4179 =2¢", a1 >0, gcd(x,y)=1, n>3,
egyenlet megolddsai a kévetkezdek
12417°=2-1", 2392 +17°=2.13%, 312+172=2.5"

Az
x> 4+5913%2 =2¢",  aq,0,>0, gcd(x,y)=1, n>3,

egyenlet 6sszes megolddsa:
1245%.139=2.1", 92459.132=2.53,
72+5".139=2.33, 992 4+52.130 =2.173,
192 +5%.13'=2.73, 791372 +52.13% = 2. 14633,
2532 +5%.13* =2.73%, 1880004972 + 58 - 13% = 2. 260473°,
2392 +5%.13% =2.13%

Az

X2 43911192 = 24", a;,a >0, gcad(x,y)=1, n>3,



Exponencialis diofantikus egyenletek vizsgalata 13

diofantikus egyenlet megolddsai:

1243%.119=2.1", 3512 4+3%.11* =2.413,
1324+3*.119=2.5%, 524+3".112=2.173,
276072 + 31112 =2.7253, 5452 +3°.119 = 2.533,
6792 +3%.112=2.65%, 1093%+3%.11% =2.365°,
4106392 + 3. 112 = 243853, 2392 +3°.11°=2.13%,
792 +32.119=2.5.

A Lucaval és Togbével kozos [62] publikdciéban az x* + C = 4y" diofantikus
egyenlettel kapcsolatos eredmények kaptak helyet.
2.6. Tétel. Az

X+C=4y", x,y>1, (x,y)=1, n>3, C=3 mod4, 1< C<100
(2.4)
diofantikus egyenlet (C, n, x, y) megolddsait a kovetkezd tdbldzat tartalmazza

3,n,1,1) (3,3,37,7) (7,3,5,2) (7,5,11,2)
(7,13,181,2) (11,5,31,3) (15,4,7,2) (19,7,559, 5)
(23,3,3,2) (23,3, 29, 6) (23,3, 45, 8) (23,3,83,12)
(23,3,7251,236) | (23,9,45,2) (31,3,1,2) (31,3,15, 4)
(31,3,63,10) | (31,3,3313,140) | (31,6,15,2) (35, 4,17, 3)
(39,4,5,2) (47,5,9,2) (55,4, 3,2) (59,3,7,3)
(59,3,21,5) (59,3,525,41) | (59,3,28735,591) |  (63,4,1,2)
(63, 4,31, 4) (63,8,31,2) (71,3,235, 24) (71,7,21,2)
(79,3, 265, 26) (79,5,7,2) (83,3,5,3) (83,3,3785, 153)
(87,3,13,4) | (87,3,1651,88) (87,6,13,2) (99, 4, 49, 5)

2.1. téblazat. Az x*> + C = 4y" eqyenlet megoldasai, ahol 1 < C < 100

Tovabba megoldottdk a C =79 - 110,79 .13b, esetekben is az adédé diofan-
tikus egyenleteket.

2.7. Tétel. o Az

X477 1M =4y", x,y>1, (x,y)=1, n>3, a,b>0  (25)
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egyenlet megolddsai:

524+71.110 = 4.23, M24+7V.119=4.25, 312470.111 =4.35,
572 +7"-112=4-4°, 1324+72-119=4.27, 5724+ 7V.112=4.210
1812 +71V.110 = 4. 213,

o Az
X2 +7913° =4y", x,y>1, gad(x,y)=1, n>3, a,b>0 (2.6)
diofantikus egyenlet megolddsai:

524+71.130 = 4. 23, 53716552 + 73132 =4.193223, 112+ 7'.130=4.25,
132473130 =4.27, 872+73.132=4.4,
1812 +71.130=4.213 8724+ 73.132 =4.2'%



Szamtani sorozat elemeinek
szorzataval kapcsolatos

diofantikus problémak

Ebben a fejezetben a [106] dolgozatban szerepls, a [57] cikkben szerepld, La-
ishrammal és Shoreyval kozosen igazolt és a [49] publikdcidban Hajduval és
Tijdemannal kozosen nyert eredmények keriilnek bemutatasra.

Az irodalomban rengeteg eredmény taldlhaté szamtani sorozatokkal kapcso-
latos diofantikus problémakrél. Ebben a fejezetben a

n(n+d)...(n+ (k—1)d) = by' (3.1)

egyenlettel foglalkozunk, ahol n,d, k, b, y,l pozitiv egészek, [ > 2, k > 3,
(n,d) =1, P(b) < k, itt u € Z és |u] > 1 esetén P(u) jeloli u legnagyobb
primosztojat és P(£1) = 1.

Néhany publikdciot emelnénk ki a témakorben: [15], [38], [41] [44], [50]
[55], [56], [63], [81], [83], [84], [85], [87], [90]. [91], [92], [93} [95], [96]. [97], [98],
[109], [110]. Tovdbbé néhdny eredményrél az aldbbiakban részletesen is emlitést
teszilink.

Tekintsiik elszor az [ = 2 esetet. Mar Euler igazolta ([33] 440 és 635 ol-
dalak), hogy a (3.1) egyenletnek nincs megoldasa, ha k = 4 és b = 1. Késdbb
Obléth [75] kiterjesztette az eredményt a k = 5 esetre. Erdés [34] és Rigge
[80] egymastdl fiiggetleniil belattdk, hogy a (3.1) egyenletnek nincs megolda-
sa, ha b = d = 1. Hirata-Kohno, Laishram, Shorey és Tijdeman [52] teljesen
megoldottak a (3.1) egyenletet, amikor 3 < k < 110 és b = 1. Tengely [107]
eredményével kombinalva a fenti probléma Gsszes megoldasat megkapjuk, ha
3< k<100, P(b) < k.

Tekintsiik most az [ > 3 esettel kapcsolatos eredményeket. Erdds és Sel-
fridge [35] igazolta, hogy a (3.1) egyenletnek nincs megoldésa, ha b = d = 1.
Altalanosabb esetben, amikor P(b) < k és d = 1 Saradha [82] bizonyitotta, hogy
k > 4 feltétel mellett az egyenletnek nincs olyan megoldasa, amelyre P(y) > k.

15
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Felhaszndlva Darmon és Merel [29] eredményét, Gybry [42] hasonld tételt iga-
zolt @ k = 2, 3 esetekben. Abban az esetben, amikor elhagyjuk a d-re vonatkozo
megszoritdst is, Gybry [43] beldtta, hogy k = 3, P(b) < 2 mellett nem létezik
megolddsa az eqgyenletnek. Tovabbi altaldnos eredményeket talalunk a [8], [45]
és a [46] dolgozatokban. Tobbek kozott igazoldst nyert, hogy a (3.1) egyenletnek
nincs megoldasa, ha b =1 és k < 35.

A [106] cikkben Tengely két kordbbi tétellel kapcsolatban igazolt allitasokat,
el6szor ezeket ismertetjiik.

Tétel (Mukhopadhyay, Shorey). Tegyliik fel, hogy n és d relativ prim egészek
ugy, hogy nd + 0. Ekkor az

n(n 4 d)(n + 2d)(n + 3d)(n + 4d) = by?

diofantikus egyenletnek nem létezik b, y, by + 0 és P(b) < 3 feltételek mellett
egész megolddsa.

Az eredményt Tengely kiterjesztette a P(b) = 5 esetre és igazlta a kovetkezd
tételt.

3.1. Tétel. Az

n(n + d)(n + 2d)(n + 3d)(n + 4d) = by’
egyenletnek d > 1,k =5 és P(b) = 5 feltételekkel a kovetkezé (n, d) pdrokkal
létezik megolddsa (n, d) € {(—12,7),(—4,3)}.

A fenti (3.1) egyenletet [ = 2 esetén vizsgélva azt kapjuk, hogy a szamtani
sorozat tagjai is "kozel" teljes négyzetszamok, azaz

n+id = a;x? minden 0 < i < k (3.2)
adadik, ahol az a; egészek mar négyzetmentesek és P(a;) < max(P(b), k—1). Az
egyenlet minden megolddsahoz tartozik eqy ilyen (ao, a1, ..., ax—1) eqyitthatd
lista. Eqy ilyen eqyiitthatd lista inverzén az (ax—1, ak—2, ..., ag) listat értjiik.

Tétel (Hirata-Kohno, Laishram, Shorey, Tijdeman). Tekintsiik a (3.1) egyenletet
[l =2,d >1,P(b) = k és7 < k < 100 feltételekkel. Ekkor a kévetkezd
egylitthatd listdk vagy azok inverzei esetében létezhetnek megolddsok.

k=7: (23.1,56,7,2),(3,1,5,6,7,2,1),(1,5,6,7,2,1,10),
k=13: (3,1,5,6,7,2,1,10,11,3,13,14,15),
(1,5,6,7,2,1,10,11,3,13,14,15,1),
=19: (1,5,6,7,2,1,10,11,3,13,14,15,1,17,2,19,5,21, 22),
=23: (5,6,7,2,1,10,11,3,13,14,15,1,17,2,19,5,21,22,23,6,1, 26, 3),

(6,7,2,1,10,11,3,13,14,15,1,17,2,19,5,21,22,23,6,1, 26, 3,7).
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Tengely megoldotta a kimaradd eseteket, igazolva a kovetkezg allitast.

3.2. Tétel. A (3.1) egyenletnek az | = 2,d > 1,P(b) = k és 7 < k < 100
feltételek mellett nincs megolddsa.

Az eredmények igazoldsahoz algebrai szamelméleti eszkozokre és az el-
liptikus Chabauty-mddszer [18][19] alkalmazasdra volt sziikség. Példaul az
(ap,aq, ..., as) = (1,5,6,7,2,1,10) egyiitthatd lista esetében a kovetkezé
egyenletrendszerre jutunk

xg + 4X§ = 25x12,
4x2 4 x5 = 107,

6x2 — x5 = 50xZ.

A Gauss egészek korében torténd faktorizacid segitségével szamtest feletti el-
liptikus gorbe specidlis pontjainak a meghatarozasara redukalédik a probléma.
Ebben az esetben a gorbék:

Cs: O(X+)X+4)3BX2=2)=VY2 (3.3)

ahol 0 € {3 +£i,—1+£3i,1+3i3 =+ i}. Megjegyezziik, hogy ha (X, Y) egy
megfeleld pont (X € Q és Y € Q(i)) a Cs gorbén, akkor (X, iY) egy megfeleld
pont a C_s gorbén. Igy elegendd a 6 € {1 —3i,1 +3i,3 —i,3 + i} eseteket
vizsgalni.

1. 0 =1 — 3i. Ekkor Cy_3; izomorf az
Eisi: y?=x>+ix* + (=170 — 23)x + (2291i + 1597)

elliptikus gorbével, amelynek a rangja nulla és nincs olyan pont, amelyre
X e Q.

2. 0 =14 3i. Szintén nulla rangu elliptikus gorbét kapunk és itt sem adédik
megolddshoz vezetd pont.

3. 0 =3 —i. Az elliptikus gorbe ekkor E3_; : y? = x> + x% + (=17i + 23)x +
(—1597i—2291), és a Mordell-Weil csoportra E3_;(Q(i)) ~ Z, ®7Z adddik.
Az elliptikus Chabauty-mddszert alkalmazva a p = 13 valasztéssal kapjuk,
hogy xs5/z = —3. Igy tehdt n =2 és d = 1.

4. 0 = 3+ i. Ekkor ismét egy rangu elliptikus gorbét kapunk és az elliptikus
Chabauty-mddszerrel x5/z = 3.
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Az el6z6 probléma egy véltozatat vizsgalta Laishram, Shorey és Tengely
a [57] dolgozatban. A szamtani sorozat egymast kévetd tagjai kézil néhdnyat
torliink a szorzatbél és tovabbra is olyan sorozatokat keresiink, amelyeknél ez a
szorzat kozel teljes négyzetszamot eredményez. Nézziik a probléma pontosabb
megfogalmazasat.

Legyen k > 4,t > k—2 és y1 < y» < --- < y; egészek, amelyekre
0 <vyi<kminden 1 < i <t esetén. Jelolje y a kK — t kiilonbséget, b legyen
egy négyzetmentes egész, amelyre P(b) < k. A probléma ekkor a kovetkezd
egyenletre vezet

A=A d k)= (n+yd) - (n+yd) = by’ (3.4)

Az egyenlettel foglalkozd kordbbi eredményekkel kapcsolatban itt a [86], [69] és
a [94] publikacidékat emlitenénk.
A [57] cikkben a kovetkez8 két allitas lett igazolva.

3.3. Tétel. Legyen ¢y = 1,k > 7 és d t n. Ekkor a (3.4) egyenletnek nincs
megolddsa, ha w(d) = 1, ahol w(d) jeloli d kiilonbozd primosztéinak a szdmdt.

A tétel alapjan konnyen adddik, hogy a fenti egyenletnek nincs megoldasa,
ha =0,k >7 d1n, Pb) < prr+1 és w(d) = 1. Amennyiben k > 11 a
P(b) < pr(k)+1 feltétel javithatd, ami a kovetkezé eredményre vezet.

3.4. Tétel. Legyen = 0,k > 11 és d 1 n. Tegyiik fel, hogy P(b) < p(k)+2-
Ekkor a (3.4) egyenletnek nincs megolddsa, ha w(d) = 1.

A fejezet hatralévé részében a (3.1) egyenlettel foglalkozunk az [ = 3 eset-
ben és bemutatjuk Hajdu, Tengely és Tijdeman [49] publikdciéban bizonyitott
eredményeit.

A vizsgalt diofantikus egyenlet a kdvetkez6
n(n+d)...(n+ (k—1)d) = by, (3.5)

ahol n,d, k,b,y € Zés k>3, d >0, (n,d) =1, Pb) <k, n#0,y#0. A
dolgozat egyik tétele az aldbbi.

3.5. Tétel. Tegyiik fel, hogy (n, d, k, b, y) megolddsa a (3.5) egyenletnek, amely-
rek < 32ésP(b) < k hak =3 vagy k > 13. Ekkor (n, d, k) a kovetkezd listdban
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szerepld elemek koziil keriilhet ki:

(n,1,k) ahol —30< n< —4vagy1<n<5,
(n,2,k) ahol —29 < n < -3,
(=10,3,7),(-8,3,7),(—8,3,5),(—4,3,5),(—4,3,3),(=2,3,3),
(—9,5,4),(-6,5,4),(-16,7,5),(=12,7,5).

Megjeqyezziik, hogy a tétel allitdsa k < 12 és P(b) < Py ahol P3 = 2,
Py = Ps =3, Po = P; = Pg = Pg = Pjgp = P11 = 5 esetekben kovetkezik
Bennett, Bruin, Gyéry és Hajdu [8] publikaciéban koz6lt eredményébél.

A b =1 specidlis esetben Hajdu, Tengely és Tijdeman belattdk a kovetkezd
allitast.

3.6. Tétel. Tegyiik fel, hogy (n, d, k, y) megolddsa a (3.5) egyenletnek, amelyre
b=16ésk <39. Ekkor

(n,d, k,y)=(-43,3,2).(-23,3,-2),(-9.5,4,6) vagy (—6,5, 4, 6).

A fenti eredmények igazoldséanal kihasznaljuk, hogy a sorozat tagjaira telje-
siil, hogy

n+id=ax? (i=01,...,k—1) (3.6)

ahol P(a;) < k és a; nem oszthatd primszam teljes kobével. A bizonyitashan

fel lettek hasznalva Selmer [89] eredményei bizonyos diofantikus egyenletekkel

kapcsolatban.

3.1. Lemma. A kdvetkezd diofantikus egyenleteknek nem létezik x, y,z, xyz # 0
egész megolddsa

X +yP=c, ce{1,2,4,5,10,25,645,60,100,150,225,300},
ax® + by =23, (a,b) € {(2,9),(4,9), (4, 25), (4, 45), (12, 25)}.

Ezen feliil kiilonféle kongruencia tesztek kombinatorikus alkalmazasa tette
lehetévé nagy szamu egqyiitthatd listdk elimindlasat, amelyeknél nem létezhet
megfelelé szdmtani sorozat. A kimaradé egyiitthatd listdkat kiilon meq kellett
vizsgalni és Selmer eredményeit vagy pedig az elliptikus Chabauty-mddszert
alkalmazva ki lehetett zarni vagy pedig a megoldasokat megadni. A nagyobb k
értékeknél a kongruencia tesztek segitségével sikeriilt indukciét is alkalmazni és
a kordbban igazolt eredmények segitségével egyiitthaté listakat kezelni. Igy a
kombinatorikus robbands kezelése elérhetévé valt nagyobb k értékek esetében
is. Tekintsiink néhany példat a fentiekre.
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Legyen k = 5. Ekkor kénnyen igazolhatd, hogy az
(00,01,02,03,04) = (1,1,1,10,1)

egylitthatod lista nem vezethet megoldashoz modulo 7. Szintén egyszertien ado-
dik, hogy az
(a0, a1,a2,a3,a4) = (1,1,15,1,1)

eqgylitthato lista kizarhaté modulo 9. Viszont az
(ap, a1, a2,a3,a4) =(2,3,4,5,6)

egyiitthato lista esetében sem modulo 7 sem modulo 9 nem kapunk ellentmon-
déast. Selmer eredményei itt segitenek, felhasznalva a 4(n + d) —3n = n + 4d
azonossagot kapjuk, hogy n = 2 és d = 1. Az el6z6 gondolatmenettel minden
eqgyiitthato lista kezelhetd kivéve az

(ap, a1, a2, a3,a4) =(2,9,2,5,12).
Ebben az esetben

Xg + X3 = 9x3 és xg — 23 = —6x;.
A Q(v/2) szamtestben dolgozva kapjuk, hogy

(xo — axz)(xg — xox2 + x3) = (—3a + 6)2°.

Ez szdmtest feletti elliptikus gorbére vezet. Ezen gorbén kell meghatérozni azon
pontokat, ahol az elsé koordinata raciondlis értéket vesz fel, ezt az elliptikus
Chabauty-maédszer segitségével tehetjilk meg.

3.2. Lemma. Legyen a = V2 és K = Q(a). Ekkor a
Ci: X—(a+ X2+ (a+ )X —a=(-3a+6)Y>

gdrbén csak az (X, Y) = (2,1) pont tesz eleget annak a feltételnek, hogy X € Q
és Y e K.



Szamtani sorozatot alkoto teljes
hatvanyok

Ebben a fejezetben a [17] dolgozatban szerepl8, Bruinnal, Gyéryvel és Hajduval
kozosen nyert és a [48] cikkben igazolt, Hajduval kozos eredmények keriilnek
bemutatdsra.

Mar Fermat megfogalmazta a sejtést, hogy négy kiilonb6z8 négyzetszam nem
alkothat szdmtani sorozatot, ezt késébb Euler be is bizonyitotta ([33] 440. és
635. oldal). Legyen n > 3 és X", Z", Y" eqgy szdmtani sorozat hdrom egymast
kovetd tagja. Ekkor a kévetkezd diofantikus egyenlethez jutunk:

X"+ y"h=27".

Az egyenlet megolddsa n = 3 esetben mar Mordell konyvében [68] megtalal-
haté. Az n = 5 eset vizsgdlata pedig Dirichlet és Lebesgue (lasd [33] 735.
és 738. oldal) eredményei alapjan kezelhets. Dénes [32] ért el késébb jelentds
eredményt megoldva az egyenletet az n < 31 esetekben. Végiil Darmon és Mer-
el [29], felhaszndlva a Fermat-egyenlet megoldasanal is alkalmazott modularis
modszert, megmutatta, hogy a trividlis esetektél eltekintve nem létezik harom
eleml szdmtani sorozat teljes hatvanyokbdl.
A homogén hatvanyokrél most térjiink 4t eqy még altaldnosabb esetre, te-
kintsiik az
aoxg’, a1x;', ..., ag—1 xS (4.1)

alakd szdmtani sorozatokat, ahol a;, x; € Z,n; > 2 és a; primosztdéi korlato-
sak, azaz P(a;) < P valamilyen P-re. Plusz feltételek nélkiil k értéke nem
korlatozhatd, ahogyan azt Hajdu [47] konstrukcidja is mutatja. Az n; kitevék és
(aoxo, a1x1) korlatozdsédval mar kezelhetébbé valik a probléma. Vegyes hatva-
nyok esetében az egyik alkalmazhaté mély eszkozt Darmon és Granville [28]
eredménye jelenti, amelyben az altaldnositott Fermat-egyenlettel foglalkoznak.
Ineffektiv formaban végességet biztositanak az

AXP +BY?=CZ", ABC+#0

21
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egyenlettel kapcsolatban, ha

1T 1 1
—+—+->1
p q r
A (4.1) alakd szamtani sorozatokkal kapcsolatban eldszor tekintsiik Hajdu

[47] eqy eredményét.

4.1. Tétel (Hajdu). Legyen L > 2 egy rogzitett egész. Ekkor bdarmely (4.1) alakd
szdamtani sorozat esetében, ahol n; < L, (i = 0,1,...,k —1), létezik csak L és
P értékétdl fiiggd C(L, P) konstans gy, hogy k < C(L, P).

A [17] dolgozatban Bruin, Gyéry, Hajdu és Tengely a kovetkez§ tételt iga-
zoltak.

4.2. Tétel. Legyen k > 4 és L > 2 eqy régzitett egész. Ekkor csak véges sok
(4.1) alakd szdmtani sorozat létezik, melyre n; < L,a; =1,(i=0,1,...,k—1)
és (xo, x1) = 1.

A tétel bizonyitasaban olyan mély eszkozok alkalmazasa volt sziikséges, mint
a korabban mar emlitett eredménye Darmonnak és Granvillenek és Faltings [36]
dolgozata a Mordell-sejtés bizonyitasardl.

Amennyiben n; € {2,3} még tobb bizonyithaté, ebben az esetben a [17]
dolgozatban az 6sszes megoldast megadta Bruin, Gyéry, Hajdu és Tengely.

4.3. Tétel. Legyen k > 4,(x0,x1) = 1,a; = 1,n; € {2,3} minden i =
0,1,...,k—1 esetén. Ekkor a (4.1) szamtani sorozat csak a trivialis 1,1,...,1
és —1,—1,...,—1 sorozatok egyike lehet.

Megjegyezziik, hogy a (xp, x1) = 1 feltétel sziikséges, ahogyan azt a kovet-
kez6 példak is igazoljak.

e lLegyen (ng, n1,n2,n3) =(2,2,2,3). Ekkor
(u? = 2uv — v f(u, v)2, ((u? + V) F(u, v))?, (0? + 2uv — v F(u, v))?, (f(u, v))?

egy szamtani sorozat négy egymast koveté tagja, ahol u,v € Z és
f(u,v) = u? +8u3v + 2u?v? — 8uv3 + V1.

e lLegyen (ng, n1,n2,n3) =(2,2,3,2). Ekkor
((u? =2uv =2v2)g(u, V), ((u® +2v2)g(u, V), (g(u, v)), ((u® +4uv = 2vP)g(u, v))?

szamtani sorozatot alkot, ahol u,v € Z és g(u, v) = ut + 403y + 8utv? —
8uv3 + 4v4.
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A tétel allitasanak igazoldsdhoz a mar ismert eredményeken felil a klasszikus
Chabauty-mddszer és az elliptikus Chabauty-mddszer keriilt alkalmazésra. Ezt
az eqgyik eset bemutatasaval illusztraljuk. Tekintsiik az xg,xf, X3, xg’ alakt soro-

zatot. Ekkor

23 — x5 = X3.

Az egyenlet parametrikus megoldasa

(x> +6xy?), x2 = £(3x%y + 2¢°)

X1

vagy
x1 = (x> + 6x%y + 6xy° + 4y>),  x2 = £(x> + 3x%y + 6xy? + 2¢°),

ahol x,y relativ prim egészek. Felhasznalva, hogy Xg = 2)(12 — X22 adodik a
kovetkez6 egyenlet:

x§ = 2x° +15x%y? + 60x?y* — 44°.

Ez az eqyenlet elliptikus gorbére vezet, amelynek nincs affin racionalis pontja.
A masodik parametrizaciéhol az

xg = x® +18x°y + 75x*y? + 120x°y> + 120x%y* + 72xy° + 284°

egyenlet adédik. Itt az y = 0 eset kdnnyen lathaté médon a trividlis 1,1,1,1
sorozatra vezet. Az y # 0 esetben leqyen Y = xo/y>, X = x/y. Igy az el6z6
egyenlet a

Ci: Y2 = X0 4+18X° +75X% +120X3 +120X? + 72X + 28

génusz kettes gorbét eredményezi. Itt a klasszikus Chabauty-mddszert [24] al-
kalmazzuk és az ezzel kapcsolatos algoritmusokat, amelyek Stolltdl [102] szér-
maznak és a MAGMA programcsomagban megtaldlhatéak. El8szor is sziiksé-
gink van a J(Q) Mordell-Weil csoportjaval kapcsolatos informacidkra. A tor-
zids részcsoport trividlis, ami egyszertien adddik abbdl, hogy a rendje osztja
a (#J(Fs), #J(F7)) = (21,52) = 1 értéket. A Mordell-Weil csoport rangja-
rol megmutathaté, hogy eggyel egyenld és D = [co™ — 00~ ] egy végtelen rendli
elem. A klasszikus Chabauty-médszert alkalmazva a p = 29 valasztassal kapjuk,
hogy legfeljebb két darab racionélis pont lehet a gorbén, ennyit pedig ismeriink
is, {gy tobb racionalis pont nem lehet a gorbén, azaz C1(Q) = {oo™, 007 }.

Most ratériink a Hajdu és Tengely altal [48] publikaciéban igazolt allita-
sok bemutatdséara. A cikkben olyan x"“,x{”, c. ,x,?f’f alaku szdmtani sorozatok
vizsgalataval talalkozunk, ahol (xo, x1) =1 és n; € {2,n},{2,5} vagy {3,n}. A
kiilonboz6 esetekre bizonyitott tételeket az aldbbiakban ismertetjiik.
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nq

4.4. Tétel. Legyen n egy prim és x3°, x;", ..., x.*7

egy nem konstans szamtani
sorozat, amelyre (xo,x1) = 1,x; € Z,n; € {2,n} minden i = 0,1,..., k —1
értékre. Ekkor k < 5, tovabbd, ha k =5, akkor

(no,n1,n2,n3,n4,n5)=1(2,n,n,2,2,2),(2,2,2,n,n,2).

Az n =5 specidlis esetben élesebb allitds is igaz.

4.5. Tétel. Legyen x,°, x;", ..., x,*7 egy nem konstans szdmtani sorozat, amely-

re (xo,x1) = 1,x, € Z,n; € {2,5} minden i = 0,1,...,k — 1 értékre. Ekkor
k < 3, tovdbbd, ha k = 3, akkor

(no, n1,n2,n3) =1(2,2,2,5),(5.2,2,2).

Megjegyezziik, hogy a tételben szerepld két kivételes esetben Siksek és Stoll
[99] a kdzelmultban megmutattak, hogy csak a trividlis 1,1,1,1 sorozat létezik.
Visszavezették a problémat génusz 4 gorbék racionalis pontjainak vizsgélatara.
Tekintsiik most az n; € {3, n} esetre vonatkozd allitast.

4.6. Tétel. Legyen n egy prim és x;°, x;", ..., x5 egy nem konstans szdmtani
sorozat, amelyre (xo,x1) = 1,x; € Z,n; € {3,n} minden i = 0,1,...,k —1

értékre. Ekkor k < 3, tovdbbd, ha k = 3, akkor
(no, n1,n2,n3)=(3,3,n,n),(n,n,3,3),3,n,n,3),(n 33 n).

A bizonyitasban felhasznaljuk az aldbbi, moduléris médszer segitségével iga-
zolt tételeket.

Tétel. Legyen n eqy prim. Ekkor az
X"+ Y"=27% (n>5),
X"+ Y"=37% (n>5),
X"+ 4Y" =372 (n>7)
diofantikus egyenleteknek nem létezik pdronként relativ prim (X, Y, Z) megol-

ddsa, amelyre XY # £1.

A tételben szerepld éllitdsok Bennett és Skinner [9], illetve Bruin [16] ered-
ményeibdl kovetkeznek. Az X", Z3,Y" alakt szdmtani sorozatok esetében a
kovetkezd, Bennett, Vatsal és Yazdani [10] altal bizonyitott tétel igaz.

Tétel. Legyen n > 5 eqy prim. Ekkor az
X" Y" =277

diofantikus egyenletnek nem létezik relativ prim X,Y,Z megolddsa, amelyre
XYZ #0,+1.
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Az X",Z",Y" alaku sorozatok esetében pedig a kordbban mar emlitett, Dar-
mon és Merel [29] dolgozatdban taldlhaté eredményt hasznalhatjuk.

Tétel. Legyen n > 3 eqy prim. Ekkor az
X"+ y"=27"
diofantikus egyenletnek nem létezik relativ prim X,Y,Z megolddsa, amelyre

XYZ #0,+1.

Az X3,Z", Y3 alaki szémtani sorozatokkal kapcsolatban Hajdu és Tengely
belatta a kovetkezo allitast.

4.7. Tétel. Legyen n > 3 egy prim. Ekkor az
X4y =27"
diofantikus egyenletnek nem létezik relativ prim X,Y,Z megolddsa, amelyre

XYZ #0,+1és342.

Az eléz6 eredmények hasznos segitséget jelentenek az n; € {2,n}, {3, n}
esetek vizsgalatakor. Az n; € {2,5} esetre vonatkozé tétel bizonyitasdhoz a
problémat bizonyos szamtest feletti elliptikus gorbe specidlis alakd pontjainak
meghatarozasara vezetjik vissza algebrai szdmelméleti modszerekkel. Az el-
liptikus Chabauty-mddszer segitségével pedig meghatarozzuk a racionalis elsd
koordinataval rendelkezé pontokat, amelyekbél vissza tudjuk fejtent az eredeti
probléma lehetséges megoldédsait. Az itt felhasznalt és bizonyitott allitasok a
kovetkezéek.

4.1. Lemma. Legyen a = V2 és K = Q(a). Ekkor a
CG: X'+ X+ Xt aX+1=(a—1)Y? (4.2)
és
G: X=X+ X —aX+ 1= -+ —a+1)Y? (43
algebrai gérbéken azon pontok, amelyekre X € Q, Y € K a kovetkezéek

4 3.2
X, V)=, 2@ *+ > +a® +a+1), _%'i3a +5a ga +3a+5

a C1 girbe esetében és (X, Y) = (1,£1) a G, gorbe esetében.
4.2. Lemma. Legyen B = (1 ++/5)/2 és L = Q(B). Ekkor a
G: X'+BB—=12)X>+(16B—=30)X>+ (8B —12)X +1=Y?  (4.4)

algebrai gérbén egyediil az (X, Y) = (0, 1) pontokra teljesiil, hogy X € Q és
Yel






Algebrai gorbék pontjaival
kapcsolatos eredmények

Ebben a fejezetben a [105] dolgozatban szerepld és a [22] cikkben megjelent,
Bugeaudval, Mignotteval, Siksekkel és Stoll-lal kozos eredmények keriilnek be-
mutatasra.

A fejezet els6 részében bemutatjuk a [105] publikdciéban taldlhaté eredmé-
nyeket, amelyek geometriat problémaval 6sszefiiggé diofantikus egyenletekkel
kapcsolatosak. Az irodalomban jelentds szamu geometriai hatter(i diofantikus
probléma talalhatd. Az egyik jol ismert a derékszogli haromszogek oldalaival
kapcsolatos Pitagorasz-tétel, azaz a derékszogli haromszdg oldalaira teljesiil,
hogy a? + b? = 2.

Mar egy régi arab kézirat is foglalkozott az (igynevezett kongruens szamok
problémajaval, azaz olyan derékszogli haromszogek megadédsédval, amelyeknek
az oldalaiknak hossza raciondlis szdm, a teriiletiik pedig egész. Példaul 6 kong-
ruens szam, mert a (3,4,5) hosszi oldalakkal rendelkez6 derékszogli haromszog
teriilete 6. Fibonacci fogalmazta meq azt az allitast, hogy 1 nem kongruens szam.
Az allitast késébb Fermat igazolta, a végtelen leszallds modszerének segitsé-
gével. A jelenleg ismert legpontosabb altaldnos eredményt Tunnell bizonyitotta
[111] a moduldris médszert felhasznélva.

Az egész oldalhosszisagu haromszdgek koziil azokat, amelyeknek a teriilete
is egész szam, Héron-féle haromszogeknek nevezziik. Az ilyen tipusi harom-
szogekkel kapcsolatban is tobb eredmény taldlhaté az irodalomban, példaul a
[51] és a [39] cikkekben, tovabbi informaciok és megoldatlan problémék a [40]
konyvben szerepelnek.

Petulante és Kaja [76] megadtak azon egész oldalii haromszogeknek a para-
metrizacidjat, amelyekben egy adott szog koszinusza racionalis, azaz meghata-
roztdk az u? — 2auv 4 v? = 1 gorbe raciondlis parametrizaciéjat, ahol o jeléli a
racionalis koszinusz értékét.

27
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Bertalan Zoltan olyan egész x, y értékeket keresett, amelyekre teljesiil, hogy
ha egy 6ra kismutatéjanak hossza x, nagymutatdjaé pedig y, akkor a két mutatd
tavolabbi végpontjainak tavolsaga (i) 2 drakkor és 3 drakkor ((ii) 2 drakkor és 4
orakkor) is egész érték legyen. Legyenek ¢ = cos(a) és ¢, = cos(B), ahol a, B
a két mutato altal bezart szogek a vizsgalt id6pontokban. Ekkor a koszinusz-tétel
alapjan

X2 = 2p1xy + y* = 72,

X2 = 2@xy + y? = Zé,

itt z, és zg jeloli az adott szoggel szemkozti oldal hosszat. A két egyenlet
Osszeszorzasa utan a kovetkezd algebrai gorbét kapjuk:

Cap i X' =2(p1 + 92)X° + (4192 + 2)X> = 2(p1 + @)X + 1= Y2,

ahol X = x/y és Y = z,zg/y?. Tengely a [105] dolgozatdban megoldotta
a Bertalan Zoltan altal felvetett problémakat. Példaul igazolta, hogy az (i)
esetben végtelen sok megoldéds létezik, mivel a kapcsolddé algebrai gorbe 1
rangU elliptikus gorbére vezet. Néhany megoldas:

X Y Zx/3 Zn|2
8 15 13 17
1768 2415 2993 3637
10130640 8109409 9286489 12976609
498993199440 | 136318711969 | 517278459169 | 579309170089

A fejezet hatralévé részében a [22] pulikécié eredményeit targyaljuk. Legyen
C:Y?=a,X"+--- 4 ap := f(X) egy hiperelliptikus gérbe, ahol a; € Z,n > 5
és az f polinom irreducibilis. Ilyen gorbék esetében Baker [7] igazolta, hogy a
gorbén talalhaté (X, Y) egész pontokra

max(|X], | Y]) < exp exp exp{(n'""H)""},

ahol H = max{|ao|, ..., |an|}. A korldtot késébb tébben élesitették, igy példaul
Sprindzuk [101], Brindza [13], Schmidt [88], Poulakis [79], Bilu [11], Bugeaud [23]
és Voutier [112]. A Baker-mddszer segitségével tehdt az egész pontok méreté-
re korlat adhato, ezt kombindlva a Mordell-Weil szitdval adott gérbe esetében
igazolhato, hogy az ismert egész pontokon felil nincs mas. Ez a moddszer ke-
rilt targyaldsra a dolgozatban, illusztracioként pedig két konkrét problémara
alkalmazték sikerrel.
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5.1. Tétel. Az
Y2—v=X>-X (5.1)

diofantikus egyenlet egész megolddsai:

(X,Y)=(-1,0), (=1,1), (0,0), (0,1), (1,0), (1,1), (2,-53),
(2,6), (3,—15), (3,16), (30, —4929), (30,4930).

2)- (3

diofantikus egyenlet egész megolddsai:

5.2. Tétel. Az

(X,Y)=1(0,0), (0,1), (1,0), (1,1), (2,0), (2,1), (3,0), (3,1), (4.0), (4,1),
(5, =1), (5.2), (6,=3), (6,4), (7,=6), (7,7), (15,=77),
(15,78), (19,—-152), (19,153).
Az
YP—Yy =X7-X, 2<p<qg. (5.3)
egyenlettel kapcsolatban Mordell [67] igazolta, hogy ha p = 2, ¢ = 3, akkor
(X, Y)=1(0,0),(0,1),(£1,0), (£1,1),(2,3),(2,-2),(6,15), (6, —14).

Fielder és Alford [37] a kdvetkez6 X, Y > 1 megolddsokat adtak meg:

(p.q,X,Y)=(23,23),(23,6,15),(2,5,2,6), (2,5, 3,16),
(2,5,30,4930), (2,7,5, 280), (2,13,2,91),(3,7,3,13).

Mignotte és Pethd [66] igazolta, hogy adott p és g esetén, ahol 2 < p < g, csak
véges sok egész meqgoldas létezik. Tovdbba, ha feltessziik az abc-sejtést, akkor
az (5.3) egyenletnek csak véges sok egész X, Y > 1 megoldésa létezik.

Az (5.2) egyenlet specidlis esete az

(-2

diofantikus egyenletnek. A 2 < k < n/2 és 2 < | < m/2 kikotések mellett az
ismert megoldasok a kovetkezdek:

(3)-(5) 2]-12) (2)-)
3)-C5) 12)-(3) (9-0-)

(221) _ (17) (F2i+2F2i+3) _ (th+2F2[+3 1) fori=12,.
2 8/’ FiFoigs FaiF2iy3 +1
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ahol F,, Fibonacci szamok sorozata. Ismert a [31] dolgozatbdl, hogy nincs tobb
megoldas, ha (}) < 10%° vagy n < 1000. A végtelen megoldés csalad Lind [59]
és Singmaster [100] publikdcidiban lett kozdlve. Az (5.4) diofantikus egyenlet
0sszes megoldasa meghatarozasra keriilt, ha

(k, ) =1(2,3), (2,4), (2.6), (2.8), (3.4), (3,6), (4,6), (4,8).

Ezen esetekben a probléma visszavezetheté elliptikus gorbékre vagy Thue
egyenletekre. Avanesov 1966-ban [6] megoldotta az (5.4) egyenletet,
amikor (k,l) = (2,3). De Weger [30] és tdle fiiggetlentl Pintér [78] meg-
oldotta a (k,l) = (2,4) esetet. A (k,[) = (3,4) parndl az egyenlet az
Y(Y +1) = X(X + 1)(X + 2) gorbére vezet, amely megoldasait Mordell
[67] hatarozta meg. A fennmaradé (2,6),(2,8),(3,6),(4,6),(4,8) esetekben
a megoldasokat Stroeker és de Weger [103] adta meg. A (5.4) egyenlettel
kapcsolatban altaldnos végességi tételt nyert 1988-ban Kiss [53]. lgazolta,
hogy ha kK = 2 és [ adott paratlan prim, akkor csak véges sok pozitiv megoldas
létezik. Felhasznédlva a Baker-mddszert, Brindza [14] megmutatta, hogy az (5.4)
egyenletnek k = 2 és [ > 3 mellett csak véges sok pozitiv megoldasa van.
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On the Diophantine equation
X2 + g™ = 2yP

Tengely, Sz,
Acta Arithmetica 127 (2007), 71-86.

Abstract

In this paper we consider the Diophantine equation x* + g°" = 2yP
where m, p, q, x,y are integer unknowns with m > 0, p and g are odd
primes and gcd(x,y) = 1. We prove that there are only finitely many
solutions (m, p, g, x, y) for which y is not a sum of two consecutive squares.
We study the above equation for fixed y and in particular solve the case
y = 17 completely. We also study the equation for fixed g and resolve the
equation for g = 3.

1.1 Introduction

There are many results in the literature concerning the Diophantine equation

Ax? + q? ~--q§5 = By", where A, B are given non-zero integers, g1,...,qs are
given primes and n, x,y, z1,...,Zs are integer unknowns with n > 2,x and y
coprime and non-negative, and z1, ..., zs non-negative, see e.g. [1], [2], [3] [4]

[5], [6], [7], [11], [12], [15], [18], [19], [20], [21], [22], [25]. Here the elegant result of
Bilu, Hanrot and Voutier [10] on the existence of primitive divisors of Lucas and
Lehmer numbers has turned out to be a very powerful tool. Using this result Luca
[19] solved completely the Diophantine equation x*+293? = y". Le [17] obtained
necessary conditions for the solutions of the equation x? + g% = y” in positive
integers x, y, n with ged(x, y) =1, g prime and n > 2. He also determined all
solutions of this equation for g < 100. In [25] Pink considered the equation
X2+ (q7" - g%)? = 2y", and gave an explicit upper bound for n depending only
on max g; and s. The equation x? + 1 = 2y" was solved by Cohn [14]. Pink and

47
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Tengely [26] considered the equation x> + a? = 2y". They gave an upper bound
for the exponent n depending only on a, and completely resolved the equation
with 1 < a <1000 and 3 < n < 80.

In the present paper we study the equation x? 4+ g>™ = 2yP where m, p, q, x
and y are integer unknowns with m > 0, p and g odd primes and x and y
coprime. In Theorem 1.2.1 we show that all but finitely many solutions are of
a special type. Proposition 1.2.1 provides bounds for p. Theorem 1.3.1 deals
with the case of fixed y, we completely resolve the equation x* + ¢°" = 2-17°.
Theorem 1.4.1 deals with the case of fixed g. In Propositions 3 and 4 certain
high degree Thue equations are solved related to primes p < 1000. The proof
of Proposition 4 is due to Hanrot. It is proved that if the Diophantine equation
x? 4 32" = 2yP with m > 0 and p prime admits a coprime integer solution
(x,y), then (x,y,m,p) € {(13,5,2,3),(79,5,1,5), (545,53, 3, 3)}. It means that
the equation x? + 3™ = 2yP in coprime integers x, y and prime p is completely
solved because solutions clearly do not exist when m is odd.

1.2 A finiteness result

Consider the Diophantine equation

X2+ q*™ = 2yP, (1.1)

where x,y € N with ged(x,y) = 1,m € N and p, g are odd primes and N
denotes the set of positive integers. Since the case m = 0 was solved by Cohn
[14] (he proved that the equation has only the solution x = y = 1 in positive
integers) we may assume without loss of generality that m > 0. If g = 2, then
it follows from m > 0 that gcd(x, y) > 1, therefore we may further assume that
g is odd.

Theorem 1.2.1. There are only finitely many solutions (x, y, m, q, p) of (7.1) with
ged(x,y) = 1,x,y € N, such that y is not a sum of two consecutive squares,
m € N and p > 3, q are odd primes.

Remark. The question of finiteness if y is a sum of two consecutive squares is
interesting. The following examples, all for m = 1, show that very large solutions
exist.
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y P q

5 5 79

5 7 307

5 13 42641

5 29 1811852719

5 97 2299357537036323025594528471766399
13 7 11003

13 13 13394159

13 | 101 224803637342655330236336909331037067112119583602184017999
25 " 69049993

25 47 378293055860522027254001604922967
41 31 4010333845016060415260441

All solutions of (7.1) with small g™ and x > ¢?" have been determined in
[27].

Lemma 1.2.1. Let g be an odd prime and m € NU {0} such that 3 < g™ < 501.
If there exist (x,y) € N? with gcd(x, y) = 1 and an odd prime p such that (7.1)
holds, then

(x,y,q.m,p) €
{(3,5,79,1,5),(9,5,13,1,3),(13,5,3,2,3),(55,13,37,1,3),
(79,5,3,1,5),(99,17,5,1,3), (161, 25,73,1, 3), (249,5,307,1,7),
(351,41,11, 2, 3), (545,53, 3, 3, 3), (649,61, 181, 1, 3), (1665,113, 337, 1, 3),
(2431,145,433,1,3),(5291,241,19,1,3), (275561, 3361,71,1,3)}.
Proof. This result follows from Corollary 1 in [27]. The solutions with x < 2"
can be found by an exhaustive search. O

We introduce some notation. Put

1Titp=1 (mod4),
04 = (1.2)
—1itp=3 (mod 4).

and
1Tt p=1o0r3 (mod8),
5g = i (mod 8) (1.3)
—1itp=5o0r7 (mod8).
Since Z[i] is a unique factorization domain, (7.1) implies the existence of integers
u,v with y = u? + v2 such that
x =R((1 4+ i)(u + iv)P) = Fp(u, v), (1.4)
g™ =X((1 + i)(u + iv)P) =: Gy(u, v). '

Here F, and G, are homogeneous polynomials in Z[X, Y].
Lemma 1.2.2. Let Fp, G, be the polynomials defined by (1.4). We have

(u—="204v) | Fplu,v),
(u+04v) | Gplu,v).
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Proof. This is Lemma 3 in [27]. O

Lemma 1.2.2 and (1.4) imply that there exists a k € {0,1,..., m} such that
either

u+ o4y = g~ (1.5)
Hp(u,v) = q" ",
or
u+ o4v = —q*,
= (1.6)
Hp(u,v) = —q" %,
where H,(u,v) = ?;((ui;vv)

For all solutions with large g” we derive an upper bound for p in case of
k= min (1.5) or (1.6) and in case of g = p.

Proposition 1.2.1. If (7.1) admits a relatively prime solution (x,y) € N? then
we have

p <3803 if u+ 04v = £q™, g™ > 503,
p <3089 ifp=q,

p <1309 if u+ 04v = £q™, m > 40,
p <1093 if u 4+ 04v = +£q™, m > 100,
p <1009 if u 4 04v = £q™, m > 250.

We shall use the following lemmas in the proof of Proposition 1.2.1. The first
result is due to Mignotte [10, Theorem A.1.3]. Let o be an algebraic number,
whose minimal polynomial over Z is A |_|7:1(X — a'). The absolute logarithmic
height of a is defined by

d
1 .
h(a) = d log |A| + E log max(1, |c{(‘)|)
i=1

Lemma 1.2.3. Let a be a complex algebraic number with |a| = 1, but not a root
of unity, and log a the principal value of the logarithm. Put D = [Q(«a) : Q]/2.
Consider the linear form

A = byim— byloga,
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where by, by are positive integers. Let A be a real number satisfying 1.8 < A < 4,
and put

p=e", K=05pr+ Dh(a), B=max(13, b1, by),

1 1 o (1B+VI+ 2
~ brp  48mp(1 4 27p/3A)’ B A

H:max{3)\,D(logB+log (1+21<) —logﬁ+0.886) +

301 (11
+5 47 (6p+3l<) +0.023}.

Then
log |A| > —(8xT pA~"H? +0.23)K —2H —2log H+0.5A42log A— (D +2) log 2.
The next result can be found as Corollary 3.12 at p. 41 of [23].

Lemma 1.2.4. If © € 27Q, then the only rational values of the tangent and the
cotangent functions at © are 0, +1.

Proof of Proposition 1.2.1. Without loss of generality we assume that p > 1000
and g™ > 503. We give the proof of Proposition 1.2.1 in the case v + 04v =
+q™, g™ > 503, the proofs of the remaining four cases being analogous. From
u+ 04v =+£q" we get

503 _ ¢" |+|v| /u2+v2 \/’
— << — <
2 -2 - '

which yields that y > 4~ " > 126504. Hence

7X+qmi—1— 29" WY _ 2 (17)
X—C]mi _,/X2_+_q2m_gp/2_yp%. ’

We have

x—qmi (1—=i)(u—iv)r (1.8)

x+q"t  (T+iu+iv)P  [u+iv P
u—iv]

u—tv

If ‘i ( “+‘:V)p — 1‘ > % then 6 > y% which yields a contradiction with p > 1000

and y > 126504. Thus ‘(Zfﬁ‘/ 1‘ < 1 . Since |logz| < 2|z—1]| for |[z—1] <

. p . P
l_(u—i—tv) _1'21 logi(u—i_l,v) '

u—iv 2 u—iv

%, we obtain

(1.9)
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Suppose first that o := 04 (_”;J::fu)o is a root of unity for some ¢ € {—1,1}.
Then
. o 2 2 ..
u—iv —2uv o(—u”+v7), 27ij
= = + = _—
(—v+iu) T, B B B exp( n |’

for some integers j, n with 0 < j < n — 1. Therefore

; 2.2
tan (znﬂj) = % € Qor (u,v)=(0,0).

The latter case is excluded. Hence, by Lemma 1.2.4, ul—v? e {0,1,—1}. This

2uv
, but this is excluded by the requirement that the solutions

implies that |u| = |v
x,y of (7.1) are relatively prime, but y > 126504. Therefore « is not a root of
unity.

Note that « is irrational, |a] = 1, and it is a root of the polynomial (u2 +
v2)X? 4 404uvX + (u? + v?). Therefore h(a) = 1 logy.

Choose [ € Z such that |p log(i‘j“ﬁ%f‘;) + 2lmi| is minimal, where logarithms

have their principal values. Then |2{| < p. Consider the linear form in two
logarithms (7ri = log(—1))
A =2|l|wi—ploga. (1.10)

If [ =0 then by Liouville’s inequality and Lemma 1 of [29],

Al > |plogal > |log a] > 272 exp(—2h(a)) > exp(—8(log6)*h(a).  (1.11)
From (1.7) and (1.11) we obtain
p—1

2

log4 — logy > log |A| > —4(log 6)° log y.

Hence p < 47. Thus we may assume without loss of generality that [ # 0.

We apply Lemma 1.2.3 with 0 = sign(l),a = 04(-%=%)7, by = 2|l| and
by = p. Set A =1.8. We have D =1 and B = p. By applying (1.7)-(1.10) and
Lemma 1.2.3 we obtain

p—1
2

log 4 — logy > log|A| > —(13.16H2 + 0.23)K — 2H — 2log H — 0.004.

We have
15.37677 < K < 9.5028 + % logy,
0.008633 < t < 0.008634,
0.155768 < T < 0.155769,
H < logp + 2.270616,

logy > 11.74803,

From the above inequalities we conclude that p < 3803. O
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The following lemma gives a more precise description of the polynomial H,,
the notation p mod 4 is defined as the number from the set {0, 1, 2,3} that is
congruent to p modulo 4.

Lemma 1.2.5. The polynomial Hp(iqk — 04v, v) has degree p — 1 and
Hp(q* — 84v,v) = 26527 pvP~" + gkpH,(v) + gk,
where H, € Z|X] has degree < p — 1. The polynomial H,(X,1) € Z|X] is

irreducible and
p—1

4k +3
HpX. 1) =[] (X—tan(:)ﬂ ,
k=0 P
k+#ko

where ko = [§] (p mod 4).

Proof. By definition we have

Gp(u,v) _ 1T+ u+iv)P = (1 =i)(u—iv)P

H , =
Pl V) = S 2i(u + 04v)

(1.12)

Hence

(14 i)(£q* + (i = dg)v)P — (1 — i)(2=q" + (=i — 04)v)?
+2igk ’

Hy(£q" — d4v,v) =

Therefore the coefficient of vP is (14 i)(—04+ )P + (1 —i)(04+ i)P. If 04 = 1, then
it equals —2(—1 + )P~ +2(1 + )P~" = —2(=4)* +2(=4)"" =0, since p = 1
(mod 4). If 3, = —1, then it equals (1+i)P+1 — (—=1+i)P+ = (—4)"F —(—4)"F =

0. Similarly the coefficient of vP~ ' is i(1+i)(64_i)p712_[(1_i)((wﬂh)pi1 p= iégZ%P. It

is easy to see that the constant is g*(P~"). The coefficient of v fort =1, ..., p—2
is i(‘;)(qk)f’_’_%t, where c¢; is a power of 2. The irreducibility of H,(X, 1) fol-
lows from the fact that H,(X — 04, 1) satisfies Eisenstein’s irreducibility criterion.
The last statement of the lemma is a direct consequence of Lemma 4 from [27]. O

Remark. Schinzel's Hypothesis H says that if P1(X), ..., P/(X) € Z|X] are irre-
ducible polynomials with positive leading coefficients such that no integer [ > 1
divides Pj(x) for all integers x for some i € {1, ..., k}, then there exist infinitely
many positive integers x such that Pi(x),..., Pr(x) are simultaneously prime.
Since =H,(£1—d4v, v) is irreducible having constant term +1, the Hypothesis
implies that in case of k = 0, m =1 there are infinitely many solutions of (1.5)
and (1.6). Hence there are infinitely many solutions of (7.1).

Lemma 1.2.6. If there exists a k € {0,1,..., m} such that (1.5) or (1.6) has a
solution (u,v) € Z? with gcd(u, v) = 1, then either k = 0 or (k = m,p # q) or
(k=m—=1,p=q).
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Proof. Suppose 0 < k < m. It follows from Lemma 1.2.5 that q | iégZ%pvP_1. If
q # p, we obtain that g | v and g | u, which is a contradiction with gcd(u, v) = 1.
Thus k =0 or k = m. If p = q, then from Lemma 1.2.5 and (1.5), (1.6) we get

iégz% VP14 pk//—\lp(v) + pk(P—1)—1 — ip’n_k_1,
Therefore k =0 or k =m —1. 0

Now we are in the position to prove Theorem 1.2.1.

Proof of Theorem 1.2.1. By Lemma 1.2.6 we have that k =0,m—1 or k = m. If

k =0, then u+04v = £1 and y is a sum of two consecutive squares. If k = m—1,

2(m—1) 2
then p = q. Hence u + d4v = £p™~" which implies that y > 25— > &.

From Proposition 1.2.1 we obtain that p < 3089. We recall that H,(u,v) is an
irreducible polynomial of degree p — 1. Thus we have only finitely many Thue

equations (if p > 3)
Hy(u,v) = %p.

By a result of Thue [28] we know that for each p there are only finitely many
integer solutions, which proves the statement.

Let k = m. Here we have u + d4v = +q" and H,(£q" — d4v,v) = £1.
If g™ < 501 then there are only finitely many solutions which are given in
Lemma 1.2.1. We have computed an upper bound for p in Proposition 1.2.1 when
g™ > 503. This leads to finitely many Thue equations

Hy(u,v) = £1.

From Thue's result it follows that there are only finitely many integral solutions
(u, v) for any fixed p, which implies the remaining part of the theorem. O

1.3 Fixed y

First we consider (7.1) with given y which is not a sum of two consecutive squares.
Since y = u?+v? there are only finitely many possible pairs (u, v) € Z%. Among
these pairs we have to select those for which v = v = £g™°, for some prime g
and for some integer mg. Thus there are only finitely many pairs (g, mg). The
method of [27] makes it possible to compute (at least for moderate g and my)
all solutions of x? + g?™ = 2yP even without knowing y. Let us consider the
concrete example y = 17.

Theorem 1.3.1. The only solution (m, p, g, x) in positive integers m, p, q, x with
p and q odd primes of the equation x*> + ¢°™ = 2-17P is (1,3,5,99).
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Proof. Note that 17 cannot be written as a sum of two consecutive squares.
From y = u? + v? we obtain that g is 3 or 5 and m = 1. This implies that 17
does not divide x. We are left with the equations

X2 +32=2.17°,
x24+52=2.17".

From Lemma 1.2.1 we see that the first equation has no solutions and the second
only the solution (p, x) = (3, 99). O

1.4 Fixed g

If m is small, then one can apply the method of [27] to obtain all solutions.
Proposition 1.2.1 provides an upper bound for p in case u+04v = £q™. Therefore
it is sufficient to resolve the Thue equations

Hpy(u,v) = %1

for primes less than the bound. In practice this is a difficult job but in some
special cases there exist methods which work, see [8], [9], [10], [16]. Lemma 1.4.1
shows that we have a cyclotomic field in the background just as in [10]. Probably
the result of the following lemma is in the literature, but we have not found a
reference. We thank Peter Stevenhagen for the short proof.

Lemma 1.4.1. For any positive integer M denote by {\ a primitive Mth root of
unity. If a is a root of H,(X, 1) for some odd prime p, then Q({, +Zp) C Q(a) =
QGap + o)

1 exp(iz)—exp(—iz) ((4k+3 )

Proof. Since tanz = T o) Texp(—iz) We can write o = tan as
1 Z4k+3 (—4/(—3 ¢ c4k+3 1 Q(( )
—_ =63 apl-
4k+3 n ( 4k—3 (4k+3

Since it is invariant under complex conjugation, a is an element of ({4, +Z4p).
We also know that [Q(Cap + (4,) : Q] =[Q(a) : Q] = p =1, thus Q({ap + {4y) =
Q(a). The claimed inclusion follows from the fact that {, + ¢, can be expressed
easily in terms of {4y + (4. O

It is important to remark that the Thue equations H,(u,v) = =1 do not de-
pend on g. By combining the methods of composite fields [9] and non-fundamental
units [16] for Thue equations we may rule out some cases completely. If the
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method applies it remains to consider the cases u+ d4v =+1and p=gq.If g
is fixed one can follow as a strategy to eliminate large primes p. Here we use
the fact that when considering the Thue equation

Hp(u, v) = 1. (1.13)

we are looking for integer solutions (u,v) for which u + 04v is a power of q.
Let w be a positive integer relatively prime to g. Then the set S(q, w) = {q"
mod w : m € N} has ord, (q) elements. Let

Lip. g, w) =

{se{0.1,..., ordyw(q)} : Hp(q° — 04v,v) = 1 has a solution modulo w}.
We search for numbers wq, ..., wy such that ordy, (q) = ... = ordy,(q) = w,
say. Then

mg mod w € L(p,qg,wi)N...NL(p, q, wn),

where mg mod w denotes the smallest non-negative integer congruent to m
modulo w. Hopefully this will lead to some restrictions on m. As we saw be-
fore the special case p = g leads to a Thue equation H,(u,v) = #p and
the previously mentioned techniques may apply even for large primes. In
case of u + 04v = =£1 one encounters a family of superelliptic equations
Hp(£1 — d4v,v) = £q™. We will see that sometimes it is possible to solve
these equations completely using congruence conditions only.

From now on we consider (7.1) with g = 3, that is
X2 4 32M = 24P, (1.14)

The equation x? + 3 = " was completely resolved by Cohn [13]. Arif and
Muriefah [2] found all solutions of the equation x? + 32"+1 = y". There is
one family of solutions, given by (x,y, m, n) = (10 - 33,7 - 3%!,5 + 6t, 3). Luca
[18] proved that all solutions of the equation x? + 32" = y” are of the form
x=146-3%y=13-3%",m=446tn=3.

Remark. We note that equation (1.14) with odd powers of 3 is easily solvable.
From x? 4 3°™+1 = 2P we get

4 =2yP (mod 8),
hence p = 1 which contradicts the assumption that p is prime.

Let us first treat the special case p = g = 3. By (1.4) and Lemma 1.2.2 we
have

x = Fu,v)=(u+ v)(u2 —4uv + vz),
3" = Gy(u,v) = (u—v)(u? + duv + v2).
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Therefore there exists an integer k with 0 < k < m, such that
u—v = i3k,

u’ + duv +v? = £3"k

Hence we have
6v2 & 6(3€)v 4 3% = £3mK,

Both from kK = m and from k = 0 it follows easily that k = m = 0. This yields
the solutions (x, y) = (£1,1).

If k = m—1>0, then 3 | 2v?> + 1. Thus one has to resolve the system of
equations

u—v = -—3m1

u? +4uv + v = 3.
The latter equation has infinitely many solutions parametrized by
u= _76 ((2+ V3 42— \@)M) :
v = % ((2+\f3)f+(2—\/§)’),

where t € N, e € {—1,1}. Hence we get that

% ((3 +VIR+VI)T +3B3- V32— \@)H) — 4377, (1.15)

The left-hand side of (1.15) is the explicit formula of the linear recursive sequence
defined by ro =r1 =3, r = 4ri—1 — ri—3,t > 2. One can easily check that

rr=0 (mod27) & t=5 (mod9) & rr=0 (mod 17).

Thus m =2 orm = 3. If m = 2,k =1, then we obtain the solution (x,y) =
(13,5), it m = 3, k = 2, then we get (x, y) = (545,53). From now on we assume
that p > 3.

As we mentioned, sometimes it is possible to handle the case k = 0 using
congruence arguments only. In case of g = 3 it works.

Lemma 1.4.2. In case of g = 3 there is no solution of (1.5) and (1.6) with k = 0.

Proof. We give a proof for (1.5) which also works for (1.6). In case of (1.5) if
k =0, then u =1 — d4v. Observe that by (1.12)

e if v=0 (mod 3), then H,(1 —d4v,v) =1 (mod 3),
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e if v=1 (mod 3) and p =1 (mod 4), then H,(1 — d4v,v) =1 (mod 3),
e if v=1 (mod 3) and p = 3 (mod 4), then H,(1 — d4v,v) = 1 (mod 3),
e if v=2 (mod 3) and p =1 (mod 4), then H,(1 — d4v,v) = £1 (mod 3),
e if v=2 (mod 3) and p = 3 (mod 4), then H,(1 — d4v,v) =1 (mod 3).

Thus H,(1 — 04v,v) # 0 (mod 3). Therefore there is no v € Z such that H,(1 —
04v,v) = 3", as should be the case by (1.5) and (1.6). O

Finally we investigate the remaining case, that is v + d4v = 3". We remark
that u + 04v = —3™ is not possible because from (1.6) and Lemma 1.2.5 we
obtain —1 = H,(=3" — d4v,v) = 3kKP=1) =1 (mod p).

Proposition 1.4.1. If there is a coprime solution (u,v) € Z? of (1.5) with ¢ =
3,k =m, then p =5 or 11 (mod 24).

Proof. In case of k = m we have, by (1.5) and Lemma 1.2.5,
Hy(3™ — 4v,v) = 62" pvP~" + 3"pHy(v) + 3"P~1 = 1. (1.16)

Therefore
527 p=1 (mod 3)

and we get that p =1,5,7,11 (mod 24). Since by Lemma 1.2.1 the only solution
of the equation x? 4 3°™ = 2yP with 1 < m < 5 is given by (x,y,m,p) €
{(79,5,1,5), (545, 53, 3, 3)}, we may assume without loss of generality that m >
6. To get rid of the classes 1 and 7 we work modulo 243. If p = 8t + 1, then

from (1.16) we have
28t +1)v¥ =1 (mod 243).

It follows that 243|t and the first prime of the appropriate form is 3889 which is
larger than the bound we have for p. If p = 8t + 7, then

238t + 7)1 =1 (mod 243).

It follows that t = 60 (mod 243) and it turns out that p = 487 is in this class,
so we work modulo 3° to show that the smallest possible prime is larger than
the bound we have for p. Here we have to resolve the case m = 6 using the
method from [27]. This value of m is not too large so the method worked. We
did not get any new solution. Thus p =5 or 11 (mod 24). O
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Proposition 1.4.2. There exists no coprime integer solution (x, y) of x*> + 3°™ =
2yP with m > 0 and p < 1000,p = 5 (mod 24) or p € {131,251,491,971}
prime.

Proof. To prove the theorem we resolve the Thue equations (1.13) for the given
primes. In each case there is a small subfield, hence we can apply the method
of [9]. We wrote a PARI [24] script to handle the computation. We note that
if p =659 or p = 827, then there is a degree 7 subfield, but the requlator is
too large to get unconditional result. The same holds for p = 419,683,947,
in which cases there is a degree 11 subfield. In the computation we followed
the paper [9], but at the end we skipped the enumeration step. Instead we used
the bound for |x| given by the formula (34) at page 318. The summary of the
computation is in Table 1. We obtained small bounds for |u| in each case. It

Table 1.1: Summary of the computation (AMD64 Athlon 1.8GHz)

[p [ X Jtime ] p [ XsJtime [ p [ X5 Jtime] p [ X5 [time] p [ X5 time |

29 4 1s 173 2 6s 317 2 13s 557 2 27s 797 2 45s
53 3 2s 197 2 7s 389 2 25s 653 2 33s 821 2 56s
101 2 3s 251 2 14s 461 2 22s 677 2 28s 9 2 62s
131 2 6s 269 2 14s 491 2 25s 701 2 37s 971 2 75s
149 2 7s 293 2 10s 509 2 23s 773 2 44s

remained to find the integer solutions of the polynomial equations H,(ug, v) =1
for the given primes with |ug| < X3. It turns out that there is no solution for
which v 4+ ov = 3™, m > 0, and the statement follows. O

The remaining Thue equations related to the remaining primes (p < 1000)
were solved by G. Hanrot.

Proposition 1.4.3 (G. Hanrot). There exists no coprime integer solution (x, y) of
x? 4 32" = 2yP with m > 0 and

p € {59,83,107,179, 227,347,419, 443,467,563, 587, 659, 683, 827, 947 }.

Proof. By combining the effective methods of composite fields [9] and non-
fundamental units [16] all Thue equations were solved related to the given primes.
The computations were done using PARI. Most of the computation time is the
time for p — 1 LLL-reductions in dimension 3 on a lattice with integer entries
of size about the square of the Baker bound. The numerical precision required
for the reduction step is 7700 in the worst case (p = 587). The summary of the
computation is in Table 2. We got small bounds for |u| in each case. There is
no solution for which u + ov = 3", m > 0, and the statement follows. O
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Table 1.2: Summary of the computation (AMD Opteron 2.6GHz)

[p [ X [ time [ p [ X3 [ time | p [ X3 | time |
59 47 2s 347 186 33m 587 279 248m
83 62 9s 419 216 67m 659 1 3s
107 74 23s 443 2 5s 683 2 7s
179 111 2m29s 467 233 102m 827 2 4s
227 134 6m13s 563 270 211m 947 2 10s

We recall that Cohn [14] showed that the only positive integer solution of
x> 4+1=2yP is givenby x =y = 1.

Theorem 1.4.1. If the Diophantine equation x* + 3°" = 2yP with m >
0 and p prime admits a coprime integer solution (x,y), then (x,y,m,p) =
(13,5,2,3),(79,5,1,5), or (545,53, 3, 3).

Proof. We will provide lower bounds for m which contradict the bound for p
provided by Proposition 1.2.1. By Proposition 1.2.1 we have p < 3803 and by
Proposition 1.4.1 we have p =5 or 11 (mod 24). We are left with the primes p <
1000, p = 5 or 11 (mod 24). They are treated in Propositions 1.4.2 and 1.4.3.
We compute the following sets for each prime p with 1000 < p < 3803,p =
5or 11 (mod 24):

A5 := L(p,3,242),

A16 := L(p,3,136) N L(p,3,193) N L(p, 3,320) N L(p, 3,697),

A22 :=L(p,3,92) N L(p,3,134) N L(p, 3,661),

A27 .= L(p,3,866) N L(p,3,1417),

A34 := L(p,3,103) N L(p, 3,307) N L(p, 3,1021),

A39 := L(p,3,169) N L(p, 3,313),

A69 := L(p, 3,554) N L(p, 3,611).

About half of the primes can be disposed of by the following reasoning.
In case of A5 we have ordy423 = 5, hence this set contains those congruence
classes modulo 5 for which (1.14) is solvable. The situation is similar for the
other sets. How can we use this information? Suppose it turns out that for a
prime A5 = {0} and A16 = {0}. Then we know that m = 0 (mod 5 - 16) and
Proposition 1.2.1 implies p < 1309. If the prime is larger than this bound, then
we have a contradiction. In Table 3 we included those primes for which we
obtained a contradiction in this way. In the columns mod the numbers n are

Table 1.3: Excluding some primes using congruences.

p mod p mod p mod p mod p mod
1013 16,27 1571 5,22 1973 16,22 2357 16,22 3011 5,22
1109 16,22 1613 16,22 1979 16,22 2459 16,22 3203 16,22

1181 16,22 1619 16,22 2003 16,22 2477 16,22 3221 16,22
1187 16,22 1667 16,22 2027 16,22 2531 5,22 3323 16,22
1229 16,22 1709 16,22 2069 16,22 2579 16,22 3347 16,22
1259 16,22 1733 16,22 2099 16,22 2693 16,22 3371 5,22
1277 16,22 1787 16,22 2141 16,22 2741 16,27 3413 16,22
1283 16,22 1811 5,22 2237 16,22 2861 16,22 3533 16,22
1307 16,22 1877 16,27 2243 16,22 2909 16,22 3677 16,22
1493 16,22 1931 5,22 2309 16,27 2957 16,22 3701 16,22
1523 16,22 1949 16,22 2333 16,22 2963 16,22
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stated for which sets An were used for the given prime. It turned out that only 4
sets were needed. In case of 5,22 we have m > 110, p < 1093, in case of 16, 22
we have m > 176, p < 1093 and in the case 16,27 we have m > 432, p < 1009.

Table 1.4: Excluding some primes using CRT.

p I'm CRT p I'm CRT p I'm CRT

1019 | 384 | 516,27 | 2267 | 448 | 516,69 | 3389 | 170 | 527,34
1061 176 | 516,39 | 2339 | 208 | 516,39 | 3461 116 | 516,39
1091 580 | 516,27 | 2381 44 527,34 | 3467 | 336 | 516,27
1163 | 586 | 527,34 | 2411 180 | 516,27 | 3491 850 | 527,34
1301 416 | 516,39 | 2549 | 320 | 516,27 | 3539 | 112 | 516,39
1427 | 270 | 527,34 | 2699 | 640 | 516,69 | 3557 | 176 | 516,39
1451 340 | 516,27 | 2789 | 204 | 52734 | 3581 150 | 527,34
1499 | 112 | 516,39 | 2819 | 352 | 516,27 | 3659 | 112 | 516,39
1637 | 121 52734 | 2837 | 131 52734 | 3779 72 5,27,34
1901 304 | 516,39 | 2843 | 136 | 527,34 | 3797 | 416 | 516,39
1907 102 | 527,34 | 3083 | 340 | 52734 | 3803 | 136 | 527,34
1997 | 170 | 527,34 | 3251 580 | 516,27
2213 | 170 | 527,34 | 3299 64 516,39

For the remaining primes we combine the available information by means of
the Chinese remainder theorem. Let CRT (5,16, 39) be the smallest non-negative
solution of the system of congruences

m = a5 (mod 5)
m=al6 (mod 16)
m = a39 (mod 39),

where a5 € A5,a16 € A16 and a39 € A39. Let r, be the smallest non-zero
element of the set {CRT(5,16,39): a5 € A5,a16 € A16, a39 € A39}, In Table
4 we included the values of r, and the numbers related to the sets A5 — A69.
We see that m > r, in all cases. For example, if p = 1019 then m > 384, and
Proposition 1.2.1 implies p < 1009, which is a contradiction. For p = 2381 we
used A5, A27 and A34, given by A5 = {0,1,4},A27 = {0,14,15,17} A34 =
{0,10}. Hence

{CRT(5,27,34) : a5 € A5,a27 € A27,a34 € A34} =

= {0, 44,204, 476, 486, 554, 690, 986, 1394, 1404, 1836, 1880, 1904,
2040, 2390, 2526, 2754, 3230, 3240, 3444, 3716, 3740, 3876, 4226}.

The smallest non-zero element is 44 (which comes from [a5, a27,a34] =
[4,17,10]), therefore m > 44 and p < 1309, a contradiction. In this way all
remaining primes > 1000 can be handled. O

Acknowledgement. The author wish to thank Guillaume Hanrot for the com-
putations related to Proposition 1.4.3 and for giving some hints how to modify



62 Bibliography

the PARI code, which was used in [10], to make the computations necessary for
Proposition 1.4.2. Furthermore, he would like to thank Robert

Tijdeman for his valuable remarks and suggestions, Peter Stevenhagen for the
useful discussions on algebraic number theory, and for the proof of Lemma 1.4.1
and Kalman Gyéry for calling his attention to Schinzel's Hypothesis.

Bibliography

[1] S.A Arifand F. S. A. Muriefah. On the Diophantine equation x* 4+ 2 = y".
Internat. J. Math. Math. Sci., 20(2):299-304, 1997.

[2] S. A Arif and F. S. A. Muriefah. The Diophantine equation x? + 3™ = y".
Internat. J. Math. Math. Sci., 21(3):619-620, 1998.

[3] S. A Arif and F. S. A. Muriefah. On a Diophantine equation. Bull. Austral.
Math. Soc., 57(2):189-198, 1998.

[4] S.A. Arifand F. S. A. Muriefah. The Diophantine equation x? +5%*1 = ¢y
Indian J. Pure Appl. Math., 30(3):229-231, 1999.

[5] S.A. Arif and F. S. A. Muriefah. The Diophantine equation x* 4+ g% = y".
Arab. J. Sci. Eng. Sect. A Sci., 26(1):53-62, 2001.

[6] S.A. Arifand F S. A. Muriefah. On the Diophantine equation x? 42k = y".
ll. Arab J. Math. Sci., 7(2):67-71, 2001.

[7] S.A. Arifand F. S. A. Muriefah. On the Diophantine equation x? + g?*! =
y". J. Number Theory, 95(1):95-100, 2002.

[8] Yu. Bilu and G. Hanrot. Solving Thue equations of high degree. J. Number
Theory, 60(2):373-392, 1996.

[9] Yu. Bilu and G. Hanrot. Thue equations with composite fields. Acta Arith.,
88(4):311-326, 1999.

[10] Yu. Bilu, G. Hanrot, and P. M. Voutier. Existence of primitive divisors of
Lucas and Lehmer numbers. J. Reine Angew. Math., 539:75-122, 2001.
With an appendix by M. Mignotte.

[11] Y. Bugeaud. On the Diophantine equation x> — p™ = +y". Acta Arith,
80(3):213-223, 1997.

[12] J. H. E. Cohn. The Diophantine equation x? +2% = y". Arch. Math. (Basel),
50(4):341-344, 1992.



Bibliography 63

13] J. H. E. Cohn. The Diophantine equation x? 4+ 3 = y". Glasgow Math. /.
p q y g
35(2):203-206, 1993.

[14] J. H. E. Cohn. Perfect Pell powers. Glasgow Math. J., 38(1):19-20, 1996.

[15] J. H. E. Cohn. The Diophantine equation x? + 2% = y". Il. Int. J. Math.
Math. Sci, 22(3):459-462, 1999.

[16] G. Hanrot. Solving Thue equations without the full unit group. Math. Comp.,
69(229):395-405, 2000.

[17] Maohua Le. On the Diophantine equation x? + p?> = y”. Publ. Math.
Debrecen, 63(1-2):67-78, 2003.

[18] F. Luca. On a Diophantine equation. Bull. Austral. Math. Soc., 61(2):241-
246, 2000.

. Luca. n the equation x< + . = . Int. J. Math. Math. Sci.,
19] F. L On the eq 2 4 pa.3b y". Int. J. Math. Math. S
29(4):239-244, 2002.

20] M. Mignotte. On the Diophantine equation Dix% + D = 4y". Portugal.
g p q 2 Y g
Math., 54(4):457-460, 1997.

[21] F. S. A. Muriefah. On the Diophantine equation px®> + 3" = yP. Tamkang
J. Math., 31(1):79-84, 2000.

[22] F. S. A. Muriefah. On the Diophantine equation Ax? 4+ 2°™ = y". Int. J.
Math. Math. Sci., 25(6):373-381, 2001.

[23] 1. Niven. Irrational numbers. The Carus Mathematical Monographs, No. 11.
The Mathematical Association of America. Distributed by John Wiley and
Sons, Inc., New York, NY., 1956.

[24] The PARI Group, Bordeaux. PARI/GP, version 2.2.8, 2004. available from
http://pari.math.u-bordeaux.fr/.

[25] 1. Pink. On the Diophantine equation x* + (p{' ... p%)? = 2y". Publ. Math.
Debrecen, 65(1-2):205-213, 2004.

[26] I. Pink and Sz. Tengely. Full powers in arithmetic progressions. Publ. Math.
Debrecen, 57(3-4):535-545, 2000.

[27] Sz. Tengely. On the Diophantine equation x? 4+ a®> = 2y”. Indag. Math.
(N.S.), 15(2):291-304, 2004.



64 Bibliography

[28] A. Thue. Uber Annadherungswerte algebraischer Zahlen. J. Reine Angew
Math., 135:284-305, 1909.

[29] P. M. Voutier. Primitive divisors of Lucas and Lehmer sequences. Il. J. Théor.
Nombres Bordeaux, 8(2):251-274, 1996.



On the Diophantine Equation
X2+ C=2y"

Abu Muriefah, F. S., Luca, F., Siksek, S. and Tengely, Sz.,
Int. J. Number Theory 5 (2009), 1117-1128.

Abstract

In this paper, we study the Diophantine equation x> + C = 2y" in
positive integers x, y with ged(x, y) = 1, where n > 3 and C is a positive
integer. If C =1 (mod 4) we give a very sharp bound for prime values of
the exponent n; our main tool here is the result on existence of primitive
divisors in Lehmer sequence due Bilu, Hanrot and Voutier. We illustrate
our approach by solving completely the equations x? + 179" = 2y", x? +
5911392 = 2¢y", and x? + 3911192 = 24",

2.1 Introduction

The Diophantine equation x24+C = y", in integer unknowns x, y and n > 3, has
a long and distinquished history. The first case to have been solved appears to be
C =1: in 1850, Victor Lebesque [16] showed, using an elementary factorization
argument, that the only solution is x = 0, y = 1. Over the next 140 years
many equations of the form x> + C = y" have been solved using Lebesque’s
elementary trick. In 1993, John Cohn [12] published an exhaustive historical
survey of this equation which completes the solution for all but 23 values of
C in the range 1 < C < 100. In a second paper, [14], Cohn shows that the
tedious elementary argument can be eliminated by appealing to the remarkable
recent theorem [4] on the existence of primitive divisors of Lucas sequences, due
to Bilu, Hanrot and Voutier. The next major breakthrough came in 2006 when
Bugeaud, Mignotte and Siksek [8] applied a combination of Baker's Theory and
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the modular approach to the equation x? + C = y" and completed its solution
for 1 < C <€100.

It has been noted recently (e.g. [1], [2], [3]) that the result of Bilu, Hanrot and
Voutier can sometimes be applied to equations of the form x? + C = y" where
instead of C being a fixed integer, C is the product of powers of fixed primes
P1,---, Pk-

By comparison, the Diophantine equation x? + C = 2y", with the same
restrictions, has received little attention. For C = 1, John Cohn [13], showed
that the only solutions to this equation are x = y = 1 and x = 239, y = 13
and n = 4. The fourth-named author studied [19] the equation x? 4+ g°" = 2yP
where m, p, g, x, y are integer unknowns with m > 0, and p, g are odd primes and
gcd(x, y) = 1. He proved that there are only finitely many solutions (m, p, q, x, y)
for which y is not a sum of two consecutive squares. He also studied the equation
for fixed g and resolved it when g = 3.

The purpose of this paper is to perform a deeper study of the equation
x2+C = 2y", both in the case where C is a fixed integer, as well as in the
case where C is the product of powers of fixed primes. Principally, we show that
in some cases this equation can be solved by appealing to the theorem of Bilu,
Hanrot and Voutier on primitive divisors of Lehmer sequences. In particular, we
prove the following theorem.

Theorem 2.1.1. Let C be a positive integer satisfying C =1 (mod 4), and write
C = cd?, where c is square-free. Suppose that (x, y) is a solution to the equation

X2+ C = 2yP, x, y €Z", gcd(x,y)=1, (2.1)
where p > 5 is a prime. Then either
(i) x=y=C=1,or
(ii) p divides the class number of the quadratic field Q(/—c), or

(ii)p = 5 and (C,x,y) = (9,79,5), (125,19,3), (125,183,7),
(2125,21417,47), or

(iv) p | (g — (—cl|q)), where q is some odd prime such that q | d and q 1 c.
Here (c|q) denotes the Legendre symbol of the integer ¢ with respect to
the prime q.
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Theorem 2.1.2. The only solutions to the equation x> + C = 2y" with x, y
coprime integers, n > 3, and C =1 (mod 4), 1 < C < 100 are

1+1=2-1", 79°4+9=2.5, 5°429=2.33

1172 429=2-193, 99324+29=2.79%, 112441 =2.3",
692 +41 =27, 1712 +41=2-11", 124+53=2.33,
252 +61=2-73, 512+61=2-113, 3724+89=2.9°

Proof. Theorem 2.1.1 implies that either (C,x,y) € {(1,1,1),(9,79,5)} or p €
{2,3}. It remains to solve the equations x* + C = 2y and x?> + C = 2y* for
C =1 (mod 4),1 < C < 100. Hence, we have reduced the problem to computing
integral points on certain elliptic curves. Using the computer package MAGMA
[5], we find the solutions listed in the theorem. O

Theorem 2.1.1 yields the following straightforward corollary.

Corollary. Let g1, ..., qk be distinct primes satisfying g; =1 (mod 4). Suppose
that (x,y,p, a1, ...,ak) is a solution to the equation

X2+ g gl = 24P, (2.2)
satisfying
x, y €L, ged(x, y) =1, a; >0, p > 5 prime.
Then either
(i) x=y =1and all the a; =0, or

(ii) p divides the class number of the quadratic field Q(~/—c) for some square-
free ¢ dividing q1q; ... qk, or

(iii) p=5 and ([1q{", x,y) = (125,19, 3), (125,183,7), (2125,21417,47), or
(iv) p | (g7 — 1) for some i.
We illustrate by solving completely the equations

X179 =2y",
x2 4+59113% — 2y",
X2 4+ 39119 = 2y",

under the restrictions gcd(x,y) =1, and n > 3.
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Theorem 2.1.3. The only solutions to the equation
X2+17‘“:2y”, a1 >0, gcd(x,y)=1, n>3,
are
12+179=2.1", 2392 4+17°=2.13% 3124172 =2.5%
The only solutions to the equation
x> 4591392 = 24", a1,0, >0, gqod(x,y)=1, n>3,
are
12+5%.130=2.1", 924+50.132 =2.53,
72+5.139=2.33, 992 +52.130=2.173,
192 +52.13' =2.73 791372 +5%2.13% = 2. 14633,
2532 +5%2.13* =2.73%, 1880004972 + 5% . 13% = 2. 2604733,
2392 +5%.13% = 2.13%
The only solutions to the equation
X 439119 =2¢",  a1,02>0, god(x,y)=1, n>3,
are
124+3%.119=2.1", 3512+ 3°. 114 =2.413,
132 4+3*.119=2.5%, 5243112 =2.173,
276072 + 3% . 112 =2.725%, 5452 +3°.110=2.533,
6792 +3°.112=2.65%, 10932 +3%.11* =2.365°,
4106392 +3'0.112 = 2.43853, 2392 +30.110 =2.134,
792 +32.119=2.5%,

2.2 Arithmetic of Some Biquadratic Fields

In this section, we let ¢ be a square-free positive integer such that c = 1 (mod 4).

We let K = Q(v/2, v/—0).

Lemma 2.2.1. The field K has Galois group 7Z[2Z x 7|27 and precisely three
quadratic subfields: 1, = Q(v/2), Ly = Q(v/—¢) and L3 = Q(v/—2c¢). The ring
of integers Ok has Z-basis

i v
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The class number of h of K is h = 27 th,h3 where hy, h3 are respectively the
class numbers of Ly and L3, and 0 < i < 2.

Proof. The ring of integers can be read off from the tables in Kenneth Williams'
seminal paper on integers of biquadratic fields [21].
For the relation between class numbers, see [6].

2.3 Lehmer Sequences

We briefly define Lehmer sequences and state some relevant facts about them.
A Lehmer pair is a pair (a, B) of algebraic integers such that (a 4+ 8)? and o
are non-zero coprime rational integers and a/B is not a root of unity. For a
Lehmer pair (a, B), the corresponding Lehmer sequence {u,} is given by

(" — B")/(a— B) if n is odd,

(a" — BM)/(a® — B?) if n is even.

n =

Two Lehmer pairs (a1, 81) and (a2, B2) are said to be equivalent if o/ =
BilB> € {i1,im}. One sees that general terms of Lehmer sequences cor-
responding to equivalent pairs are the same up to signs.

A prime q is called a primitive divisor of the term u, if g divides u, but g
does not divide (0(2 — 32)2u1 ... Up—1. We shall not state the full strength of the
theorems of Bilu, Hanrot and Voutier [4] as this would take too long, but merely
the following special cases:

(i) if n > 30, then u, has a primitive divisor;
(i) if n =11,17,19, 23 or 29, then u, has a primitive divisor;
(iit) vz and uq3 have primitive divisors unless (@, B) is equivalent to
((Va= V)2, (va+ Vb)), 23)
where (a, b) is one of (1,—7), (1, —19), (3, =5), (5, —7), (13, =3), (14, =22).

(iv) us has a primitive divisor unless (a, B) is equivalent to a Lehmer pair of
the form (2.3) where

e 0= Fiioe, b = Fiyoe — 4Fy for some k > 3, € = +1, where F, is
the Fibonacci sequence given by Fo = F1 =1 and Fp42 = Frpr + Fy
for all n > 0;
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® a =126, b= Lgi2¢—4Lg for some k >0, k #1, e = £1, where L,
is the Lucas sequence given by Lo =2, Ly =1 and Lyy2 = Loy1 + Ly
for all n > 0.

Lemma 2.3.1. Let ¢ be a positive square-free integer, c =1 (mod 4). Let U, V

be odd integers such that gcd(U, cV) = 1. Suppose moreover that (c, U?, V?) #
(1,1,1). Write

oo U+ Vy—c g = U-Vy—=c

v2 o v2 o

Then (a, B) is a Lehmer pair. Denote the corresponding Lehmer sequence by

(2.4)

{un}. Then up has a primitive divisor for all prime p > 7. Moreover, us has a
primitive divisor provided that

(c, U2, VA #(1,1,9), (5,1,1), (59,1), (85,9,1). (2.5)
Proof. Throughout, we shall write x = U/(Vy/—c) and use the fact that
x+1 ) _t+1
t= x—1 lﬁ X = ﬁ

We shall also repeatedly use the easy fact that, for e = £1 and k > 0, both
gcd(Fis2e, Fry2e — 4Fk) and ged(Liy2e, Likt2¢ — 4Lk) are either 1, 2 or 4.

Note that a, B are algebraic integers by Lemma 2.2.1. Moreover (a + B)? =
2072, af = (U2 + CVZ)/Z are coprime rational integers. We next show that /B

is not a root of unity. But
x+1

alB =
x—1
is in Q(v/—c) and so if it is a root of unity, it must be +1, +v/—1, (£1 i\/—73)/2.
From our assumptions on ¢, U and V, we find that this is impossible. In particular,
+v/—1 leads to (c, U?, V?) = (1,1,1), which we have excluded.
It remains to show that u, has a primitive divisor. Suppose otherwise. Then

X+l _ va—+vb o XL va—vb
x—1 Vva+ Vb x—1 va++Vb
where (a, b) is one of the pairs listed in (iii), (iv) above.

Let us first deal with the case (x +1)/(x—1) = =V —1(y/a—Vb)/(v/a + Vb).

Solving for x and squaring we obtain

U? a—b¥x2vV—ab

—cV? :b—a¢2m'

which implies that @ = b or that —ab is a square. This is not possible for the

'

pairs listed in (iii), whilst for (iv) it leads to equations that can easily be solved
with the help of Lemma 2.3.2 below.
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Next we deal with the case (x +1)/(x — 1) = =(v/a — Vb)/(v/a + V/b). This
leads to x = —(v/a/Vv/h)*'. Squaring we obtain

U? a)*! a\*
()
where @’ = a/qgcd(a, b) and b’ = b/ gcd(a, b). Since U and ¢V are coprime we

have

+U% =d, +U? =1,

or

FcVi=1", FcVi=1d.
One quickly eliminates all the possibilities in (iii) mostly using the fact that
¢ = 1 (mod 4). For the possibilities in (iv), we obtain equations of the form
solved in Lemma 2.3.2 and these lead to one of the possibilities excluded in
(2.5). This completes the proof of the lemma. O

In the proof of Lemma 2.3.1, we needed the following results about Fibonacci
and Lucas numbers.

Lemma 2.3.2. Let {F,},>0 and {L,}»>0 be the Fibonacci and Lucas sequences.
The only solutions to the equation F, = u? have n = 0, 1, 2 or 12. The only
solutions to F, = 2u? have n = 3 or 12. The only solutions to the equation
L, = v?> have n = 1 or 3. The only solutions to the equation L, = 2v? have
n =20 orb.

The only solutions to the equation

Fiioe —4F = +2"u?, e==+1, kr>0, u€ezZ, (2.6)

have (k,€) = (0,1), (1,1), (2,£1), (4,1), (5,=1), (7,1). The only solutions
to the equation

Lioe — 4y = £2"0?, e==41, kr>0, u€eZ, (2.7)
have (k,€) = (1,1), (4,—1), (6,1).

Proof. The results about Fibonacci and Lucas numbers of the form 27u? are
classical. See, for example, [10], [11].

It remains to deal with (2.6) and (2.7). Here, we may take r = 0, 1. We
explain how to deal with (2.6) with r = O:

Fisze — 4Fp = 02, e=+1, k>0, uclZ

the other cases are similar. We make use of Binet’s formula for Fibonacci num-

AT — " 1+V5 1-V5
Fn: , )\: 2 ) u: 2 .

bers:
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Our equation can thus be rewritten as
yAK — ouk = u?V/5, y=X€—4, §=p%—4.
Let v = yAK + dpk. It is clear that v € Z. Moreover,
v = (yAK + 0pk)? = (vAK = 0uk)? + 4ya(au)k = 5ut £+ 20.

Let X = 5u?, and Y = 5uv. Then Y2 = X(X2 + 100). Thus, we have reduced
the problem to computing integral points on a pair of elliptic curves. Using the
computer package MAGMA [5], we find that

(X, Y)=(0,0), (5, +25), (20,£100), (100, 0).

The remaining equations similarly lead to integral points on elliptic curves which
we found using MAGMA. Working backwards, we obtain the solutions given in
the lemma. O]

2.4 Proof of Theorem 2.1.1

We follow the notation from the statement of the theorem. We shall suppose
that (C,x,y) # (1,1,1) and p does not divide the class number of the Q(y/—c).
We will show that either statement (iii) or (iv) of the theorem must hold.

Considering equation (2.1) modulo 4 reveals that x and y are odd. We work
first in Q(v/—c). Since ¢ = 1 (mod 4), this has ring of integers O = Z[\/—c|.
Moreover, (2) = g°, where q is a prime ideal of Q. It is clear that the principal
ideals (x+ dv/—c) and (x— dv/—c) have q as their greatest common factor. From
(2.1) we deduce that

(x+dV—c)0O=q-y’,
where y is some ideal of @. Now multiply both sides by 2(P~1/2 We obtain
2P=D2(x 4 d\/=c)O = (qy)P.

Since the class number of Q(v/—c) is not divisible by p, we see that qy is a
principal ideal. Moreover, as c is positive, the units of Z[\/—c| are £1. Hence

2P=D2(x 4 dv/=¢) = (U + Vv—=c) (2.8)

for some integers U, V. Since x, d, c are odd, we deduce that U and V are both
odd. Moreover, y = (U? + c¢V?)/2. From the coprimality of x and y we see that
U, ¢V are coprime.
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In conclusion,

x +dv/—c U+ Vy=c\”
V2 :( V2 )

where U, V, ¢ satisfy the conditions of Lemma 2.3.1.

Let @, B be as in (2.4). Let {u,} be the corresponding Lehmer sequence. We
note that

aP — BP = dvV—2c, a—B=VV-2c.

Thus, V | d and up, | d/V. By Lemma 2.3.1, u, has a primitive divisor unless
p =5 and (c, U?, V?) is one of the possibilities listed in (2.5). These possibilities
lead to cases given in item (iit) of the theorem. Thus, we may exclude these and
so assume that u, has a primitive divisor q. Our objective now is to show that (iv)
holds. Clearly, g | d, but by the definition of the primitive divisor, g { (a® — B%)?
and so, in particular, g 1 c. To complete the proof, let

y=U+VV—c, 0=U—-VV—c.

Write v, = (y"—0")/(v—0). We note that q | v, but, from the accumulated facts,
g1 (y—9d)yd. We claim that g | vq_(_|q)- Given our claim, it follows from [9,
Lemma 5], that p divides g — (—c|g). Now let us prove our claim. If (—c|g) =1,
then

yi 1=09""=1 (mod q),

and hence q | vq—1. Suppose (—c|q) = —1. Then, by the properties of the
Frobenius automorphism, we have

y?=0 (mod q), 09=y (mod gq).

Hence,

yith =67 = ys—y5=0 (mod q),
proving q | vq41 as required. This completes the proof of the theorem.

Remark. In the proof of Theorem 2.1.1, it would have been possible to factorize
the left-hand side of (2.1) in K = Q(v/2,v/=c). Doing this, the hypothesis
that would be needed is that p does not divide the class number of K. By
Lemma 2.2.1, the class number of Q(y/—c) divides the class number of K, up to
powers of 2. Thus, we obtained a stronger result by working in Q(y/—c) instead
of K.
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2.5 Dealing with small exponents

Let g1,..., g be distinct primes. In this section, we explain how to solve the
equation
X2 4qft . gl =2y", (2.9)

for small values of n. The method can be applied more easily to the equation x?+
C = 2y". This section is meant to complement Theorem 2.1.1 and Corollary 2.1.

For the cases n = 3 and n = 4, we show that (2.9) can be reduced to
computing S-integral points on a handful of elliptic curves. The problem can now
be solved by applying standard algorithms for computing S-integral points on
elliptic curves (see, for example, [18]). Fortunately these algorithms are available
as an inbuilt functions in the computer package MAGMA [5].

Suppose n = 4. We are then dealing with an equation of the form x> + C =
2y*. Now write C = cz*, where c is fourth power free and made up only of the
primes q1,..., qx. There are clearly only 4% possibilities for c. Write

2xy 2y?

We immediately see that (X, Y) is an S-integral point on the elliptic curve
Y? = X(X? — 2¢), where S = {q1, ..., gk}

Similarly, if n = 3, we are dealing with an equation of the form x>+ C = 2y3.
We then write C = cz® for some sixth power free integer ¢ made up with the

primes @1, ..., k. There are only 6% possibilities for c¢. For each such ¢, let
2y 2x
X =—=, Y =—.
72 z3

Observe that (X, Y) is an S-integral point on the elliptic curve Y? = X3 — 4c.

If n > 5, then we require S-integral points on finitely many curves of genus
> 2. Here it is often—but not always—possible to compute all the rational
points on the curves using some variant of the method of Chabauty [7], [15], [17],
[20].

2.6 Proof of Theorem 2.1.3

In this section, we prove Theorem 2.1.3. We consider the three Diophantine
equations mentioned in the theorem separately.

e The equation x2417% = 2y". Corollary 2.1 implies that either (a1, x, y) =
(0,1,1) or p € {2,3}, where p is a prime divisor of n. Therefore it remains
to solve the equations x? + 179 = 2¢y3 and x? + 1797 = 2y*. We apply
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the method described in Section 5 to determine all integral solutions. We
obtain the following solutions

124+179=2.13, 124179=2.1%,
2392 +17°=2.13% 312 4+172=2.5%

e The equation x? 4+ 5911392 = 2y". In this case, Corollary 2.1 yields that
either

(a1,a2,x,y,n) € {(0,0,1,1,n),(3,0,19,3,5),(3,0,183,7,5)},

or p € {2,3,7}, where p is a prime divisor of n. If p = 2 or 3,
then the method of Section 5 provides all solutions of the correspond-
ing equations. Now we deal with the case p = 7. We have that
591139 ¢ {10,500, 130, 650}. Assume that 5911392 = [O. Working in
the imaginary quadratic field Q[i], we easily get

5011302 — (U—V)(U°+8U°V—-13UV2—48U3 V3 —13U2 V148UV + V).

One can obtain all integral solutions of the Thue equations U® +8U°V —
13U4V2 —48U3 V3 —13U2 VA 48UV 4+ VO = +1, 45, £13, £65. The only
solutions are (U, V) € {(£1,0),(0, =1)}. So we may assume that

U—V = +57132,
UP +8U°V —13U%V2 — 4803 V3 —130U2v4 +8UV° + VO =
4+5b1—c1q3b-c2,

with b1 — ¢1, b2 — ¢ > 2. Considering the above system of equations
modulo 5 and modulo 13 we get a contradiction. If 571132 = 5d2,13d?
or 65d?, then equation (2.8) leads to

5d> : 8d = V(7U° —175U%V? + 52507 v* —125V9),
13d> : 8d = V(7U° — 455U V2 + 354907 Vv* — 2197 V%),
65d> : 8d = V(7U° —2275U%V? 4 88725U° v* — 274625V°),

respectively. It follows that V is a divisor of 8d, so the prime divisors of V
belong to the set {2,5,13}. Therefore the above equations can be written
as

O =X+ 175w X? + 3675wiX + 612507,

0 = X3 £ 455wy X? + 24843w3X + 107653w3,
0= X3 +2275w3X? + 621075w3 X + 1345662503,
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where wy, wy, w3 € {295%213% : o = 0,1}. We use MAGMA [5] to
determine all {2,5, 13}-integral points on the above elliptic curves. Then
we find (U, V) and the corresponding solutions (x, y, a1, a2).

Equation x>4+3%11%2 = 2y4". Note that x>4+300 = 2y” and x’+110 = 2y
can be excluded modulo 8. Hence it remains to deal with the equations x*+
0 = 2yP and x? + 330 = 2yP. We apply Theorem 2.1.1 with 326111202 =
C =1 (mod 4) and 33-3%911%2%2 = C =1 (mod 4). In the former case we
obtain that (x,y, a1,a2,n) € {(1,1,0,0,n),(79,5,2,0,5)} or p € {2,3}.
In the latter case we get that p = 2. If p = 2 or 3, then the method of
Section 5 provides all solutions of the corresponding equations. The proof
of Theorem 3 is completed.
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On the Diophantine Equation
X2+ C = 4y"
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Abstract

In this paper, we study the Diophantine equation x* + C = 4y" in
nonnegative integers x, y, n > 3 with x and y coprime for various shapes
of the positive integer C.

3.1 Introduction
The Diophantine equation
X+C=y", x>1, y>1, n>3 (3.1)

in integers x, y, n once C is given has a rich history. In 1850, Lebesgue [19]
proved that the above equation has no solutions when C = 1. In 1965, Chao
Ko [16] proved that the only solution of the above equation with C = —1 is
x =3, y = 2. JH.E. Cohn [14] solved the above equation for several values of
the parameter C in the range 1 < C < 100. A couple of the remaining values
of C in the above range were covered by Mignotte and De Weger in [24], and
the remaining ones in the recent paper [13]. In [28], all solutions of the similar
looking equation x2+C = 2y", where n > 2, x and y are coprime, and C = B2
with B € {3,4,...,501} were found.

Recently, several authors become interested in the case when only the prime
factors of C are specified. For example, the case when C = p* with a fixed
prime number p was dealt with in [5] and [18] for p = 2, in [6], [7] and [20] for
p = 3, and in [8] for p = 5 and k odd. Partial results for a general prime p

79
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appear in [10] and [17]. All the solutions when C = 293% were found in [21],
and when C = p“g® where p,q € {2,5,13}, were found in the sequence of
papers [4], [22] and [23]. For an analysis of the case C = 293F5Y 79, see [27].
The same Diophantine equation with C = 295F 13 was dealt with in [15]. The
Diophantine equation x? + C = 2y" was studied in the recent paper [3] for the
families of parameters C € {177, 5711372, 3911192}, See also [9], [29], as well
as the recent survey [2] for further results on equations of this type.

In this paper, we consider the Diophantine equation

X+C=4y", x>1, y>1, gad(x,y) =1, n>3, C>1. (3.2)

We have the following results.

Theorem 3.1.1. The only integer solutions (C, n, x, y) of the Diophantine equa-

tion
X*>+C=4y", x,y>1, gad(x,y)=1, n>3, C=3 mod4, 1<C<100
(3.3)
are given in the following table:
(3,n,1,1) (3,3,37,7) (7,3,5,2) (7,5,11,2)
(7,113,181, 2) (11,5,31,3) (15,4,7,2) (19,7,559,5)
(23,3,3,2) (23,3,29,6) (23,3,45,8) (23,3,83,12)
(23,3,7251,236) (23,9,45,2) (31,3,1,2) (31,3,15,4)
(31,3,63,10) | (31,3,3313,140) (31,6,15,2) (35,4,17,3)
(39,4,5,2) (47,5,9,2) (55,4,3,2) (59,3,7,3)

(59, 3,21,5) (59,3,525,41) | (59, 3,28735,591) (63,4,1,2)
(63,4,31,4) (63,8,31,2) (71,3,235, 24) (71,7,21,2)
(79, 3, 265, 26) (79,5,7,2) (83,3,5,3) (83,3,3785,153)
(87,3,13,4) (87,3,1651, 88) (87,6,13,2) (99,4, 49,5)

Table 3.1: Solutions for 1 < C < 100.

Theorem 3.1.2. o The only integer solutions of the Diophantine equation

a,b>0  (34)

x2+7”"|1b:4y”, x,y>1, gad(x,y)=1, n>3,
are:

5247"-119=4.23, 12471119 =4.2°,

57247112 =4-45,  132472.11°=4.27, 57247

1812 + 7'

110 =4.213,

3124+ 7% 11" = 4. 35,
112 = 4. 210
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e The only integer solutions of the Diophantine equation

X 4+713b =4y, x,y>1, ged(x,y)=1, n>3, a,b>0 (3.5)

are:
52471130 =4.23, 53716552 + 73 - 132 = 4193223, 112+7'-13° =4.2°,
132 4+73.13°=4.27, 872473132 =44/, 18124+ 71130 = 4.213,

872 +73.132=4.2",

The plan of the paper is the following. In Section 3.2, we prove an important
result using the theory of primitive divisors for Lucas sequences that will turn
out to be very useful for the rest of the paper. We then find all the solutions of
equation (3.2) for 1 < C <100 and C =3 mod 4 in Section 3.3. In fact, using
the results from Section 3.2, for each positive C < 100 with C = 3 mod 4, we
transform equation (3.2) into several elliptic curves that we solve using MAGMA
except for the values C = 47,71,79 for which a class number issue appears. For
these remaining cases, we transform equation (3.2) into Thue equations that we
solve with PARI/GP. In the last section, we study equations (3.4) and (3.5). We
note that taking (3.4) modulo 4 we get that a+b is odd and taking (3.4) modulo 4
we have that a is odd. We will use these facts in the computations. For n = 3, 4,
we turn these equations into elliptic curves on which we need to compute S-
integer points for some small sets S of places of Q. These computations are done
with MAGMA. For the remaining values of n, we use the theory of Section 3.2.

3.2 Auxiliary results

Clearly, if (x,y, C, n) is a solution of the Diophantine equation (3.2) and d > 3
is any divisor of n, then (x, y"/?, C, d) is also a solution of equation (3.2). Since
n > 3, it follows that n either has an odd prime divisor d, or n is a multiple of
d = 4. We replace n by d and from now on we assume that n is either 4 or an
odd prime.

Let a and B be distinct numbers such that a + 8 = r and aB = s are
coprime nonzero integers. We assume that /B is not a root of 1, which amounts
to (r,s) # (1,=1), (=1,=1). We write A = (a — B)?> = r> — 4s. The Lucas
sequence of roots a, B is the sequence of general term

a™ — Bm

u =

Given m > 3, a primitive prime factor of u,, is a prime p such that p | u, but

for all m > 0.

p1 A|_|1gkgm—1 ug. Whenever it exists, it is odd and it has the property that
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A
p = =1 (mod m). More precisely, p = (p) (mod m), where, as usual, (Z)

stands for the Legendre symbol of a with respect to p. The Primitive Divisor
Theorem asserts that if m ¢ {1, 2, 3,4, 6}, then u,, always has a primitive divisor
except for a finite list of triples (a, B, m), all of which are known (see [1] and
[11]). One of our work-horses is the following result whose proof is based on the
Primitive Divisor Theorem.

Lemma 3.2.1. Let C be a positive integer satisfying C = 3 mod 4, which we
write as C = cd?, where c is square-free. Suppose that (x,y, C, n) is a solution
to the equation (3.2), where n > 5 is prime. Let a = (x + iv/cd)2, B =
(x — iy/cd)/2 and let K = Q[a]. Then one of the following holds:

(i) n divides the class number of K.

(ii) There exist complex conjugated algebraic integers u and v in K such that
the nth term of the Lucas sequence with roots u and v has no primitive
divisors.

(iii) There exists a prime q | d not dividing c such that q = (;) (mod n).

Proof. The proof is immediate. Write (3.2) as

(x-l—iﬁd) (x—iﬁd) o

2 2

Note that since C = 3 (mod 4), it follows that the two numbers o and B appear-
ing in the left hand side of the above inequality are algebraic integers. Their
sum is x and their product is x? + C = 4y", and these two integers are coprime.
Passing to the level of ideals in K, we get that the product of the two coprime
ideals (a) and (B) is an nth power of an ideal in Ok. Here, for y € Ok we write
(y) for the principal ideal yOx generated by y in Og. By unique factorization
at the level of ideals, we get that both () and (B) are nth powers of some other
ideals. Unless (i) happens, both (a) and (B) are powers of some principal ideals.
Write
(a) = (u)" = (u") for some u € Ok.

Passing to the levels of elements, we get that o and u” are associated. Since
K is a complex quadratic field, the group of units in Ok is finite of orders 2, 4
or 6, all coprime to n. Thus, by replacing u with a suitable associate, we get
that o = u”. Conjugating, we get 8 = v, where v = 1. Thus,

u" —v"=a—B=icd.
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Now clearly, u —v = iv/cdq for some integer d1. Thus,

n n

u’' —v

d
=—|d.
u—v dq |
The Lleft hand side is the nth term of a Lucas sequence. Unless (ii) happens
for this sequence, the left hand side above has a primitive divisor as a Lucas
sequence. This primitive divisor g does not divide cdq (since c is a divisor of

A=(u—v)?= cd12). It clearly must divide d and it satisfies g = (;) (mod n),

which is precisely (iii).

3.3 Proof of Theorem 3.1.1

e First, we suppose that n = 3. Then for each positive integer C < 100 which
is congruent to 3 mod 4, equation (3.2) becomes

Y2=X3+q, (3.6)

where X =4y, Y =4x, G = —16C. We use the MAGMA function
IntegralPoints to find all the solutions in Table 3.1 with n = 3.

e Secondly, we suppose that n = 4. Then for each positive integer C <
100 which is congruent to 3 mod 4 we solve equation (3.2) using the MAGMA
function
IntegralQuarticPoints by transforming it first into

y2=X'+q, (3.7)

where X = 2x, Y =2y, GG = —4C. In case (C,n, x, y) is a solution such that
y is a power of an integer, i.e. y = yf, then (C, nk, x, y1) is also a solution.

e Thirdly, we consider the case when n > 5 is prime. For each positive
integer C < 100 which is congruent to 3 mod 4, we write C = cd? and look
at K = @[ic”z]. The class numbers of the resulting fields are h =1,2,3,4,6,8
except for C = 47,79 for which h =5, and C = 71 for which h = 7, respectively.
We will study later the equations

X +47 =4y, x*+79=5y4>, x*4+71=4y". (3.8)

For the time being, we assume that item (i) of Lemma 3.2.1 is fulfilled. We next
look at items (ii) and (iii) of Lemma 3.2.1. If (iii) holds, then we get some n'”
member of a Lucas sequence whose prime factors are among the primes in d.

But 100 > C = c¢d? > 3d? so d < 5. Since also n > 5, it is impossible
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that this n’" member of the Lucas sequence has primitive divisors. So, item (iii)
cannot happen. For item (ii) of Lemma 2.1, we checked in the tables in Bilu-
Hanrot-Voutier [11] and Abouzaid [1], and we obtain the solutions in Table 3.1.
It remains to study the three exceptional equations appearing in (3.8).

3.3.1 The equation x? + 47 = 4y"
Here, we reduce the equation x* 4+ 47 = 4y" to some Thue equations.

As we have seen, it suffices to assume that n = p = 5. The minimal polyno-
mial of 6 = (1 + iV47)/2 is

(x — (1 = iVa7)12)(x — (1 + iV47)[2) = x> = x + (1 + 47)/4 = x* — x + 12.

Modulo 2 this polynomial has x = 0 and x = 1 as solutions. Hence, with
K = Q[iv47], in Ox we have
(2) = hh,

where I1 = (6,2) = (1 +iv47)/2,2) and L = (0 —1,2) = ((1 — iV47)/2,2).
Note that /; is not principal since if it were, then we would have

h={a) for some a € Ok.

Write a = (u + ivV47)/2, where u = v (mod 2). Taking norms, we get that

Nelh) = Nel{)) = Nefa) = 7,

while clearly Nk(/) = 2. Thus, we get

u? +47v2 = 8,

and this has no integer solution (u, v). Since the class number of K is 5, we get
that l15 = (a). To compute a = (u+ ivV/47)/2, we take again norms and get that

2 2
2 = Nll) = Nae(a) = =577
giving
128 = u? + 47V, (3.9)
whose solutions are (u,v) = (£9, £1). Now one checks that if we take (u,v) =
(9,1), then with B = (9 + ivV47)/2 = 6 + 4, we have

R =(B).
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This can also be checked directly as follows:

112 = (92,29,4) =(0—-12,2(0—-12)+24,4) =(6—-12,4) = (6,4),

)
T = (0,4)% =(6%,460,16) = (6 4+ 4,4(60 + 4) — 16,16) = (6 + 4,16),
therefore
R = (6,2)(6+4,16) = (0 +4,32) = (B),
since 32 = BE.

Now back to our equation
x> +47 = 4y°,

which we rewrite as

2 2

x+i\/ﬁ) (1—1'\/@) _

Passing to the level of ideals, we get that if @ = (x + iv/47)/2, then (a) = I
for some ideal /. If I sits in the principal class, then | = (y) for some y € Ok.
Thus,

(a) = (¥°).
A question of units does not appear since the group of units in K is {£1}, so
up to replacing y by —y, we get that

a=y.

Conjugating and subtracting the resulting relations we get

Vil =a—a=y> -y
Since y = (u+ivV47)/2 for some integers u and v which are congruent modulo
2, we get that y —y = iv/47. Thus,

1T Y=y
vooyv=V
This leads to v = € € {£1}, and later to

(u+ ieV/47)> — (u — ieV/47)°
25iv/47

+1 =

€ e {+1},
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two polynomial equations of degree 4 in u which have no rational root. This case

can also be read from the Primitive Divisor Theorem since then (y°—y°)/(y—y) =

+1 is the 5th member of a Lucas sequence without primitive divisors. We get no

solution in this case.

Assume now that / does not sit in the principal class. Since the class number

is 5, the class group is Z/5Z, and a system of representatives for its nonzero

elements are I, I12, b, I%. Indeed, , = I sits in the class of lf1 since 1 = (2).

Similarly, /3 sits in the class of /;2.

Say that the inverse of / sits in the class of /;. Then
e = (h1)* = (v")

for some y € Ox. But I? = (B), therefore

/%"<a>=<a3>=<9X‘47+ﬁf*+9)m>.

Hence, up to replacing y by —y, we get that

Ox — 47 +i(x + V47 _ 5
7 =y’

With y = (u + ivV47)/2, we have

Ox — 47 + i(x + V47

4

5
u+iV\/ﬁ)
5 )

Identifying real and imaginary parts, we have

9)(;47 = 3‘|—2(u5 —470u3v? 4+ 11045uv7);
9 1
X Z = 5 (5u'y — 470077 +22001°).

Multiplying the second equation by 9 and subtracting it from the first one to

eliminate x, we get

—1024 = u® — 45u*v — 470u>v2 + 4230u%V3 + 11045uv? — 19881°.

Assume now that the inverse of / sits in the class of /. Then

Bla) = (1) = (¥°).

(3.10)
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Since I = (B), we get that

B{a) = (aB) = <9X+ 47 + ié(}9 —X)[\/ﬁ> |

Up to replacing y by —y, we may assume that

5
X+ 47 +iO =V _ 5 (HWW)

4 2

Identifying real and imaginary parts, we get

47 1
o : = 55(u” = 4700 + 110450 "),
2 ; X = 31—2(5u4v — 470u?v? + 2209°).

Multiplying the second one by 9 and adding it to the first, we get

1024 = uv° 4 45u*v — 47003 v? — 42300V + 11045uv* +19881v°.  (3.11)

By replacing v by —v, the right hand side above becomes the right hand side of
equation (3.10). So, we only need to solve

+1024 = v° — 450y — 47003v? + 4230u%v3 4+ 11045uv* — 19881V°. (3.12)

We use PARI/GP [25] to solve these Thue equations and the solutions found are
(u,v) = (£4,0). This gives us the solution (x, y) = (9, 2).

Assume now that the inverse of / sits in the class of /7 = (B2). Then, by a
similar argument, we get that

ap’ =y’

for some y € Ok. Note that

5 17x — 423 4+ i(9x + 17)V47
af” = 4 )

Writing y = (u + ivV/47)/2 and identifying real and imaginary parts, we have

17x — 423 1
Xf = ﬁ(u5_47ou3v2+11045uv“);

17 1
o : = {50ty — 47007 + 22000°).

Multiplying the first equation by 9, the second by 17, and subtracting the re-

sulting equations, we get

—2"5 = 9¢° — 85u*v — 4230u3v2 + 7990u?v? + 99405uv? — 37553v°.
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Finally, the case when the inverse class of / is in the class of l22 will lead, up to
replacing v by —v, to the same equation as the last one above except that its
right hand side is 2'°. Hence, we get

+32768 = 9u° — 85u*v — 423003 v? + 7990123 + 99405uv? — 37553v°. (3.13)

With PARI/GP, we deduce that these Thue equations have no solutions.

3.3.2 The equation x? + 79 = 4y"

The same argument works for 79. We will only sketch the proof without too
many details. Here, 27 =72 +79. We take

a=(x+iV79)/2 and B = (7 + iV79)/2.
If the ideal generated by o in Ok is the fifth power of a principal ideal, then
a=y

with some y = (u + iv/79)/2, with u = v (mod 2). We then get that v = +1
and
v -y
y—v
which is impossible by the Primitive Divisor Theorem and the tables in Bilu-
Hanrot-Voutier [11] and Abouzaid [1].

= +1,

So, we only need to distinguish two remaining cases:
Case 1. aB is a fifth power in K.
We then get

apB

5
_7x—79+i(x+7)\/ﬁ_ (U-f—iV\/ﬁ)
= 2 = 5 :

Identifying real and imaginary parts, we have

Ix—7 1
X4 9 _ 35 (0” = 79007V +31205uv")
X:7 - ;—2(5u4v—790u2v3+6241v5).

Multiplying the second equation by 7 and subtracting it from the first one leads
to

—1024 = u® — 35u*v — 790u>v? + 5530u%v3 + 31205uv? — 43687v°. (3.14)
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When af is a fifth power in K, one is lead to a similar equation as above but
with the positive sign in the left hand side. We use PARI/GP to solve these
Thue equations. The resulting solutions are (u, v) = (£4,0). This gives us the
solution (x, y) = (7, 2).

Case 2. af? is a fifth power in K.
We then get

aB?

5
_ —15x =553+ i(7x + 15)V/79 (wm/ﬁ)
B 4 2 ]

Identifying real and imaginary parts, we have

#—553 _ %( 5 _ 790632 + 3120500,

7X:15 — %(5u4v—790u2v3+6241v5).

Eliminating x gives
—32768 = 7u® +75u*v—5530u3v? —1180u?v> +218435uv? +93615v°. (3.15)

When O(EZ is a fifth power in K, then the resulting Thue equation has the same
right hand side but the sign on the left hand side is positive. These Thue
equations have no solutions.

3.3.3 The equation x? + 71 = 4y"

We use the same method. Here, 212 + 71 = 29, so we take
a=(x+ivV71)/2 and B=(21+iVv71)/2.

With y = (v + ivv71)/2, we get again three possibilities.

If
a=y,
then S
Vv —V
Y=V
This is impossible by the Primitive Divisor Theorem.

= =+1.

Next, assume that

7
2= 71+ i 4+ 21V (u+ivm)

ap 4 2
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Identifying real and imaginary parts, we have

21x — 71 1
Xf = 5g(u” —14910° +176435u°v* - 2505377u0°);
21 1
X t‘ = 5 7u —2485u"V + 105861V — 357911V)).

To eliminate x, we multiply the second equation by 21 and subtract the resulting
equation from the first one. We get

+16384 = v/ — 147ubv — 1491u°v2 4+ 52185u*v3 + 17643503 v?

3.16
—2223081u?v® — 2505377uv® + 75161317 (316)

The sign + appears in the left hand side when aB = y’. We use PARI/GP to
solve these Thue equations and obtain the solutions (u,v) = (£4,0). We get
the solution (x, y) = (21, 2).

Next, suppose that

aB?

7
_185x — 1491 + i(21x + 185)v/71 _ (u+iv\m)
- . = : .

Identifying real and imaginary parts, we have

185x — 1491 1
M = (0 = 1491672 + 1764350 — 2505377ur);

w N 11%(7u6v — 2485u"v? 4+ 105861u%v° — 357911v7).

We eliminate x to obtain

42097152 = 21u” —1295u®v — 31311u°v2 + 459725u*V3

3.4 2.5 6 7 (3.17)
+3705135u°v* — 19584285u<v> — 52612917uv® 4+ 66213535v7.

The sign + on the left hand side appears when QEZ = y’. These Thue equations
have no solutions.

Finally, we have

aB’

7
_ 197x = 22223 +i(313x + 1197)V71 ( u+ ivy/71 )
- ; = 5 .

Identifying real and imaginary parts, we get

1197x — 22223 1
Xf = gt = 149107 +1764350°* — 2505377 uv);

13x + 1197 1
# = @(7u6v —2485u*v? +105861u%v> — 357911V7).



3.4. Proof of Theorem 3.1.2 91

We eliminate x to obtain

+268435456 = 313u’ — 8379u®v — 466683u°v? + 2974545u*v3

+55224155u3v* — 126715617 u?v° — 784183001 uv® + 4284194677,
(3.18)

Again the sign + in the left hand side appears when O(E3 = y’/. We checked
that these last Thue equations (3.18) are all impossible modulo 43.

This finishes the proof of Theorem 1.1.

3.4 Proof of Theorem 3.1.2

3.4.1 The equation (3.4)

First we deal with the cases n € {3, 4}.
e The case n = 3. We transform equation (3.4) as follows
X2=vy3—42.70 . 11b,

where a1, b1 € {0,1,2,3,4,5}. Now we need to determine all the {7, 11}-points
on the above 36 elliptic curves. The coefficients are getting too large making
the computations time consuming. Thus, we use a different approach instead.
We give the details in case of equation (3.4). We have

3
x+7°1PV/—7 u+vv—=7
= , or
2 2
3
X+ 7911811 U+V\/—11)
2 N 2

After subtracting the conjugate equation we obtain
4.7°11F = 3u?v = 77,
4-7°11F = 3u?v — 1102,
In case of the first equation one can easily see that 11 | v, and in the latter case

that 7 | v. Therefore, we have v € {£11%, 4118, +79 .11, £4.79.11F}, and
v E {£79, 44.7% 79118, £4 .79 . 118}, respectively.
If v = +11F, then we get that o € {0,1}, and it is sufficient to solve the

following equations

3u? =7V £ 4,

3u? =7v*£28,

3u?=7-112v* + 4,

3u?=7-11?v* £ 28,
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with V = 11%. Here and in what follows, k = |B/2]. We use the MAGMA [12]
software and its function SIntegralLjunggrenPoints to determine all integral
points on the above curves. We obtain (u,v) = (%1, £1). Thus, (x, y) = (5, 2).

If v ==+4-11F, then we get that a € {0, 1}, and it is sufficient to solve the
following equations
3ut =7V £,
3ut=7Vi+7,
3uP=7-11%2vi+1,
3uP=7-11%*v*+7,
with V = 211, These equations do not yield any solutions.
If v =£7%- 118, then the equations we need to solve are
3ut =7V +4,
3u? =77V + 4,
3u =711V + 4,
3u? =7%-112v* £ 4,
with V = 11X. We do not get new solutions.
If v ==+4.7%.11F, then the equations we need to solve are
3ut =7Vi£1,
3ut =72V £,
3uP=7-11%2vi+1,
3u? =7°-112v4 £,
with V = 2-11%. We do not get new solutions.
The cases v € {79, +4-7%, 7% .11, +4 . 7% . 11F} can be handled in a

similar way. The only solution of equation (3.4) with n =3 is
52+7"119=4.23.
e The case n = 4. We can rewrite equation (3.4) as follows:
x> =4y* - 7118, where o, € {0,1,2,3}, S={7,11}.

The problem can now be solved by applying standard algorithms for computing
S-integral points on elliptic curves (see, for example, [26]). We use the MAGMA
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[12] function SIntegralLjunggrenPoints to determine all S-integral points on
the above curves. No solution of equation (3.4) was found.

e If n > 5 is a prime, then by Lemma 3.2.1, it follows easily that n =5, or
(y.n) €{(2,7).(2,13).(3,7).(4,7), (5.7)}.

A short calculation assures that the class number of K belongs to {1}, where

K = Q[iV/d] with d € {7,11}.

e The case n = 5. We describe the method in case of equation (3.4). We

have
5
x 4+ 79118/ =7 u+vv—7
= , or
2 2
5
X+ 7911811 u+v\/—11)
2 - 2 '

After subtracting the conjugate equation we obtain

16 - 79118 = v(5u* — 70u%v? + 49vY),
16 - 7911% = v(5u* — 1100%v? + 121v%).

Therefore v is composed by the primes 2,7 and 11. We rewrite the above equa-
tions as follows

Y2 = 229792119 (5X1 — 70X? + 49),
y? = £2917921193(5X* — 110X? 4+ 121),

where a; € {0,1}. Many of these equations do not have solutions in Q, for
some prime p. We use the MAGMA [12] function SIntegralljunggrenPoints
to determine all {2,7,11}-integral points on the remaining curves. We obtain
the following solutions

curve {2,7,11}-integral points
Y2 = —11(5X* —70X? +49) | (£3,+44), (3, =12
Y? = —(5X* — 70X? + 49) (£1, +4)
Y2 =5X* —70X? + 49 (0,7)
Y2 = 11(5X* — 70X? + 49) (+7, £308)
Y2 =5X% —110X2 + 121 (0, £11), (%1, £4)

We use the above points on the elliptic curves to find the corresponding so-
lutions of equation (3.4). For example, the solution (X,Y) = (3,44) of the
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first elliptic curve gives the solution (n, a, b, x,y) = (5,1, 2,57, 4). The solution
(X,Y) = (1,4) of the second elliptic curve yields the solution (n,a, b, x,y) =
(5,1,0,11,2). The solution (n, a, b, x,y) = (5,0,1,31, 3) is obtained from the so-
lution (X, Y) = (1, 4) of the last elliptic curve, while the solution (n, a, b, x, y) =
(10,1,2,57, 2) is obtained easily from the solution (n, a, b, x,y) = (5,1,2,57,4).

e The case n > 5. Here, by Lemma 3.2.1, we have
(y.n) € {(2,7),(2,13),(3,7),(4.7), (5. 7)}.

We provide the details of the computations in case of equation (3.4). It remains
to find all integral points on the following elliptic curves

Y2 =X +4.7711%Fy",

where 0 < o, < 2 and (y,n) € {(2,7),(2,13),(3,7),(4.7),(5,7)}. Using
MAGMA, we get the following solutions.

(o, B) 2.7) (2,13) (3.7)
(0,0) X € {8, —7, 4,184} X € {+32,-28,16,736} X € {—18,117}
0.7) X € {—28} X € {—112} X € {—99, —18,22,198}
0,2) g g [
(1,0) X € {—28,8,56,497} X € {—112,—7,32,224,1988} X € {198}
(1,1) | X € {—28,56,1736,61037816} X € {—112, 224, 6944, 244151264} X € {198, 333,15598}
(1,2) g g ]
(2.0) X € {392} X € {1568} X € {—234}
2.1) X € {—503,—392,49,2744} | X € {—2012, —1568, 196, 5537, 10976} X € {198, 37566}
2.2) g ] [

(a.B) (4.7) (5.7)

(0,0) X € {0} g

(0,1) X € {0} X € {275}

0,2) X € {0} g

(1,0) | X € {—112,0,128,420,896} g

) X € {0} g

1,2 X € {0,21669648} g

(2,0) X € {0,25872} g

2.1 X € {—1536,0,1617} [

2.2) X € {0} g

One can check, for example, that (y, n, a, 8, X) = (2,7,0,0, —7) yields the solu-
tion 1324+73-119 = 4.27, while the solution 1812 +71.110 = 4.213 {s obtained
from (y,n,a, B, X) =(2,13,1,0, =7).

3.4.2 The equation (3.5)

We use a similar method as for equation (3.4).

e The case n = 3. We transform equation (3.5) as follows

X?=y3—42.79 130,
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where a1 € {1,3,5}, b1 € {0,1,2,3,4,5}. Now we need to determine all the
{7,13}-points on the above 18 elliptic curves. Among the 18 curves there are
only 6 curves having rank greater than 0. MAGMA determined the appropriate
Mordell-Weil groups except in case (a1, b1) = (5,4). We deal with this case
separately. The {7,13}-points on the 5 curves are as follows.

curve (X, Y)
X2 =Yy3-42.7".130 (%20, 8)
X?=Yy3—-42.7".133 (=169, 65)
X% =Y3—-42.73.13% | (+£21486620,77288)
X?=Y3-42.73.13 #
X?=Y3-42.7°.13 g

This leads to the solutions (x, y, a, b) = (5,2,1,0), (5371655, 19322, 3, 2).
If (a1, b1) = (5,4), then we obtain

4.730+2133k+2 — y(3u? — 7V?).

One can easily see that 13 | vaand 7 { u. So, we have v € {£7301+2.133%1+2 +4.
730142 133B1+2}'

If v = £7301+2.133F1+2 then the equations we need to solve are
3ut =7V +4,
3 =77V x4,
3ut=7-13*Vv* +4,
3ut =77 132V £ 4.
We do not get new solutions.
If v ==44.730+2.13381+2 then the equations we need to solve are
3u =7V £1,
3u =73V 1,
3ut=7-13*v4x1,
3ut =77 132vi 1,
We do not get new solutions.

e The case n = 4. We can rewrite equation (3.5) as follows:

x? =4y* —7%13f,  where a,p € {0,1,2,3}, S={7,13}.
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As previously, we use the MAGMA [12] function SIntegralljunggrenPoints
to determine all the S-integral points on the above curves. We find no solution
of equation (3.5) with n = 4.

e If n > 5 is a prime, then by Lemma 3.2.1, we have that n = 5 or
(y,n) €{2,7),213),3,7),(4,7),(57)}. A short calculation assures that the
class number of K belongs to {1, 2}, where K = Q[iv/d] with d € {7,91}.

e The case n = 5. Here we have
16 - 7913F = v(5u* — 70u?v? + 49v%),
16 - 79138 = v(5u* — 910u?v? + 8281vY).

Therefore v is composed by the primes 2,7 and 13. We rewrite the above equa-
tions as follows

Y2 = £29179213%(5X* — 70X? + 49),

y? = £29179213%(5X* — 910X? + 8281),
where a; € {0,1}. Many of these equations do not have solutions in Q, for
some prime p. We use the MAGMA [12] function SIntegralLjunggrenPoints

to determine all {2,7,13}-integral points on the remaining curves. We obtain
the following solutions

curve {2,7,13}-integral points
Y2 =5X% —70X? 4 49 (0, %7)
Y2 = —(5X* — 70X? + 49) (%1, £4)
Y2 = 5X% — 910X2 + 8281 (0, £91)
Y2 = —(5X* — 910X?2 + 8281) (£13, £52)

e The case n > 5. By Lemma 3.2.1, we have
(y.n) €{(2.7).(2,13).3.7).(4,7). (5.7)}.
We find all integral points on the following elliptic curves
V2= X3 +4.72013%y",

where 0 < o,B < 2 and (y,n) € {(2.7),(2,13),(3,7),(4,7),(5,7)}. Using
MAGMA, we get all the solutions.

(o, B) (2.7) (2,13) 3.7)
(0,0) | X € {+8,—7,4,184} X € {£32,-28,16,736} X € {—18,117}
0,1) X € {56} X € {224} X € {117}
0,2) g g X € {—338}
(1,0) | X €{—28,8,56,497} | X € {—112,—7,32, 224, 1988} X € {198}
(1.1) X € {—56} X € {—224} X € {—234}
(1,2) ] g g

(2,0) X € {392} X € {1568} X € {—234}
2.1) ] g g

2.2) X € {3332} X € {13328} ]
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(2. B8) (4.7) ©.7)
0,0) X € {0} g
0.1) X € {0, 4368} g
0.2) X € {~1183,0, 3584} g
(1,0) X € {—112,0,128, 420,896} g
(1,1) | X € {~768,0,144,1092,1920,104832} | @
(1,2) X € {0} g
2,0) X € {0, 25872} g
2.1) X € {~2560,0, 3185} g
2.2) X € {0} g
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Note on a paper "An Extension of
a Theorem of Euler" by
Hirata-Kohno et al.

Tengely, Sz,
Acta Arithmetica 134 (2008), 329-335.

Abstract

In this paper we extend a result of Hirata-Kohno, Laishram, Shorey and
Tijdeman on the Diophantine equation n(n + d)---(n + (k — 1)d) = by?,
where n,d, k > 2 and y are positive integers such that gcd(n, d) = 1.

4.1 Introduction

Let n,d, k > 2 and y be positive integers such that gcd(n, d) = 1. For an integer
v > 1, we denote by P(v) the greatest prime factor of v and we put P(1) = 1.
Let b be a squarefree positive integer such that P(b) < k. We consider the
equation

n(n+d)---(n+ (k—1)d) = by? (4.1)

inn,d, kand y.

A celebrated theorem of Erdés and Selfridge [7] states that the product of
consecutive positive integers is never a perfect power. An old, difficult conjecture
states that even a product of consecutive terms of arithmetic progression of length
k > 3 and difference d > 1 is never a perfect power. Euler proved (see [6] pp.
440 and 635) that a product of four terms in arithmetic progression is never a
square solving equation (7.1) with b = 1 and k = 4. Oblath [10] obtained a
similar statement for b = 1, k = 5. Bennett, Bruin, Gyéry and Hajdu [1] solved
(7.1) with b =1 and 6 < k < 11. For more results on this topic see [1], [8] and
the references given there.
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We write
n+id=ax?for0<i<k (4.2)

where a; are squarefree integers such that P(a;) < max(P(b),k — 1) and x;
are positive integers. Every solution to (7.1) yields a k-tuple (ag, a1, ..., ax—1).
Recently Hirata-Kohno, Laishram, Shorey and Tijdeman [8] proved the following
theorem.

Theorem A (Hirata-Kohno, Laishram, Shorey, Tijdeman). Equation (7.1) with d >
1,P(b) = k and 7 < k < 100 implies that (ao, a1,...,ak—1) is among the
following tuples or their mirror images.

k=7: (2,3,1,5,6,7,2),(31,56,7,2,1),(1,5,6,7,2,1,10),

k=13: (3,1,5,6,7,2,1,10,11,3,13,14,15),
(1,5,6,7,2,1,10,11,3,13,14,15,1),

k=19: (1,5,6,7,2,1,10,11,3,13,14,15,1,17,2,19,5,21,22),

k=23: (56,7,2,1,10,11,3,13,14,15,1,17,2,19,5,21,22,23,6,1, 26, 3),
(6,7,2,1,10,11,3,13,14,15,1,17,2,19,5,21,22,23,6,1, 26,3,7).

In case of k =5 Mukhopadhyay and Shorey [9] proved the following result.

Theorem B (Mukhopadhyay, Shorey). If n and d are coprime nonzero integers,
then the Diophantine equation

n(n 4 d)(n + 2d)(n 4 3d)(n + 4d) = by?
has no solutions in nonzero integers b,y and P(b) < 3.

In this article we solve (7.1) with k =5 and P(b) = 5, moreover we handle
the 8 special cases mentioned in Theorem A. We prove the following theorems.

Theorem 4.1.1. Equation (7.1) with d > 1, P(b) = k and 7 < k < 100 has no
solutions.

Theorem 4.1.2. Equation (7.1) with d > 1,k =5 and P(b) = 5 implies that
(n,d) e {(—12,7),(—4,3)}.

4.2 Preliminary lemmas

In the proofs of Theorem 4.1.2 and 4.1.1 we need several results using elliptic
Chabauty’s method (see [4][5]). Bruin’s routines related to elliptic Chabauty’s
method are contained in MAGMA [2]. Here we only indicate the main steps
without explaining the background theory. To see how the method works in
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practice, in particular by the help of Magma, [3] is an excellent source. To have
the method work, the rank of the elliptic curve (defined over the number field K)
should be strictly less than the degree of K. In the present cases it turns out that
the ranks of the elliptic curves are either 0 or 1, so elliptic Chabauty's method
is applicable. Further, the procedure PseudoMordellWeilGroup of Magma is
able to find a subgroup of the Mordell-Weil group of finite odd index. We also
need to check that the index is not divisible by some prime numbers provided
by the procedure Chabauty. This last step can be done by the inbuilt function
IsPSaturated.

Lemma 4.2.1. Equation (71) with k = 7 and (ag,a1,...,a6) =
(1,5,6,7,2,1,10) implies thatn =2,d = 1.

Proof. Using that n = xg and d = ()(52 —xg)/S we obtain the following system of
equations

xg + 4X5 = 25x12,
4x2 4+ x§ =107,

6x2 — x5 = 50x2.

The second equation implies that xp is even, that is there exists a z € Z such
that xo = 2z. By standard factorization argument in the Gaussian integers we
get that

(x5 +4iz)(xs + iz) = oL,

where 0 € {—3+1i,—1+3i,1+3i,3 £ i}. Thus putting X = x5/z it is sufficient
to find all points (X, Y) on the curves

Cs: O(X+ )X +4)3X*>—2)=Y? (4.3)

where 0 € {—-3+i,—1+3i,1+3i,3+i}, for which X € Q and Y € Q(i). Note
that if (X, Y) is a point on Cs then (X, iY) is a point on C_5. We will use this
isomorphism later on to reduce the number of curves to be examined. Hence we
need to consider the curve G5 for 0 € {1 —3i,1+3i,3 — i, 3+ i}.

[. d =1 —3i. In this case Ci_3; is isomorphic to the elliptic curve

Eivzi: y?=x>+ix> + (=17i— 23)x + (2291i + 1597).

Using MAGMA we get that the rank of E4_3; is 0 and there is no point on Ci_3;
for which X € Q.

[I. 0 =14 3i. Here we obtain that Eq,3; : y2 = x> —ix?+(17i — 23)x +
(—2291i + 1597). The rank of this curve is 0 and there is no point on Cy3; for
which X € Q.
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lIl. 6 = 3 —i. The elliptic curve in this case is E3_;: y? = x> + x> + (=17i +
23)x 4+ (=1597i — 2291). We have E3_;(Q(i)) ~ Z, & Z as an Abelian group.
Applying elliptic Chabauty with p = 13, we get that x5/z = —3. Thus n = 2
and d = 1.

IV. d = 3+ i. The curve C34; is isomorphic to E3; : g2 = x>+ x4+ (17i +
23)x+(1597i—2291). The rank of this curve is 1 and applying elliptic Chabauty
again with p = 13 we obtain that x5/z = 3. This implies that n = 2 and
d=1. O]

Lemma 4.2.2. Equation (7.1) with k =7 and (ag, a1,...,as) =(2,3,1,5,6,7,2)
implies that n = 2,d = 1.
Proof. In this case we have the following system of equations

X3+ x5 = 2x3,

9)@% + x02 = ’|Ox32,

9X§ - xg = 2X§.

Using the same argument as in the proof of Theorem 1 it follows that it is
sufficient to find all points (X, Y) on the curves

Cs: 20X+ )BX+)OX>—=1)=Y?2 (4.4)

where 0 € {—4 £ 2i,—2 4+ 4i,2 + 4i,4 £ 2i}, for which X € Q and Y € Q(i).
We summarize the results obtained by elliptic Chabauty in the following table.
In each case we used p = 29.

0 curve X4/X0
2—4i | y>=x>4 (=12i — 9)x + (=572i — 104) | {-1,+1/3}
244i | y? = x>+ (12i — 9)x + (—=572i + 104) {1,+1/3}
420 | y? = x>+ (=12 + 9)x + (—104i —572) | {*1/3}
4420 | y?=x>+(12i +9)x + (—104i + 572) {£1/3}
Thus xa/x0 € {£1,£1/3}. From xa/x0 = 1 it follows that n = 2, d = 1, while
x4/xg = £1/3 does not yield any solutions. O

Lemma 4.2.3. Equation (7.1) with k =7 and (ag, a1,...,as) =(3,1,5,6,7,2,1)
implies that n = 3,d = 1.
Proof. Here we get the following system of equations

2x3 4 2x§ = x3,

4)(32 + x§ = 5x22,

‘|2x§ — 3X§ = x2.



4.2. Preliminary lemmas 105

Using the same argument as in the proof of Theorem 1 it follows that it is
sufficient to find all points (X, Y) on the curves

Cs: O(X+0)RX+)(12X* =3) = Y?, (4.5)

where 0 € {—3+i,—1£3i,1£3i,3 £ i} for which X € Q and Y € Q(i). We
summarize the results obtained by elliptic Chabauty in the following table. In
each case we used p = 13.

0 curve x3/x0
1-3i | y?=x>+(27i+36)x + (243i —351) | {—1,%1/2}
143i | y? = x>+ (=27i + 36)x + (243i + 351) {1,£1/2}
3—i | y?=x3+(27i—36)x + (—351i 4 243) {=1/2}
340 | y? = x>+ (=27i —36)x + (—351i — 243) {£1/2}
Thus x3/xp € {£1,£1/2}. From x4/x9 = 1 it follows that n = 3,d = 1, while
x3/xg = £1/2 does not yield any solutions. O

Lemma 4.2.4. Equation (7.1) with (ap, a1, ..., a4) = (—3,-5,2,1,1) and k =
5,d > 1 implies thatn = —12,d = 7.

Proof. From the system of equations (2) we have

%xf - %Xg = —5x12,
1

i 4% — §X2 = 2X2,
gxg _ gxg =2

Clearly, gcd(x4,x9) = 1 or 2. In both cases we get the following system of
equations

X7 —9x¢ = —50,
X7 —3X¢ =0,
X7 —X¢ =30,
where X3 = x4/ gcd(xs, xo) and Xo = xo/ gcd(x4, x0). The curve in this case is

Cs: o(X+V3)X+3)X2=1)=Y?

where 0 is from a finite set. Elliptic Chabauty's method applied with p = 11,37
and 59 provides all points for which the first coordinate is rational. These
coordinates are {—3,—2,—1,1,2}. We obtain the arithmetic progression with
(n,d) =(=12,7). O
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Lemma 4.2.5. Equation (7.1) with (ag,a,...,a4) = (2,5,2,—1,—-1) and k =
5,d > 1 implies that n = —4,d = 3.

Proof. We use x3 and x, to get a system of equations as in the previous lemmas.
Elliptic Chabauty’s method applied with p = 13 yields that x3/x, = £1, hence
(n, d) =(—4,3). O

Lemma 4.2.6. Equation (7.1) with (ag, a1,...,a4) = (6,5,1,3,2) andk =5,d >
1 has no solutions.

Proof. In this case we have

3(x3 + V—1x0)(x3 + 2V —1x0)(2x3 — x3) = O,
where 0 € {1+£3v—1,3++/—1}. Chabauty’s argument gives x3/xo = £1, which
corresponds to arithmetic progressions with d = +1. O
4.3 Remaining cases of Theorem A

In this section we prove Theorem 4.1.1.

Proof. First note that Lemmas 4.2.1, 4.2.2 and 4.2.3 imply the statement of the
theorem in cases of k = 7,13 and 19. The two remaining possibilities can be
eliminated in a similar way, we present the argument working for the tuple

(5,6,7,2,1,10,11,3,13,14,15,1,17,2,19,5,21,22,23,6,1, 26, 3).

We have the system of equations

n+d:6x12,

n+3d = 2x3,
n+5d =10x2,
n+7d=3x3,
n+9d = 14x3,
n+11d = x3,

n+13d = 2x3;.

We find that x7,x11 and (n + d) are even integers. Dividing all equations
by 2 we obtain an arithmetic progression of length 7 and (ag, a1,...,a¢) =
(3,1,5,6,7,2,1). This is not possible by Lemma 4.2.3 and the theorem is
proved. O
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4.4 the case k=5

In this section we prove Theorem 4.1.2.

Proof. Five divides one of the terms and by symmetry we may assume that 5 |
n+d or 5| n+2d. First we compute the set of possible tuples (ag, a1, a2, a3, as)
for which appropriate congruence conditions hold (gcd(a;, a;) € {1, P(j — i)} for
0 < i< j<4) and the number of sign changes are at most 1 and the product
apaqaza3a4 is positive. After that we eliminate tuples by using elliptic curves
of rank 0. We consider elliptic curves (n + a1d)(n + ood)(n + azd)(n + oud) =
[1; a0, where «o;,i € {1,2,3,4} are distinct integers belonging to the set
{0,1,2,3,4}. If the rank is 0, then we obtain all possible values of n/d. Since
gcd(n, d) = 1 we get all possible values of n and d. It turns out that it remains
to deal with the following tuples

(—3,-5,2,1,1),
(—2,-5,3,1,1),

(=1,-15,-1,-2,3),

(2,5,2,—1,-1),

(6,5,1,3,2).

In case of (—3,—5,2,1,1) Lemma 4.2.4 implies that (n, d) = (=12,7).

If (ao,a1,...,0a4) = (—2,-5,3,1,1), then by gcd(n,d) = 1 we have that
gcd(n,3) = 1. Since n = —2x§ we obtain that n =1 (mod 3). From the equation
n+2d = 3)(22 we get that d = 1 (mod 3). Finally, the equation n + 4d = xf
leads to a contradiction.

If (ag, a1, ..., as) = (—1,-15,—1, -2, 3), then we obtain that gcd(n,3) = 1.

From the equations n = —xé and n+d = —15)(12 we get that n = 2 (mod 3) and
d =1 (mod 3). Now the contradiction follows from the equation n 4 2d = —x3.

In case of the tuple (2,5,2,—1, —1) Lemma 4.2.5 implies that (n, d) = (—4, 3).
The last tuple is eliminated by Lemma 4.2.6. O
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Squares in products in arithmetic
progression with at most one term

omitted and common difference a
prime power
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Abstract

It is shown that a product of k—1 terms out of kK > 7 terms in arithmetic
progression with common difference a prime power > 1 is not a square. In
fact it is not of the form by? where the greatest prime factor of b is less
than or equal to k. Also, we show that product of 11 or more terms in an
arithmetic progression with common difference a prime power > 1 is not of
the form by? where the greatest prime factor of b is less than or equal to

Pr(k)+2-

5.1 Introduction

For an integer x > 1, we denote by P(x) and w(x) the greatest prime factor of
x and the number of distinct prime divisors of x, respectively. Further we put
P(1) =1 and w(1) = 0. Let p; be the i—th prime number. Let k > 4,t > k — 2
and y1 < y2 < --- < y; be integers with 0 < y; < kfor 1 < i < t. Thus
te{kk—1,k-2},yy>k—3andy,=i—1for1 <i<tift=k We put
= k —t. Let b be a positive squarefree integer and we shall always assume,
unless otherwise specified, that P(b) < k. We consider the equation

A=A(n,d, k)= (n+ yid)---(n+ yid) = by? (5.1)

in positive integers n, d, k, b, y, t. It has been proved (see [9] and [8]) that (5.1)
with ¢ =1,k > 9, d 1 n, P(b) < k and w(d) = 1 does not hold. Further it
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has been shown in [10] that the assertion continues to be valid for 6 < k < 8
provided b = 1. We show

Theorem 5.1.1. Let y =1,k >7 and d 1 n. Then (5.1) with w(d) = 1 does not
hold.

Thus the assumption P(b) < k and k > 9 (in [9] and [8]) has been relaxed
to P(b) < k and k > 7, respectively, in Theorem 5.1.1. As an immediate
consequence of Theorem 5.1.1, we see that (5.1) with 4 = 0,k > 7, d { n,
P(b) < pr(k)+1 and w(d) = 1 is not possible. If kK > 11, we relax the assumption
P(b) < prik)+1 to P(b) < pr(k)+2 in the next result.

Theorem 5.1.2. Let ¢ =0,k > 11 and d { n. Assume that P(b) < prk+2 Then
(5.1) with w(d) =1 does not hold.

For related results on (5.1), we refer to [6].

5.2 Notations and Preliminaries
We assume (5.1) with gcd(n, d) = 1 in this section. Then we have

n+vyid=ay,x;

v for1<i<t (5.2)

with a,, squarefree such that P(a,,) < max(k — 1, P(b)). Thus (5.1) with b as

the squarefree part of a,, ---a,, is determined by the t—tuple (a,,,---,ay,).

t
Further we write

bi=ay, yi=xy,.
Since ged(n, d) = 1, we see from (5.2) that
(bi,d) = (y;, d)=1 for1<i<t. (5.3)
Let
R={b;:1<i<t}.

Lemma 5.2.1. ( [6)
Equation (5.1) with w(d) =1 and k > 9 implies that t — |R| < 1.

Lemma 5.2.2. Let y = 0,k > 4 and d t n. Then (5.1) with w(d) = 1 implies
(n,d, k, b) = (75,23,4,6).
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This is proved in [9] and [7] unless k = 5, P(b) =5 and then it is a particular
case of a result of Tengely [12].

Lemma 5.2.3. ([9, Theorem 4] and [8))

Letyy =1,k >9 and d t n. Assume that P(b) < k. Then (5.1) with w(d) =1
does not hold.

Lemma 5.2.4. (/6)
Let y =2,k > 15 and d t n. Then (5.1) with w(d) =1 does not hold.

Lemma 5.2.5. Let ¢y =1,k =7 and d t n. Then (ao, a1, -+, ae) is different
from the ones given by the following tuples or their mirror images.

k=7:(1,2,3,-,56,7),(21,6,—,10,3,14),(2,1,14,3,10, —, 6),

ol
(—,3,1,5,6,7,2),(3,1,5,6,7,2,—),(3,—.5,6,7,2,1),
(,5,6,7,2,—,10),(-,5,6,7,2,1,10),(5,6,7,2,1,10, —), (5.4)
(6,7,2,1,10,—,3),(10,3,14,1,2,5, —),
(—,10,3,14,1,2,5),(5,2,1,14,3,10,—), (=, 5,2, 1,14, 3,10).

Further (a1, - -, ag) is different from (1,2,3,—,5,6),(2,1,6,—,10,3) and their
mirror images.

The proof of Lemma 5.2.5 is given in Section 3.
The following result is contained in [1, Lemma 4.1].

Lemma 5.2.6. There are no coprime positive integers n’, d’ satisfying the dio-
phantine equations

[ 10.1.2.3) = by?, b e {1,2,3,5,15}
[ 10.1.3.4) = by, b e {1,2,3,6,30}

where [ (0,4, /, 1) = n'(n" + id")(n" + jd')(n" + |d).
Lemma 5.2.7. Equation (5.1) with ¢ =1,k =7 is not possible if
(i) a1 = a4 =1,ae6 =6 and either a3 =3 or ap =2
(ii) a1 = ag =1 and at least two of a; = 2,a4 = 6, a5 =5 holds.
(iii) ap = ag = 2, as = 3 and either ap =6 or a3 =1

(iv) ap = a5 =1 and at least two of a1 =5,a; =6, a3 = 2 holds.
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(v)] a3 =as =1, a1 =6 and ap =5
(vi) ap = a4 =1, a3 =3 and ag = 2
(vii) ap = a5 =1 and at least two of a1 = 2,a3 = 6, ag = 3 holds.

Proof. The proof of Lemma 5.2.7 uses MAGMA to compute integral points on
Quartic curves. For this we first make a Quartic curve and find a integral point on
it. Then we compute all integral points on the curve by using MAGMA command
IntegralQuarticPoints and we exclude them.

We illustrate this with one example and others are similar. Consider (ii).
Then from xZ — x7 = n + 6d — (n + d) = 5d and gcd(xs — X1, x6 + x1) = 1, we
get either

X6 — X1 =5,x6+x1=d (5.5)
or
xe —x1 =1,x5 +x1 =5d. (5.6)
Assume (5.5). Then d = 2x1 + 5. This with n + d :x12, we get
24 =n+2d=n+d+d=x+2x+5=(q +1)>+4 fay =2

6x; =n+4d=n+d+3d=x7 +6x;+15=(x; +3)>+6 ifas =6
5 =n+5d=n+d+4d =x{ +8x +20 = (x1 + 4> +4 if a5 =5.

When a; = 2, a4 = 6, by putting X = x1+1, Y = 3(2x2)(6x4), we get the Quartic
curve Y2 = 3(X2+4)((X +2)2+6) = 3X*+12X3 +42X? +48X +120 in positive
integers X and Y with X = x; +1 > 2. Observing that (X, Y) = (1,15) is an
integral point on this curve, we obtain by MAGMA command

IntegralQuarticPoints([3,12,42,48,120],[1,15]);
that all integral points on the curve are given by
(X,Y) e {(1,£15), (=2, £12), (=14, £300), (—29, £1365).

Since none of the points (X, Y) satisfy X > 2, we exclude the case a; =2, a4 =
6. Further when a; = 2, a5 =5, by putting X = x1+1 and Y = 10(2x2)(5xs), we
get the curve Y? = 10(X2+4)((X +3)2+4) = 10X* +60X3+170X2+240X +520
for which an integral point is (X, Y) = (—1,20) and all the integral points have
X < 1 and it is excluded. When a4 = 6,a5 = 5, by puting X = x1 + 3
and Y = 30(6x4)(5xs), we get the curve Y2 = 30(X? + 6)((X + 1)> + 4) =
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30X 4+ 60X3 + 330X? 4 360X + 900 for which (X, Y) = (0,30) is an integral
point and all the integral points other than (X, Y) = (11,500) satisfy X < 1.
Since 30]Y and 30 1 500, this case is also excluded. When (5.6) holds, we get
5d = 2xq + 1 and this with n + d = )(12 implies

2(5x2)% = 25(n 4 d) + 25d = 25x7 +10x1 +5 = (5x1 +1)> +4 ifa; =2
6(5x4)° = 25(n + d) +75d = 25x7 +30x1 + 15 = (5x1 +3)° +6 if a4 =6
5(5x5)2 = 25(n + d) + 100d = 25x7 + 40x1 4+ 20 = (5x1 + 4)* + 4 if a5 = 5.

As in the case (5.5), these gives rise to the same Quartic curves Y2 = 3X* +
12X3 + 42X? + 48X 4+ 120; Y? = 10X* + 60X3 + 170X? + 240X + 520 and
Y2 = 30X"*+60X>+330X? + 360X + 900 when ay = 2,a3 =6; a = 2,a5 =5
and a4 = 6, a5 = 5, respectively. This is not possible.

Similarly all the other cases are excluded. In the case (iii), we have n = ZXg
and obtain either d = 2xg+3 or 3d = 2xp+ 1. Then we use 20[-)(,-2 =2(n+id) =
(2x0)2+2i(2x0+3) = (2xo+i)2+6i—i? if d = 2x9+3 and 2a;(3x;)? = 18(n+id) =
(6x0)? +6i(2x0 +1) = (6x0 +i)> +6i—i? if 3d = 2x0+ 1 to get Quartic equations.
In the case (vi), we obtain the Quartic equation Y2 = 6X*+36X3+108X —54 =
6(X* 4+ 6X3 + 18X — 9). For any integral point (X, Y) on this curve, we obtain
3|(X* +6X3 + 18X —9) giving 3|X. Then ord3(X* + 6X3 + 18X — 9) = 2 giving
ord3(Y?) =ord3(6) + 2 = 3, a contradiction. O

5.3 Proof of Lemma 5.2.5

For the proof of Lemma 5.2.5, we use the so-called elliptic Chabauty’s method
(see [3][4]). Bruin's routines related to elliptic Chabauty's method are contained
in MAGMA [2], so here we indicate the main steps only and a MAGMA routine
which can be used to verify the computations. Note that in case of rank 0 elliptic
curves one can compute the finitely many torsion points and check each of them
if they correspond to any solutions. Therefore this case is not included in the
routine. The input C is a hyperelliptic curve defined over a number field and p
is a prime.

APsol:=function(C,p)
P1:=ProjectiveSpace(Rationals(),1);
E,toE:=ELlipticCurve(C);
Em,EtoEm:=MinimalModel(E);
two:= MultiplicationByMMap(Em,2);
mu,tor:= DescentMaps(two);
S,AtoS:= SelmerGroup(two);
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RB:=RankBound(Em: Isogeny:=two);
umap:=map<C->P1|[C1,C.3]>;
U:=Expand(Inverse(toExEtoEm)*xumap);
if RB eq 0 then
print "Rank O case’;
return true;
else
success,G,mwmap:=PseudoMordellWeilGroup(Em: Isogeny:=two);
if success then
NC,VC,RC,CC:=Chabauty(mwmap,U,p);
print "NC,#VC,RC:" "NC#VC,RC;
PONTOK:={EvaluateByPowerSeries(U,mwmap(gp)): gp in VC};
print "Saturated:",
forall{pr: pr in PrimeDivisors(RC)|IsPSaturated(mwmap,pr)};
return PONTOK;
else return false;
end if;
end if;
end function;

First consider the tuple (6,7,2,1,10, —, 3). Using that n = 6)(32 — 2)(22 and

d= —2)(32 + x22 we obtain the following system of equations
—x3 43 = 3x3,
—x32 + 4)(22 = 7x12,
X3 —x3 = 5x3,
4x3 —6x3 = 3xZ.

The first equation implies that x3 is divisible by 3, that is there exists a z € Z
such that x3 = 3z. By standard factorization argument we get that

(V32 + x2)(37 + x2)(122% — 2x3) = 603,

where § € {#2+4 /3, £1045V/3}. Thus putting X = z/x; it is sufficient to find
all points (X, Y) on the curves

Cs: O(V3X+NBX+N1(12X%2=2) = Y2, (5.7)

for which X € Q and Y € Q(V/3). For all possible values of & the point (X, Y) =
(—1/3,0) is on the curves, therefore we can transform them to elliptic curves. We
note that X = z/x, = —1/3 does not yield appropriate arithmetic progressions.
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l. 6 =2+ /3. In this case G, 3 is isomorphic to the elliptic curve
Eyo5: 42 =x+(=V3—=1)x%+ (6vV3 - 9)x + (11V3 - 19).

Using MAGMA we get that the rank of £, 5 is 0 and the only point on G, 5
for which X € Q is (X, Y) = (—=1/3,0).

Il. 6 = —2+ /3. Applying elliptic Chabauty with p = 7, we get that z/x, €
{=1/2,—1/3,-33/74,0}. Among these values z/x; = —1/2 gives n = 6,d = 1.

lIl. & = 10 + 5V/3. Applying again elliptic Chabauty with p = 23, we get
that z/x, € {1/2,—1/3}. Here z/x, = 1/2 corresponds to n = 6,d = 1.

IV. 6 = —10+5V/3. The elliptic curve E_10+5\f3 is of rank 0 and the the only
point on C_,4, 5,3 for which X € Q is (X, Y) = (—1/3,0).

We proved that there is no arithmetic progression for which (ag, a1, ..., ag) =
(6,7,2,1,10,—,3) and d 1 n.

Now consider the tuple (1,5,6,7,2, —,10). The system of equation we use
is

Xé - 3X12 = —ZXg,

xg +2xF = 3x3,
4x¢ +3x7 = 7x3,

3@ +xF = X3

We factor the first equation over Q(v/3) and the fourth over Q(v/—3). We obtain
X6 + \@X1 = o014,
VvV =3x6 + x1 = L],

where 01, 0; are from some finite sets (see e.qg. [11], pp. 50-51). The curves for
which we apply elliptic Chabaty's method are

Cs: 30(X+ V3)(V=3X+1)(X2+2) = Y?,

defined over Q(a), where a* +36 = 0. It turnes out that there is no arithmetic
progression with (ag, a1, ..., as) = (1,5,6,7,2,—,10) and d 1 n.
Note that in the remaining cases one can obtain the same system of equations
for several tuples, these are
(- 3,1,5,6,7,2) and (3,1,5,6,7,2,—),
(1,2,3,—,5,6) and (2,1,6,—,10, 3),
(—,5,6,7,2,1,10) and (5,6,7,2,1,10, —),
(=, 5,2,1,14,3,10) and (—,10,3,14,1,2,5) and
(5,2,1,14,3,10,—) and (10, 3,14,1,2,5, —).
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In the table below we indicate the relevant quartic polynomials. These are
as follows.

tuple polynomial

(—3,1,56,7,2) | dm(X +V=1)2X +V=1)(5X> = 1)
(—5,2,1,14,3,10) | da2(X + V—=2)2V=2X + 1)(4X? + 3)
(—5.6,7,2,1,10) | da3(X + V=2)2V=2X + 1)(3X? + 1)
(1,2,3,—,5,6) 204(X + V=1)(X + 3vV=T)(5X2 - 3)
(2,1,14,3,10,—,6) | 452X + V=T)(3X + vV=1)(=3X? + 3)
(3,—,5,6,7,2,1) | 5846(2X + 3vV—=1)(X + V=1)(12X? - 3)

5.4 Proof of Theorem 5.1.1

Suppose that the assumptions of Theorem 5.1.1 are satisfied and assume (5.1)
with w(d) = 1. Let k > 15. We may suppose that P(b) = k otherwise it follows
from (5.2) and Lemma 5.2.4. Then we delete the term divisible by k on the
left hand side of (5.1) and the the assertion follows from Lemma 5.2.4. Thus it
suffices to prove the assertion for k € {7,8,11,13} by Lemma 5.2.3. Therefore
we always restrict to k € {7,8,11,13}. In view of Lemma 5.2.1, we arrive at a
contradiction by showing t — |R| > 2 when k € {11,13}. Further Lemma 5.2.1

also implies that p 1 d for p < k whenever k € {11,13}.

For a prime p < k and p 1 d, let i, be such that 0 < i, < p and p|n + i,d.
For any subset Z C [0, k) N Z and primes p1, p2 with p; < k and p;1d, i =1,2,
we define

Then from (%) = (i_lji”) (

(C’f) + (a) for alli €Ty and (”) - (") for alli €T, (5.8)

or

T

), we see that either

(m) # (a) for alli €T, and (") - (”) for allicZy. (5.9)
P1 p2 P1 P2

We define (M, B) = (Z1,Z5) in the case (5.8) and (M, B) = (Z2,Z4) in the case
(5.9). We call (Zy,Z2, M, B) = (ZF,Z5, M*, B¥) when T = [0, k) N Z. Then for
any Z C [0, k) N Z, we have

Ty CI§,I, C I, M C M*, B C B*
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and
(M| > [MK| = (k= [Z]), |B] > B = (k - |Z])- (5.10)
By taking m = n + y;d and y; = y; — vi—i+1, we re-write (5.1) as
(m = Vjd)- - (m — vid) = by?. (5.11)

The equation (5.11) is called the mirror image of (5.1). The corresponding t-tuple

(a,,a

v ,ay;) is called the mirror image of (ay,, - -, ay,).

Yé'...

541 The case k=7,8

We may assume that kK = 7 since the case k = 8 follows from that of k = 7.
In this subsection, we take d € {2%, p%,2p®} where p is any odd prime and
a is a positive integer. In fact, we prove

Lemma 5.4.1. Let ¢y =1,k =7 and d { n. Then (5.1) with d € {2%, p%,2p®}
does not hold.

First we check that (5.1) does not hold for d < 23 and n 4+ 5d < 324. Thus
we assume that either d > 23 or n + 5d > 324. Hence n +5d > 5- 26 = 130.
Then (5.1) with ¢4 =0, kK > 4 and w(d) = 1 has no solution by Lemma 5.2.2. Let
d=2ord=4 Suppose a; = a; withi> j. Then x;—x; =rjand x; +x; =1,
with rq, rp even and ged(rq, r2) = 2. Now from n + id > 26i, we get

. ailxi +x) (Uixiz)% + (ajajz)% 26(i+j) _ .
=/ > > 5 > > >,
a contradiction. Therefore a; # a; whenever i # j giving |R| = kK — 1. But
{ai: P(a;) <5} <4 implying |R| <4+ 1 < k—1, a contradiction. Let 8|d.
Then |{a; : P(a;) <5} <1 and |{j: a; = a;}| <2 for each a; € R giving
[{i: P(a;) <5} < 2. This is a contradiction since |{i: P(a;) <5} >7—-2=5.
Thus d # 29 Let t—|R| > 2. Then we observe from [5, Lemma | that d, = d < 24
and n +5d < 324. This is not possible.

Therefore t — |R| < 1 implying |[R| > k—2 = 5. If 7
a contradiction since 7 1 a; for any i and |{a; : P(a;) < 5} < 4 implying
IRl < 4 < k—2. If 3|d or 5|d, then also we obtain a contradiction since
{ai: P(a;) <5} <2 implying [R| <2+1< k—2

Thus gcd(p, d) = 1 for each prime p < 7. Therefore 5|n + isd and 7|n + i7d
with 0 < is < 5 and 0 < iy < 7. By taking the mirror image (5.11) of (5.1), we
may suppose that 0 < i7 < 3.

d, then we get
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Let py =5, p2o=7and Z = {y1,v2,---, ¥6}. We observe that P(a;) < 3
for i € M U B. Since (%) +* (%) but (%) = (%) we observe that a; € {2,6}
whenever i € M and a; € {1,3} whenever i € B.

We now define four sets

[—i (=i
Tk, = i:0§i<k,( P1):(Pz):1,
=1 3 P }
If_:{izogi<k,(’_’f’1):(‘_‘PZ)_ 1,
p1 P2
k . . i_ip1 i—ipz
I+_:{t:0§t<k,( ):1( )— 1}
p2

andlet T,y =TK . NnT,7__ =7k NnZ,7, =Tk nZI,7_. =1k NI. We
observe here that 7y =T, UZ__ andZ, =7, UZ_.. Since a; € {1,2,3,6}
for i € 7y UZ, and (%) = (%) (%
and /V according as (%) = (g) =1 (%) = (g) =

(4) -

), we obtain four possibilities /, /1, 111

15 (¢) = 1,(4) = -
-1, (%) =1, respectively.

{aicieTii} | {airieZ} | {ai:ieTi} | {airiel L}
! {1} {3} {6} {2}
I {3} {1} {2} {6}
I {2} {6} {3} {1}
v {6} {2} {1} {3}

) 1

for a; € {1,6}, (&) = —1for a; € {2,3}, (%) =1 for a; € {1,2} and
—1 for a; € {3, 6} implies the assertion. The assertion for the cases //, /] and

In the case /, we have (ﬂ) = (%) for p € {5,7} which together with (

a;
5
(

) =
7)

1V follows similarly. For simplicity, we write A7 = (ao, a1, az, a3, as, as, ae).
< 5 and 0 < iy
pute I§+,If_,If_,If__ and restrict to those pairs (i5,i7) for which
max(|l'1k , I§|) < 4. Then we check for the possibilities /, /1,11l or IV.

Suppose d = 2p?. Then b; € {1,3} whenever P(b;) < 3. If i5 # 0,1, then
|R| <2+2=4giving t—|R| >7—1—4 = 2, a contradiction. Thus i5 € {0,1}.
Further M = ff and a; € {1,3} for i € B. Therefore either |Zf| < 1 or |ZF| < 2.
We find that this is the case only when (i5, i7) € {(0,1), (1, 2). Let (i, i7) = (0, 1).
We get Tk, =TK_ =@, Tk = {4,6} and T, = {2,3}. It suffices to consider
the cases /Il and IV since b; € {1,3} whenever P(b;) < 3. Suppose /// holds.
Then by modulo 3, we obtain 4 ¢ 7, ag = 3 and a; = a3 = 1. By modulo 3

For each possibility 0 < 5 < 3, we com-
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again, we get a1 ¢ {1,7,3} which is not possible since 51 a1. Suppose IV
holds. Then by modulo 3, we obtain 2 ¢ 7, a4 = a¢ = 1 and a3 = 3. We now
get a1 € {1,7} and by t — |R| < 1, we get a1 = 7. This is not possible since
1= (99) = (W) — 1. Similarly (is, i7) = (1,2) is excluded. Hence
d = p“ from now on.

Let (is, i7) = (0,0). We obtain ZX = {1,4},7X_ = {3}, Zk_ = {6} and
Ier = {2}. We may assume that 1 € T otherwise P(a2a3a4a5a6) < 5 and
this is excluded by Lemma 5.2.2 with kK = 5. Further i ¢ T for exactly one of
i € {2,3,4} otherwise P(a1a2a3a4) < 3 and this is not possible by Lemma
5.2.2 with k = 4 since d > 23. Consider the possibilities // and /V. By modulo
3, we obtain 2 ¢ Z, 3|ajas and azag = 2. This is not possible by modulo
3 since —1 = (%) = (371)3& = 1, a contradiction. Suppose [ holds.
Then a4 = 1 and ag = 6. I 4 € Z, then a1 = a4 = 1 and at least one of
a3 = 3,a2 = 2 holds and this is excluded by Lemma 5.2.7 (i). Assume that
4 ¢ 7. Then a1 =1,02 =2,a3 = 3,a¢ = 6 giving as = 5 by modulo 2 and 3.
Thus we have (a1, -+ ,as,a) = (1,.2,3,—,5,6). This is not possible by Lemma
5.25. Suppose /Il holds. Then 4 ¢ Z, a1 = 2,a; = 1,a3 = 6,a¢ = 3 giving
as = 10 by modulo 2 and 3. Thus (a1, -+, as,a6) = (2,1,6,—,10, 3) which is
also excluded by Lemma 5.2.5.

Let (i5,i7) = (0,1). We obtain ZK, = Zk_ = @, T = {4,6} and ZK, =
{2,3}. The possibility / is excluded by parity and modulo 3. The possibility //
implies that 3 ¢ Z, a4 = ae = 2 and a; = 3. This is not possible by modulo 3.
Suppose /1] holds. Then a; = a3 =1 andeither4 ¢ 7,06 =3 0r6 & 7, a4 = 3.
By modulo 3, we obtain 4 ¢ Z,a6 = 3 and (%) = (%) = 1. This gives
as € {1,10} which together with t — |R| < 1 implies a5 = 10. But this is not
possible by Lemma 5.2.6 with " = n +2d,d" = d and (i, j, [) = (1,3,4). Hence
/1l is excluded. Suppose IV holds. Then a4 = a¢ =1 and 2 ¢ Z,a3 = 3 by
modulo 3. By modulo 3, we get a5 € {2,5} and we may take a5 = 5 otherwise
we get a contradiction from d > 23 and Lemma 5.2.2 with k = 4 applied to
(n 4+ 3d)(n + 4d)(n + 5d)(n + 6d). This is again not possible by Lemma 5.2.6
with n" =n+3d,d =d and (i, j, 1) =(1,2,3).

Let (is, i7) = (0,3). We obtain ZX = {4},ZF_ = {2}, Zk_ = {1,6} and
Ier =0. By modulo 3, we observe that the possibilities / and /// are excluded.
Suppose /I happens. Then a> = 1,a4 = 3 and either ag = 2,1 ¢ T or
a1=2,6¢7. Ifag=2,1¢7Z, then as € {1,5} which gives a5 = 1 by modulo
3. This is not possible by modulo 7 since —1 = (%) = w =1
Thus a1 = 2,6 ¢ Z. Then a9 = 5,a5 = 10,a3 = 14 by modulo 3 giving
(ag,aq,--- ,as,a¢) = (5,2,1,14,3,10,—). Suppose /V happens. Let 1,6 € T.
Then a1 = ag = 1 and either a» = 2 or a4 = 6. By Lemma 5.2.7 (ii), we may
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assume that either2 ¢ Z or4 ¢ Z. f 2 ¢ Z, then a4 =6, a3 =7 and a5 =5
which is excluded by Lemma 5.2.7 (ii). Thus 4 & Z, a = 2 and a5 = 5 since
3t as. This is also excluded by Lemma 5.2.7 (ii). Therefore a; = 2, a4 = 6 and
either 6 ¢ Z,a1 =1o0r1 ¢ Z,a6 =1. Now 7|a3 otherwise P(a1az---as) <5
if 1 €7 or Pl(agaz---ag) < 5if 6 € T and this is excluded by Lemma 5.2.2
with kK = 5. Further by modulo 3, we get a3 =7, ap = 10 and a5 = 5. Hence
we obtain A7 = (10,—,2,7,6,5,1) or A7 = (10,1,2,7,6,5,—).

Let (i5,i7) = (1,0). We obtain Tk, = {2},Zk_ = {3}, Zk_ = {5} and
If+ = {4}. We consider the possibility /. By parity argument, we have either
5¢ 7 or4 &7 Again by modulo 3, either 3 ¢ 7 or 5 ¢ 7. Thusb5 ¢ 7
giving @ = 1, a3 = 3, a4 = 2. Now 5|aq otherwise we get a contradiction from
P(a1aa3a4) < 3, Lemma 5.2.2 with k = 4 and d > 23. Hence a1 = 5. Thisis a
again a contradiction since —1 = (2,2) = (%) = 1. Thus the possibility
I is excluded. If the possibility /// holds, then 3 & 7, ap = 2,a5 = 3,04 = 1
giving a1 € {1,5} and a¢ = 5. By modulo 3, we get a1 = 1. But this is
not possible by Lemma 5.2.6 with n” = n + 2d,d’ = d and (i, j, ) = (1,3,4).
Similarly, the possibilities // and /V are also excluded. If // holds, then 4 ¢
Z,a2 =3,a3 =1,a5 = 2. Now ap € {1,5} and further by modulo 3, we get
ag = 1. This is not possible by Lemma 5.2.6 with n” = n + 2d,d" = d and
(i,j,) = (1,3,4). If IV holds, then 2 ¢ 7, a3 = 2, as = 1,a4 = 3. Then
as € {1,5} giving ag = 5 by modulo 3. This is not possible modulo 7.

Let (is, i7) = (1,1). We obtain ZX = {2,5},7%k_ = {4}, Tk_ = {0} and
Ier = {3}. We consider the possibilities /// and /V. By parity, we obtain
5 ¢ Z. But then we get a contradiction modulo 3 since a4 = 6,a9 = 3 if /1]
holds and a; = 6,a3 = 3 if IV holds are not possible. Next we consider the
possibility /. Then 0 ¢ Z by modulo 2 and 3 and we get P(a2a3---ag) < 5
and this is excluded by Lemma 5.2.2 with k = 5. Let /] holds. Then 3 ¢ 7 by
modulo 2 and 3 and a; = a5 = 3,a4 = 1, a0 = 2. Further ag € {5,10} which
together with modulo 3 gives ag = 5. Now we get a contradiction modulo 7 from
as = 3, ag = 5.

Let (is, i7) = (3,1). We obtain ZX = {2},ZX_ = {0,6}, Tk_ = {4} and
7k, = {5}. We may assume that i ¢ Z for exactly one of i € {0,2,4,6}
otherwise n is even, P(apaa4ae) < 3 and this is excluded by k = 4 of Lemma
5.2.2 applied to 5(5 + d)(5 + 2d)(5 + 3d). We consider the possibilities / and
/1. By modulo 3, we get 4 ¢ Z, ap = as, 3|ap and azas = 2. This is not
possible by modulo 3. Next we consider the possibility //. Then 4 & T by parity
argument. Further a9 = a¢ = 1, a = 3,a5 = 6. This is not possible since
8|x§ — Xg =n+6d—n=06d and d is odd. Finally we consider the possibility
IV.t2¢ T or4¢7Z, then ag=a¢ =2,a5 =3 and one of ap =6 or ag = 1.
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This is excluded by Lemma 5.2.7 (iii). Thus ap = 6,04 = 1, a5 = 3 and either
ag=2,6¢7Z oras=2,0¢&7Z. Then ay =7,a3 =5 by parity and modulo 3.
Hence A7 =(2,7,6,5,1,3,—) or A7 =(—,7,6,5,1,3,2).

All the other pairs are excluded similarly. For (is,i7) = (0,2), we ob-
tain either A7 = (1,2,3,—,5,6) or (5,6,7,2,1,10,—) or (10,3,14,1,2,5, —)
which are excluded by Lemma 5.25. For (is,i7) = (1,3), we obtain A; =
(1,5,6,7,2,—,10), (—,5,6,7,2,1,10) or (—,10,3,14,1, 2,5) which is not pos-
sible by Lemma 5.25 or ag = a5 = 1 and at least two of a1 = 5,a> = 6,
a4 = 2 holds which is again excluded by Lemma 5.2.7 (iv). For (i5,i7) =
(2,0), we obtain A; = (14,3,10,—,6,1,2),(7,6,5,—,3,2,1) or a3 = as =
1,00 = 7,04 = 6,02 = 5, a4 = 3 or a5 = 2. These are Lemma 5.2.7
(v). For (i5,i7) = (2,1), we obtain a9 = a4 = 1,a3 = 3,a6 = 2 which
is not possible by Lemma 5.2.7 (vi). For (i5,i7) = (4,1), we obtain A; =
(6,7,2,1,10,—,3) which is also excluded. For (i5,i7) = (4,2), we obtain
A; =(2,1,14,3,10,—-,6),(1,2,7,6,5,—,3),(—,2,7,6,5,1,3) or ag = a5 = 1
and at least two of a1 = 2,a3 = 6,as = 3 holds. The previous possibility is
excluded by Lemma 5.2.5 and the latter by Lemma 5.2.7 (vii).

5.4.2 The case kK =11

We may assume that 11|a; for some i but 11 1 agajaza3a7agagaqy otherwise
the assertion follows from Lemma 5.4.1. Further we may also suppose that
i € {4,5,6} whenever i ¢ T otherwise the assertion follows from Lemma 5.4.1.

Let p1 =5, p2o=11and Z = {y1,v2,---, v¢}. We observe that P(a;) <7
for i € M UB. Since (2) # () but (£) = () for a prime g < k other than
3,5, 11, we observe that 3|a; whenever i € M. Since 03 < 4 and |Z| = k—1, we
obtain from (5.10) that |[M*| < 5 and 3|a; for at least [MK|—1 i's with i € Mk,
Further a; € {1,2,7,14} for i € B giving |B| < 5 otherwise t — |R| > 2. Hence
IBX| < 6 by (5.10).

By taking the mirror image (5.11) of (5.1), we may suppose that 4 < i;1 < 5.
For each possibility 0 < is < 5 and 4 < i1 < 5, we compute |[Zf],|ZX| and

restrict to those pairs (is, i11) for which max(|I1k I§|) < 6. Further we restrict

’

to those pairs (is, i11) for which either

3la; for at least |Zf| —1 elements i € Zf (5.12)
or

3|la; for at least |Z5| —1 elements i € Z4. (5.13)

We find that exactly one of (5.12) or (5.13) happens. We have M* = I1k, Bk = If
when (5.12) holds and M* = T&, BX = TF when (5.13) holds. If 3|a; for exactly
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|M¥| =1 elements i € MK, then B = B* and we restrict to such pairs (is, i11) for
which there are at most 3 elements i € B with P(a;) < 2 otherwise t—|R| > 2.
Now all the pairs (is, i11) are excluded other than

(0,4),(1,5),(4,5). (5.14)

For these pairs, we find that |[BX| > 5. Hence we may suppose that 7|a; for
some i € B otherwise a; € {1,2} for i € B which together with |B| > 4 gives
t —|R| > 2. Further if |B¥| = 6, then we may assume that 7|a;, 7|a;,7 for some
0<i<3.

Let (i5,i11) = (0,4). Then MK = {3,9} and Bk = {1,2,6,7,8} giving
i3 = 0. If 7|agay, then |B| = |B¥| —1 and a; € {3,6} for i € M = MK but
(%) = (W) = —1 for i7 = 6,7, a contradiction. If 7|ay, then a; €
{5,10} for i € {5,10} C T but (®412) = (%710_2)) = —1, a contradiction
again. Thus 7|ajag and a; € {1,2} for {2,6,7} N BX. From (%) = (#) (%)
(%) = (%) = —1 and (#) =1, we find that 2 ¢ Z. This is not possible.

Let (i, i11) = (1,5). Then M* = {4,10} and B = {0,2,3,7,8,9} giving
i3 =1. Thus M = MK, a; € {3,6} for i € M and |B| = |[B¥| =1, a; €
{1,2,7,14} for i € B. Further we have either 7|agaz or 7|azaq. Taking modulo
(%) for i € {4,10,0,2,3,7,8,9}, we find that 7|aza9 and 3 & B. This is not
possible.

Let (i5,i11) = (4,5). Then Mk = {0,6} and B* = {1,2,3,7,8,10} giving
M = M¥ and i3 = 0. Further 7|at1ag or 7|asaio. Taking modulo (%) for
i € MU B, we find that 7|ajag and B = B\ {7}. This is not possible since
7€l

5.4.3 The case k =13

We may assume that 13 1 apaiaza1pa11a12 otherwise the assertion follows from
Theorem 5.1.1 with k = 11.

Let p1 = 11, po = 13 and T = {y1,v2,---, vt}. Since (%) + (%) but
(%) = (4%) for ¢ = 2,3,7, we observe that for 5|a; for i € M and P(a;) < 7,
51 a; for i € B. Since g5 < 3, we obtain |[M*| < 4 and 5]|a; for at least M| —1
i's with i € M.

By taking the mirror image (5.11) of (5.1), we may suppose that 3 < i13 <6
and 0 < iy <€ 10. We may suppose that i13 > 4,5 if i11 = 0,1, respectively and
max(i11, i13) > 6 if i11 > 2 otherwise the assertion follows from Lemma 5.4.1.

Since max(|Zf|, |Z&]) > 5 and |MK| < 4, we restrict to those pairs satisfying
min(|ZF|, |Z]) < 4 and further M* is exactly one of ZF or ZX with minimum
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cardinality and hence B is the other one. Now we restrict to those pairs
(i11,i13) for which 5|a; for at least |[M*| — 1 elements i € MK. If 5|a; for
exactly |[MX| — 1 elements i € M¥, then B = BX and hence we may assume
that |B| = |BX| < 7 otherwise there are at least 6 elements i € B for which
a; € {1,2,3,6} giving t — |R| > 2. Therefore we now exclude those pairs
(i1, i13) for which 5|a; for exactly |[M*| —1 elements i € M* and |B¥| > 7. We
find that all the pairs (i11, i13) are excluded other than

(1,3),(2.4), (3.5), (4,2), (5,3), (6, 4). (5.15)

From iy3 > 5 if i11 = 1 and max(i11, i13) > 6 if i11 > 2, we find that all these
pairs are excluded other than (6, 4).

Let (i11, i13) = (6,4). Then Mk = {0,2,7,12} and B = {1,3,5,8,9,10,11}
giving is =1, M ={2,7,12} and 0 & Z. This is excluded by applying Lemma
5.4.1 to [1_o(n + d + 2i). O

5.5 Proof of Theorem 5.1.2

By Lemma 5.2.2, we may suppose that P(b) > k. If P(b) = pr)+1 or P(b) =
Pr(k)+2 With prk+1 1 b, then the assertion follows from Theorem 5.1.1. Thus
we may suppose that P(b) = pr()+2 and pr)+1|b. Then we delete the terms
divisible by p(k)+1, pr(k)+2 on the left hand side of (5.1) and the assertion for
k > 15 follows from Lemma 5.2.4. Thus 11 < k < 14 and it suffices to prove
the assertion for k = 11 and k = 13. After removing the i's for which p|a; with
p € {13,17} when k =11 and p|a; with p € {17,19} when k = 13, we observe
that from Lemma 5.2.1 that k — |R| < 1 and p 1 d for each p < k.

5.5.1 The case kK = 11

Letpy =11, p; =13andZ = {0,1,2,---,10}. Since () # (). (¥) # (15)
but (75) = (75) for ¢ = 2,3,7, we observe that either 5|a; or 17]a; for i € M
and either 5-17|a; or P(a;) <7 for i € B. Since 05 < 3, we obtain |[M| < 4.
By taking the mirror image (5.11) of (5.1), we may suppose that 0 < i13 <5
and 0 < i1 < 10. If both i1, i13 are odd, then we may suppose that i17 is even
otherwise we get a contradiction from Lemma 5.4.1 applied to |_|?:O An+i(2d)-
Also we may suppose that max(it1, i13) > 4 otherwise we get a contradiction
from Lemma 5.4.1 applied to |—|?:0 Op+tad+igd- Further from Lemma 5.4.1, we may
assume i17 > 4 if max(i11, i13) = 4.
,|ZX]) > 5 and |[M*| < 4, we restrict to those pairs satisfying
,|ZX]) < 4 and further M¥ is exactly one of Zf or Z§ with minimum

Since max(|Z¥
min(|Z§
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cardinality and hence B¥ is the other one. Now we restrict to those pairs (i11, i13)
for which either 5|a; or 17|a; whenever i € M. Let B' = B\ {i:5-17|a;}. If
|B’| > 8, then there are at least 6 elements i € B’ such that P(a;) < 3 giving
k —|R| > 2. Thus we restrict to those pairs for which |B’| < 7. Further we
observe that 7|a; and 7|a;y7 for some i,i+7 € B' if |B| =7.

Let (i11, (13) = (2,4). Then MK = {1,6,8} and Bk = {0,3,5,7,9,10} giving
is =1, 17|ag and P(a;) < 7 for i € B. For each possibility i; € {0, 3, 4,5},
and i17 = 8, we take p1 = 7,pp = 17,1 = B* and compute 77 and 75.
Since (&) = (&) for p € {2,3}, we should have either Z; = @ or 7, = §.
We find that min(|Z4], |Z2|) > 0 for each possibility iz € {0,3,4,5}. Hence
(i11,i13) = (2,4) is excluded. Similarly all pairs (i11,i13) are excluded except
(i11,i13) € {(4,2),(6,4)}. When (i11, i13) = (3,5), we get M* = {2,7,9} giving
5|a>az, 17|ag and hence it is excluded. When (i1, i13) = (1, 4), we obtain MK =
{5,9} and BX = {0,2,3,6,7,8,10} giving either 5|as, 17|ag or 17|as, 5|ag. Also
iz € {0,3}. Thus we have (i7, i17) € {(0,5),(0,9),(3,5),(3,9)} and apply the
procedure for each of these possibilities.

Let (i11, (13) = (6,4). Then MK = {0,2,7} and Bk = {1,3,5,8,9,10} giving
i5s = 2, 17|ap and P(a;) < 7 for i € B. For each possibility i; € {1,3,4,5},
and i;7 = 0, we take p; = 7,p» = 17 and T = B*. Since (5) = (&) for
p € {2,3}, we observe that either Zy = @ or Z, = . We find that this happens
only when iz = 3 where we get Zy = # and Z, = {1,5,8,9}. By taking
modulo 7, we get a; € {1,2} for i € {1,8,9} and a5 € {3,6}. Further by
modulo 5, we obtain a1 = ag = 1,09 = 2,a5 = 3, a14,a10 = 7 and this is
excluded by Runge’s method. When (i11, i13) = (4,2), we get MK = {0,5,10}
and B¥ = {1,3,6,7,8,9} giving 5|agasaip and i17 € {5,10}. Here we obtain
i177 = 10,i7 = 3 where Z; = # and Z, = {1,6,7,8,9}. This is not possible by
Lemma 5.2.2 with k = 4 applied to (n+6d)(n+6d+d)(n+6d+2d)(n+6d+3d).

5.5.2 The case kK =13

Letpr =11, p2 =13andZ = {0,1,2,--- ,12}. Since (%) # (). (%) # (B)
but (%) = (%) for g = 2,3,7, we observe that either 5|a; or 17|a; for i € MK
and either 5-17|a; or 19|a; or P(a;) < 7 for i € BX. Since 05 < 3, we obtain
M| < 4.

By taking the mirror image (5.11) of (5.1), we may suppose that 0 < i13 <6
and 0 < i1 < 10. We may assume that iq1, 13, i17, i19 are not all even otherwise
P(H?:O a2i+1) < 7 which is excluded by Lemma 5.4.1. Further exactly two of
i11, @13, {17, i19 are even and other two odd otherwise this is excluded again by

Lemma 5.4.1 applied to [1°i = O(n + i(2d)) if n is odd and [1°i = 0(2 + id) if
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nis even. Also exactly two of i1, a13, (17, (19 lie in each set {2,3,4,5,6,7,8},
{3,4,5,6,7,8,9} and {3,4,5,6,7,8,9} otherwise this is excluded by Lemma
5.4.1.

Since max(|ZX|, |Z4]) > 5 and |M| < 4, we restrict to those pairs satisfying
min(|ZX|, |Z5]) < 4 and further M* is exactly one of ZK or ZX with minimum
cardinality and hence B¥ is the other one. Now we restrict to those pairs (i11, (13)
for which either 5|a; or 17|a; whenever i € M. Let B = B*\ {i:5-17|a;}. If
|B’| > 9, then there are at least 6 elements i € B’ such that P(a;) < 3 giving
k —|R| > 2. Thus we restrict to those pairs for which |B’| < 8. For instance, let
(i11,i13) = (0,0). We obtain M* = {5,10} and B* = {1,2,3,4,6,7,8,9,12}
giving is = 0, i17 € {5,10}, B' = B¥ and |B¥| = 9. This is excluded.

Let (i11, i13) = (1,1). Then M* = {0,6,11} and BX = {2,3,4,5,7,8,9,10}
giving i5 = 1, 47 = 0. This is excluded. Similarly (i11,6i13) €
{(1,3),(2,4),(3,5), (4,6),(6,4),(7,5), (8, 6) are excluded where we find that i17
is of the same parity as i1, i13.

Let (i11, i13) = (4,2). Then M* = {0,5,10} and B* = {1,3,6,7,8,9,11,12}
giving 5|ag, 5|a10 and i;7 = 5. Further for i € B¥, we have either 19|a; or
P(a;) < 7. Also 7|a1 and 7|ag otherwise k — |R| > 2. We now take (i7, i17) =
(1.5), p1 = 7,p2 = 17, T = B* and compute Z; and I,. Since (5) = (&
for p € {2,3}, and (1) = (13), we should have either |Z;| = 1 or |T5| = 1.
We find that Z7 = {3,9,11} Z, = {6,7,12} which is a contradiction. Similarly
(i1, i13) € {(5,3),(8,4)} are also excluded. When (i11, i13) = (5, 3), we find that
i177 =6 and iz € {0,2} and this is excluded. O

5.6 A Remark

We consider (5.1) with ¢ = 0, w(d) = 2 and the assumption gcd(n,d) = 1
replaced by d t n if b > 1. It is proved in [5] that (5.1) with ¢ = 0,b =1 and
k > 8 is not possible. We show that (5.1) with ¢y = 0,k > 6 and w(d) = 2 is
not possible. The case kK = 6 has already been solved in [1]. Let kK > 7. As in
[5] and since d 1 n, the assertion follows if (5.1) with ¢ =1, k > 7, w(d) =1
and gcd(n, d) = 1 does not hold. This follows from Theorem 5.1.1.
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Abstract

Euler proved that the product of four positive integers in arithmetic
progression is not a square. Gydry, using a result of Darmon and Merel,
showed that the product of three coprime positive integers in arithmetic
progression cannot be an [-th power for [ > 3. There is an extensive
literature on longer arithmetic progressions such that the product of the
terms is an (almost) power. In this paper we extend the range of k’s such
that the product of k coprime integers in arithmetic progression cannot be
a cube when 2 < k < 39. We prove a similar result for almost cubes.

6.1 Introduction

In this paper we consider the problem of almost cubes in arithmetic progressions.
This problem is closely related to the Diophantine equation

n(n+d)...(n+ (k—1)d) = by' (6.1)

in positive integers n,d, k, b, y, with [ > 2, kK > 3, gcd(n,d) =1, P(b) < k,
where for u € Z with |u| > 1, P(u) denotes the greatest prime factor of u, and
P(+1) =1.

This equation has a long history, with an extensive literature. We refer to
the research and survey papers [3], [10], [11], [14], [16], [18], [19], [20], [23], [25],
[26], [27], [29], [31], [32], [33] [34] [35] [36] [37], [38], [41], [39], the references
given there, and the other papers mentioned in the introduction.
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128 Cubes in products of terms in arithmetic progression

In this paper we concentrate on results where all solutions of (6.1) have been
determined, under some assumptions for the unknowns. We start with results
concerning squares, so in this paragraph we assume that [ = 2. Already Euler
proved that in this case equation (6.1) has no solutions with k = 4 and b = 1 (see
[7] pp- 440 and 635). Oblath [21] extended this result to the case k = 5. Erd6s
[8] and Rigge [22] independently proved that equation (6.1) has no solutions with
b = d = 1. Saradha and Shorey [28] proved that (6.1) has no solutions with
b =1, k > 4, provided that d is a power of a prime number. Later, Laishram
and Shorey [19] extended this result to the case where either d < 10'?, or d has
at most six prime divisors. Finally, most importantly from the viewpoint of the
present paper, Hirata-Kohno, Laishram, Shorey and Tijdeman [17] completely
solved (6.1) with 3 < k < 110 for b = 1. Combining their result with those of
Tengely [40] all solutions of (6.1) with 3 < k <100, P(b) < k are determined.

Now assume for this paragraph that [ > 3. Erdés and Selfridge [9] proved
the celebrated result that equation (6.1) has no solutions if b = d = 1. In the
general case P(b) < k but still with d = 1, Saradha [24] for k > 4 and Gyéry
[12], using a result of Darmon and Merel [6], for k = 2,3 proved that (6.1) has
no solutions with P(y) > k. For general d, Gy6ry [13] showed that equation
(6.1) has no solutions with k = 3, provided that P(b) < 2. Later, this result
has been extended to the case k < 12 under certain assumptions on P(b), see
Gyéry, Hajdu, Saradha [15] for k < 6 and Bennett, Bruin, Gyéry, Hajdu [1] for
k <12

In this paper we consider the problem for cubes, that is equation (6.1) with
[ = 3. We solve equation (6.1) nearly up to k = 40. In the proofs of our results
we combine the approach of [17] with results of Selmer [30] and some new ideas.

6.2 Notation and results

As we are interested in cubes in arithmetic progressions, we take [ = 3 in (6.1).
That is, we consider the Diophantine equation

n(n+d)...(n+(k—1)d) = by’ (6.2)

in integers n,d, k, b,y where k > 3,d > 0, gcd(n,d) =1, P(b) < k,n #0,y #+
0. (Note that similarly as e.g. in [1] we allow n < 0, as well.)
In the standard way, by our assumptions we can write

n+id=ax} (i=01,..., k —1) (6.3)

i
with P(a;) < k, a; is cube-free. Note that (6.3) also means that in fact n + id
(i=0,1,...,k—=1) is an arithmetic progression of almost cubes.
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In case of b =1 we prove the following result.

Theorem 6.2.1. Suppose that (n,d, k,y) is a solution to equation (6.2) with
b =1 and k < 39. Then we have

(n,d k,y)=(-4,3,3,2),(—-2,3,3,-2),(—9,5,4,6) or (—6,5,4,6).
We shall deduce Theorem 6.2.1 from the following theorem.

Theorem 6.2.2. Suppose that (n,d, k, b, y) is a solution to equation (6.2) with
k < 32 and that P(b) < k if k = 3 or kK > 13. Then (n,d, k) belongs to the
following list:

(n,1,k) with —30<n<—-40r1<n<b,
(n,2, k) with —29 < n < =3,
(=10,3,7),(-8,3,7),(—8,3,5),(—4,3,5),(—4,3,3),(—2,3,3),
(—9,5,4),(-6,5,4),(-16,7,5),(=12,7,5).

Note that the above statement follows from Theorem 1.1 of Bennett, Bruin,
Gy6ry, Hajdu [1] in case k < 12 and P(b) < Py with P3 = 2, P4 = P5 = 3,
Ps = P; = Pg = Pg = Pig = P11 =5.

6.3 Lemmas and auxiliary results

We need some results of Selmer [30] on cubic equations.

Lemma 6.3.1. The equations

X +yd=c2®, ce{1,2,4,510,25,45,60,100,150, 225,300},
ax® + by® =23, (a,b) € {(2,9),(4,9), (4,25), (4,45), (12, 25)}

have no solution in non-zero integers x, y, z.

As a lot of work will be done modulo 13, the following lemma will be very
useful. Before stating it, we need to introduce a new notation. For u,v, m € Z,
m>1byu =v (mod m) we mean that uw? = v (mod m) holds for some integer
w with ged(m, w) = 1. We shall use this notation throughout the paper, without
any further reference.

Lemma 6.3.2. Let n, d be integers. Suppose that for five values i € {0,1,...,12}
we have n + id = 1 (mod 13). Then 13 | d, and n + id =1 (mod 13) for all
i=01...,12
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Proof. Suppose that 13 { d. Then there is an integer r such that n = rd
(mod 13). Consequently, n+id = (r+i)d (mod 13). A simple calculation yields
that the cubic residues of the numbers (r +i)d (i =0,1,...,12) modulo 13 are
given by a cyclic permutation of one of the sequences

0,1,2,2,4,1,4,4,1,4,2,2,1,

0,2,4,4,1,2,1,1,2,1,4,4,2,
0,4,1,1,2,4,2,2,4,2,1,1,4.

Thus the statement follows. O

Lemma 6.3.3. Let a = V2 and B = V/3. Put K = Q(a) and L = Q(B). Then
the only solution of the equation

Cr: X>—(a+1)X°+(@a+ )X —a=(-3a+6)Y>
inXeQandY € K is(X,Y)=(2,1). Further, the equation
Co: 4XP—(4B+ 29X’ + 2B+ )X —B=(-3B+3)Y3
has the single solution (X, Y)=(1,1)in X € Qand Y € L.

Proof. Using the point (2, 1) we can transform the genus 1 curve C to Weierstrass
form
Er: y?+(d® + a)y = x> + (260° — 5a — 37).

We have E1(K) =~ Z as an Abelian group and (x, y) = (—a’—a+3, —a®>—3a+4)
is a non-torsion point on this curve. Applying elliptic Chabauty (cf. [4], [5]), in
particular the procedure "Chabauty" of MAGMA (see [2]) with p =5, we obtain
that the only point on C1 with X € Q is (2,1).

Now we turn to the second equation C,. We can transform this equation to
an elliptic one using its point (1,1). We get

Ey: y?=x>+B*° + Bx+ (418° — 588 — 4).

We find that E>(L) ~ Z and (x,y) = (48 — 2, —2B? + B + 12) is a non-torsion
point on E3. Applying elliptic Chabauty (as above) with p = 11, we get that the
only point on C; with X € Q is (1,1). O

6.4 Proofs

In this section we provide the proofs of our results. As Theorem 6.2.1 follows
from Theorem 6.2.2 by a simple inductive argument, first we give the proof of the
latter result.
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Proof of Theorem 6.2.2. As we mentioned, for k = 3,4 the statement follows
from Theorem 1.1 of [1]. Observe that the statement for every

k e {6,8,9,10,12,13,15,16,17,19,21, 22, 23, 25, 26, 27, 28, 29, 31}

is a simple consequence of the result obtained for some smaller value of k.
Indeed, for any such k let px denote the largest prime with py < k. Observe
that in case of k < 13 P(aga1...ap,—1) < pk holds, and for k > 13 we have
P(aoaq ... ap,) < pik+1. Hence, noting that we assume P(b) < k for 3 < k < 11
and P(b) < k otherwise, the theorem follows inductively from the case of pj-
term products and py + 1-term products, respectively. Hence in the sequel we
deal only with the remaining values of k.

The cases k = 5, 7 are different from the others. In most cases a "brute force"
method suffices. In the remaining cases we apply the elliptic Chabauty method
(see [4], [5]).

The case k = 5.

In this case a very simple algorithm works already. Note that in view of Theorem
1.1 of [1], by symmetry it is sufficient to assume that 5 | a2a3. We look at
all the possible distributions of the prime factors 2,3,5 of the coefficients a;

(i=0,..., 4) one-by-one. Using that if x is an integer, then x>

is congruent
to £1 or 0 both (mod 7) and (mod 9), almost all possibilities can be excluded.
For example,

(ao,a1,0a2,a3,a4) =(1,1,1,10,1)

is impossible modulo 7, while
(00,01,02,03,04) = (1,1,15,1,1)

is impossible modulo 9. (Note that the first choice of the a; cannot be excluded
modulo 9, and the second one cannot be excluded modulo 7.)

In case of the remaining possibilities, taking the linear combinations of three
appropriately chosen terms of the arithmetic progression on the left hand side
of (6.2) we get all solutions by Lemma 6.3.1. For example,

(ao, a1, a2, a3,a4) = (2,3,4,5,6)

obviously survives the above tests modulo 7 and modulo 9. However, in this case
using the identity 4(n + d) — 3n = n + 4d, Lemma 6.3.1 implies that the only
corresponding solution is given by n =2 and d = 1.
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After having excluded all quintuples which do not pass the above tests we
are left with the single possibility

(ap, a1, a2, a3,a4) =(2,9,2,5,12).

Here we have
XS + x5 = 9x7 and XS —2x3 = —6x;3. (6.4)

Factorizing the first equation of (6.4), a simple consideration yields that xg —
xox2 + )(22 = 3u3 holds for some integer u. Put K = Q(a) with @ = V2. Note
that the ring Ok of integers of K is a unique factorization domain, a — 1 is a
fundamental unit and 1, @, a? is an integral basis of K, and 3 = (o —1)(a + 1)3,
where a + 1 is a prime in Ok. A simple calculation shows that xg — ax, and
xg + axox2 + a2x§ can have only the prime divisors o and a + 1 in common.
Hence checking the field norm of xg — ax2, by the second equation of (6.4) we
get that

X0 — ax; = (@ —1)%(a* + a)y?

with y € Ok and € € {0,1,2}. Expanding the right hand side, we deduce that
€ = 0,2 yields 3 | xo, which is a contradiction. Thus we get that € = 1, and we
obtain the equation

(x0 — ax2)(X§ — xox2 + x3) = (=3a + 6)2°
for some z € Ok. Hence after dividing both sides of this equation by x23, the
theorem follows from Lemma 6.3.3 in this case.
The case k =7.

In this case by similar tests as for k = 5, we get that the only remaining
possibilities are given by

(ao, a1, a2, a3, a4, as,ae) = (4,5,6,7,1,9,10),(10,9,1,7,6,5, 4).
By symmetry it is sufficient to deal with the first case. Then we have
X3 +8xg = 9x2 and x¢ — 3% = —2x¢. (6.5)

Factorizing the first equation of (6.5), just as in case of k =5, a simple consid-
eration gives that 4x§ —2X1Xp +X12 = 3u3 holds for some integer u. Let L = Q(B)
with B = V/3. As is well-known, the ring Oy of integers of L is a unique factor-
ization domain, 2 — BZ is a fundamental unit and 1, B, BZ is an integral basis of
L. Further, 2 = (B—1)(B?+ B +1), where B—1 and B2+ B+ 1 are primes in Oy,
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with field norms 2 and 4, respectively. A simple calculation yields that xs — Bx;
and Xg + Bx1x6 + 52X12 are relatively prime in O;. Moreover, as gcd(n, d) = 1
and x4 is even, xo should be odd. Hence as the field norm of B2 + B+ 1 is 4,
checking the field norm of x¢ — Bxq, the second equation of (6.5) yields

X6 — Bxi = (2 — BA(1 — By’

for some y € O, and € € {0,1,2}. Expanding the right hand side, a simple
computation shows that € = 1,2 yields 3 | xg, which is a contradiction. Thus we
get that € = 0, and we obtain the equation

(x6 — Bx1)(4x¢ — 2x1x6 + x¥) = (=3B + 3)2°

for some z € O;. We divide both sides of this equation by X13 and apply Lemma
6.3.3 to complete the case k = 7.

Description of the general method

So far we have considered all the possible distributions of the prime factors
< k among the coefficients a;. For larger values of k we use a more efficient
procedure similar to that in [17]. We first outline the main ideas. We explain
the important case that 3, 7, and 13 are coprime to d first.

The case gcd(3-7-13,d) = 1.

Suppose we have a solution to equation (6.2) with kK > 11 and gcd(3-7,d) = 1.
Then there exist integers r; and rg such that n = r7d (mod 7) and n = rqd
(mod 9). Further, we can choose the integers r7 and rg to be equal; put r :==r; =
rg. Then n + id = (r + i)d (mod q) holds for g € {7,9} and i =0,1..., k—1.
In particular, we have r + i = a;sq (mod q), where g € {7,9} and sq is the
inverse of d modulo g. Obviously, we may assume that r + i takes values only
from the set {—31,-30,..., 31}

First we make a table for the residues of h modulo 7 and 9 up to cubes for
|h| < 32, but here we present only the part with 0 < h < 11.

h 0 1 2 3 4 5 6 7 8 9 10
h mod 7 0 1 2 4 4 2 1 0 1 2 4
h mod 9 0 1 2 3 4 4 3 2 1 0 1

In the first row of the table we give the values of h and in the second and
third rows the corresponding residues of h modulo 7 and modulo 9 up to cubes,
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respectively, where the classes of the relation = are represented by 0,1, 2,4
modulo 7, and by 0,1, 2, 3,4 modulo 9.

Let a;,,..., a;, be the coefficients in (6.3) which do not have prime divisors
greater than 2. Put

E={(ugv):r+i=u; (mod7),r+i=v; (mod9),1<j<t}
and observe that E is contained in one of the sets
Er={(1,1),22),44} E2:={(1,2),(2,4),4,1)},

E3:={(2.1),(4.2),(1. 9}

We use this observation in the following tests which we shall illustrate by some
examples.

In what follows we assume k and r to be fixed. In our method we apply the
following tests in the given order. By each test some cases are eliminated.

Class cover. Let u;=r + i (mod 7) and v; Sr+i (mod 9) (i=0,1,..., k—1).
For [=1,2,3 put
G={i: (uyv)€eE,i=01,..., k—1}.

Check whether the sets Gy U G, Gy U (3, G U G5 can be covered by the multiples
of the primes p with p < k, p # 2,3,7. If this is not possible for C;, U(C,,, then we
know that E C Ey, is impossible and Ey, is excluded. Here {1, [, [3} = {1,2,3}.

The forthcoming procedures are applied separately for each case where E C E;
remains possible for some [. From this point on we also assume that the odd
prime factors of the a; are fixed.

Parity. Define the sets
le ={(ui,v;) € E; : r+iiseven, P(a;) <2},

lo ={(ui,vi) € E; : r+iisodd, P(a;) <2}

As the only odd power of 2 is 1, min(|/o

I|) <1 must be valid. If this does not

’

hold, the corresponding case is excluded.

Test modulo 13. Suppose that after the previous tests we can decide whether
a; is even for the even values of i. Assume that E C E; with fixed [ € {1,2,3}.
Further, suppose that based upon the previous tests we can decide whether a;
can be even for the even or the odd values of i. For t =0,1,2 put

U={i:a==+2",i€{01,...,k—1}}
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and let

Us={i : a;==%5", i€{0,1,....k=1},y € {0,1,2}}.

C

Assume that 13 | n + igd for some ip. Recall that 134 d and 5 =1 (mod 13).
It i,j € U for some t € {0,1,2,3}, then i —ip = j — ig (mod 13). If i € Uy,
jeE U, with0 <ty <t <2 theni—ip % j —io (mod 13). We exclude all the
cases which do not pass these tests.

Test modulo 7. Assume again that E C E; with fixed [ € {1,2,3}. Check whether
the actual distribution of the prime divisors of the a; yields that for some i with
71 n+id, both a; = xt and |r + i| = t hold for some positive integer t with
7t t. Then

t=n+id=(r+i)d=td (mod7)

implies that d =1 (mod 7). Now consider the actual distribution of the prime
factors of the coefficients a; (i = 0,1,...,k—1). If in any a; we know the ex-
ponents of all primes with one exception, and this exceptional prime p satisfies
p =2,3,4,5 (mod 7), then we can fix the exponent of p using the above infor-
mation on n. As an example, assume that 7 | n, and a1 = £5¥ with y € {0, 1, 2}.
Then d =1 (mod 7) immediately implies y = 0. Further, if 7 | n and a, = +£13Y
with y € {0,1,2}, then d =1 (mod 7) gives a contradiction. We exclude all
cases yielding a contradiction. Moreover, in the remaining cases we fix the
exponents of the prime factors of the a;-s whenever it is possible.

We remark that we used this procedure for 0 > r > —k + 1. In almost all
cases it turned out that a; is even for r+i even. Further, we could prove that with
|r+i| =1 or 2 we have a; = 1 or 2, respectively, to conclude d = 1 (mod 7).
The test is typically effective in case when r is "around" —k/2. The reason for
this is that then in the sequence r,r+1,...,-1,0,1,..., k—r—2,k—r—1
several powers of 2 occur.

Induction. For fixed distribution of the prime divisors of the coefficients a;, search
for arithmetic sub-progressions of length [ with [ € {3,5,7} such that for the
product I1 of the terms of the sub-progression P([1) < L; holds, with L3 = 2,
Ls =5, L7 = 7. If there is such a sub-progression, then in view of Theorem 1.1
of [1], all such solutions can be determined.

An example. Now we illustrate how the above procedures work. For this purpose,
take k = 24 and r = —8. Then, using the previous notation, we work with the
following stripe (with i € {0,1,...,23}):

r4i -8 -7-6-5-4-3-2-10123456789101112131415
mod7 1 0 1 2 4 4 2 101244210124 4 2 10 1.
mod9 1 2 3 4 4 3 2 101234432101 2 3 4 4 3
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In the procedure Class cover we get the following classes:
¢, ={0,4,6,7,9,10,12,16}, G =1{3,13,18}, G ={19,21}.
For p =5,11,13,17,19, 23 put
m,={i: i€ GUG, p|n+id}|,
respectively. Using the condition gcd(n, d) = 1, one can easily check that
ms <3, my <2, m3<2, mz<T, mg< 1, mys <1

Hence, as |Gy U 3| = 11, we get that E C E3 cannot be valid in this case.
By a similar (but more sophisticated) calculation one gets that £E C E; is also
impossible. So after the procedure Class cover only the case E C E; remains.
From this point on, the odd prime divisors of the coefficients a; are fixed, and
we look at each case one-by-one. Observe that p | n + id does not imply p | a;.
Further, p | n + id implies p | n + jd whenever i = j (mod p).
We consider two subcases. Suppose first that we have

3|n+2d,5|n+d, 7|n+d, 11 |n+7d, 13 |n+7d,
17 | n+3d, 19| n, 23| n+13d.
Then by a simple consideration we get that in Test modulo 13 either

4 € Uy and 10 € Us,

or
10 € Uy and 4 € U;.
In the first case, using 13 | n 4+ 7d we get
—3d=2 (mod13)and 3d =4 (mod 13),

which by —3d = 3d (mod 13) yields a contradiction. In the second case we get
a contradiction in a similar manner.
Consider now the subcase where

3|n+2d, 5|n+d, 7|n+d, 11| n+7d, 13| n+8d,
17 | n+3d, 19| n, 23| n+13d.

This case survives the Test modulo 13. However, using the strategy explained in
Test modulo 7, we can easily check that if a; is even then i is even, which yields
ag = £1. This immediately gives d = 1 (mod 7). Further, we have a; = £11%
with €7 € {0,1,2}. Hence we get that

+119 =n+7d=d=1 (mod 7).

This gives €7 = 0, thus a7 = £1. Therefore P(a4a7a10) < 2. Now we apply the
test Induction.
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The case gcd(3-7-13,d) # 1.

In this case we shall use the fact that almost half of the coefficients are odd.
With a slight abuse of notation, when k > 11 we shall assume that the co-
efficients aq,a3,..., ak—1 are odd, and the other coefficients are given either
by ag,a2,...,ak—2 or by az,a4,...,a,. Note that in view of gcd(n, d) = 1
this can be done without loss of generality. We shall use this notation in the
corresponding parts of our arguments without any further reference.

Now we continue the proof, considering the remaining cases k > 11.

The case kK = 11.

When ged(3 -7, d) = 1, the procedures Class cover, Test modulo 7 and Induction
suffice. Hence we may suppose that ged(3-7,d) > 1.

Assume that 7 | d. Observe that P(agpaq...a4) < 5 or P(asag...ag) < 5.
Hence the statement follows by induction.

Suppose next that 3 | d. Observe that if 11 1 asasag then P(agaq ... ap) <7
or P(asas...a10) < 7. Hence by induction and symmetry we may assume that
11 | asae. Assume first that 11 | ae. If 7 | agae then we have P(a1aa3asa5) <
5. Further, in case of 7 | a5 we have P(apaiazaszas) < 5. Thus by induction we
may suppose that 7 | a1axa3a4. 17 | ayaza4 and 5 1 n, we have P(agasaqg) < 2,
whence by applying Lemma 6.3.1 to the identity n + (n + 10d) = 2(n + 5d) we
get all the solutions of (6.2). Assume next that 7 | a1a2a4 and 5 | n. Hence
we deduce that one among P(aa3a4) < 2, Playasaz) < 2, Plaqazaz) < 2
is valid, and the statement follows in each case in a similar manner as above.
If 7 | a3, then a simple calculation yields that one among P(apaiaz) < 2,
P(agasag) < 2, P(ayasaz) < 2 is valid, and we are done. Finally, assume that
11 | as. Then by symmetry we may suppose that 7 | apayasas. If 7 | azas then
P(asayagagaio) < 5, and the statement follows by induction. If 7 | ap then we
have P(aya4aeasaio) < 5, and we are done too. In case of 7 | a1 one among
Plagazas) < 2, P(azaszas) < 2, P(agasag) < 2 holds. This completes the case
k=11.

The case k = 14.

Note that without loss of generality we may assume that 13 | a; with 3 < i <10,
otherwise the statement follows by induction from the case kK = 11. Then, in
particular we have 131 d.
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The tests described in the previous section suffice to dispose of the case
ged(3-7-13,d) = 1. Assume now that gcd(3 -7 -13,d) > 1 (but recall that
13t d).

Suppose first that 7 | d. Among the odd coefficients a1, a3, ..., a13 there are
at most three multiples of 3, two multiples of 5 and one multiple of 11. As 13 =1
(mod 7), this shows that at least for one of these a;-s we have a; =1 (mod 7).
Hence a; =1 (mod 7) for every i = 1,3,...,13. Further, as none of 3,5,11 is
a cube modulo 7, we deduce that if i is odd, then either ged(3-5-11,qa;) = 1
or a; must be divisible by at least two out of 3,5,11. Noting that 13 { d,
by Lemma 6.3.2 at most four numbers among a1, a3, ..., aq3 can be equal to
+1. Moreover, gcd(n, d) = 1 implies that 15 | a; can be valid for at most one
i € {0,1,...,k—1}. Hence among the coefficients with odd indices there is
exactly one multiple of 11, exactly one multiple of 15, and exactly one multiple
of 13. Moreover, the multiple of 11 in question is also divisible either by 3 or
by 5. In view of the proof of Lemma 6.3.2 a simple calculation yields that the
cubic residues of a1, a3, ..., a3 modulo 13 must be given by 1,1,4,0,4,1,1, in
this order. Looking at the spots where 4 occurs in this sequence, we get that
either 3 | as, ag or 5 | as, ag is valid. However, this contradicts the assumption
ged(n, d) = 1.

Assume now that 3 | d, but 7 { d. Then among the odd coefficients
ai,as, ..., a3 there are at most two multiples of 5 and one multiple of 7, 11
and 13 each. Lemma 6.3.2 together with 5 =1 (mod 13) yields that there must
be exactly four odd i-s with a; = 1 (mod 13), and further, another odd i such
that a; is divisible by 13. Hence as above, the proof of Lemma 6.3.2 shows that
the a;-s with odd indices are = 1,1,4,0,4,1,1 (mod 13), in this order. As the
prime 11 should divide an a; with odd i and a; = 4 (mod 13), this yields that
11 | asag. However, as above, this immediately yields that P(apay...aq2) <7
(or P(azays...a14) <7), and the case k = 14 follows by induction.

The case kK = 18.

Using the procedures described in the previous section, the case gcd(3-7-13, d) =
1 can be excluded. So we may assume gcd(3-7-13,d) > 1.

Suppose first that 7 | d. Among a4, a3, ..., a7 there are at most three
multiples of 3, two multiples of 5 and one multiple of 11, 13 and 17 each.
Hence at least for one odd i we have a; = +1. Thus all of a4, a3,..., a7 are
= 1 (mod 7). Among the primes 3,5,11,13,17 only 13 is = 1 (mod 7), so the
other primes cannot occur alone. Hence we get that a; = £1 for at least five
out of a1, as,...,a17. However, by Lemma 6.3.2 this is possible only if 13 | d.
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In that case a; = 1 holds for at least six coefficients with i odd. Now a simple
calculation shows that among them three are in arithmetic progression. This
leads to an equation of the shape X3 + Y3 =273, and Lemma 6.3.1 applies.

Assume next that 13 | d, but 7 1 d. Among the odd coefficients a1, a3, ... a17
there are at most three multiples of 3, two multiples of 5 and 7 each, and one
multiple of 11 and 17 each. Hence, by 5 =1 (mod 13) there are at least two
a; =1 (mod 13), whence all g; =1 (mod 13). As from this list only the prime
5 is a cube modulo 13, we get that at least four out of the above nine odd a;-s
are equal to £1. Recall that 7 1 d and observe that the cubic residues modulo 7
of a seven-term arithmetic progression with common difference not divisible by
7 is a cyclic permutation of one of the sequences

0,1,2,4,4,2,1, 0,2,41,1,4,2, 0,4,1,2,2,1,4.

Hence remembering that for four odd i we have a; = +1, we get that the cubic
residues of a1, a3, ..., aq7 modulo 7 are given by 1,1,4,2,0,2,4,1,1, in this
order. In particular, we have exactly one multiple of 7 among them. Further,
looking at the spots where 0,2 and 4 occur, we deduce that at most two of the
a;-s with odd indices can be multiples of 3. Switching back to modulo 13, this
yields that a; = =1 for at least five a;-s. However, this contradicts Lemma 6.3.2.
Finally, assume that 3 | d. In view of what we have proved already, we may
further suppose that gcd(7-13, d) = 1. Among the odd coefficients a1, a3, ..., a17
there are at most two multiples of 5 and 7 each, and one multiple of 11, 13 and
17 each. Hence as 7 1 d and 13 = 1 (mod 7), we get that the cubic residues
modulo 7 of the coefficients a; with odd i are given by one of the sequences

1,0,1,2,4,4,2,1,0, 0,1,2,4,4,2,1,0,1, 1,1,2,4,0,4,2,1,1.

In view of the places of the values 2 and 4, we see that it is not possible to
distribute the prime divisors 5,7, 11 over the a;-s with odd indices. This finishes
the case kK = 18.

The case k = 20.

By the help of the procedures described in the previous section, in case of
ged(3-7-13,d) =1 all solutions to equation (6.2) can be determined. Assume
now that ged(3-7-13,d) > 1.

We start with the case 7 | d. Then among the odd coefficients a1, a3, ..., aqg
there are at most four multiples of 3, two multiples of 5, and one multiple of 11,
13, 17 and 19 each. As 13 = 1 (mod 7), this yields that a; = 1 (mod 7) for
all i. Hence the primes 3,5,11,17,19 must occur at least in pairs in the a;-s
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with odd indices, which yields that at least five such coefficients are equal to
+1. Thus Lemma 6.3.2 gives 13 | d, whence a; = 1 (mod 13) for all i. Hence
we deduce that the prime 5 may be only a third prime divisor of the a;-s with
odd indices, and so at least seven out of a1,as,..., aqg9 equal £1. However,
then there are three such coefficients which belong to an arithmetic progression.
Thus by Lemma 6.3.1 we get all solutions in this case.

Assume next that 13 | d. Without loss of generality we may further suppose
that 7 1 d. Then among the odd coefficients a1, a3, ..., aig there are at most
four multiples of 3, two multiples of 5 and 7 each, and one multiple of 11, 17
and 19 each. As 5 = 1 (mod 13) this implies a; = 1 (mod 13) for all i, whence
the primes 3,7,11,17,19 should occur at least in pairs in the a;-s with odd i.
Hence at least four of these coefficients are equal to £1. By a similar argument
as in case of k = 18, we get that the cubic residues of a1, a3, ..., ajg9 modulo 7
are given by one of the sequences

1,0,1,2,4,4,2,1,0,1, 1,1,4,2,0,2,4,1,1,4, 4,1,1,4,2,0,2,4,1,1.

In view of the positions of the 0,2 and 4 values, we get that at most two corre-
sponding terms can be divisible by 3 in the first case, which modulo 13 yields
that the number of odd i-s with a; = 1 is at least five. This is a contradiction
modulo 7. Further, in the last two cases at most three terms can be divisible
by 3, and exactly one term is a multiple of 7. This yields modulo 13 that the
number of odd i-s with a; = +1 is at least five, which is a contradiction modulo

7 again.
Finally, suppose that 3 | d. We may assume that gcd(7 - 13,d) = 1. Then
among the odd coefficients a1, a3, ..., a9 there are at most two multiples of 5

and 7 each, and one multiple of 11, 13, 17 and 19 each. Hence Lemma 6.3.2
yields that exactly four of these coefficients should be = 1 (mod 13), and exactly
one of them must be a multiple of 13. Further, exactly two other a;-s with odd
indices are multiples of 7, and these a;-s are divisible by none of 11,13,17,19.
So in view of the proof of Lemma 6.3.2 a simple calculation gives that the cubic
residues of a1, a3, ..., a9 modulo 13 are given by one of the sequences

0.2,4,41,2,1,1,2,1, 1,2,1,1,2,1,4,4,2,0,

2,4,2,1,1,4,0,4,1,1, 1,1,4,0,4,1,1,2,4,2.

In the upper cases we get that 7 divides two terms with a; =2 (mod 13), whence
the power of 7 should be 2 in both cases. However, this implies 72 | 14d, hence
7 | d, a contradiction. As the lower cases are symmetric, we may assume that
the very last possibility occurs. In that case we have 7 | a5 and 7 | a19. We may
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assume that 11 | aq7, otherwise P(agas...a18) < 7 and the statement follows
by induction. Further, we also have 13 | a7, and 17 | ag and 19 | a5 or vice
versa. Hence either P(a3agaq3) < 2 or P(asaioa16) < 2, and induction suffices
to complete the case k = 20.

The case k = 24.

The procedures described in the previous section suffice to completely treat the
case gcd(3-7-13,d) = 1. So we may assume that ged(3-7-13,d) > 1 is valid.

Suppose first that 7 | d. Among the odd coefficients a1, a3, ..., ay3 there are
at most four multiples of 3, three multiples of 5, two multiples of 11, and one
multiple of 13,17, 19 and 23 each. We know that all a; belong to the same cubic
class modulo 7. As 3 = 4 (mod 7), 5 =2 (mod 7) and among the coefficients
aq,as,..., a3 there are at most two multiples of 32 and at most one multiple of
52, we get that these coefficients are all = 1 (mod 7). This yields that the primes
3,5,11,17,19, 23 may occur only at least in pairs in the coefficients with odd
indices. Thus we get that at least five out of a1, a3,..., a3 are =1 (mod 13).
Hence, by Lemma 6.3.2 we get that 13 | d and consequently a; =1 (mod 13) for
all i. This also shows that the 5-s can be at most third prime divisors of the a;-s
with odd indices. So we deduce that at least eight out of the odd coefficients
ai,as,...,azs are equal to =1. However, a simple calculation shows that from
the eight corresponding terms we can always choose three forming an arithmetic
progression. Hence this case follows from Lemma 6.3.1.

Assume next that 13 | d, but 7 1 d. Among the coefficients with odd indices
there are at most four multiples of 3, three multiples of 5, two multiples of 7 and
11 each, and one multiple of 17, 19 and 23 each. Hence, by 5 = 1 (mod 13)
we deduce a; =1 (mod 13) for all i. As before, a simple calculation yields that
at least for four of these odd coefficients a; = £1 hold. Hence looking at the
possible cases modulo 7, one can easily see that we cannot have four multiples
of 3 at the places where 0,2 and 4 occur as cubic residues modulo 7. Hence
in view of Lemma 6.3.2 we need to use two 11-s, which yields that 11 | ay
and 11 | a23. Thus the only possibility for the cubic residues of a1, a3,..., a3
modulo 7 is given by the sequence

2,1,0,1,2,4,4,2,1,0,1,2.

However, the positions of the 2-s and 4-s allow to have at most two a;-s with
odd indices which are divisible by 3 but not by 7. Hence switching back to
modulo 13, we get that there are at least five a;-s which are +1, a contradiction
by Lemma 6.3.2.
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Finally, assume that 3 | d, and gcd(7-13,d) = 1. Then among a1, a3, ..., a3
there are at most three multiples of 5, two multiples of 7 and 11 each, and one
multiple of 13, 17, 19 and 23 each. Hence by Lemma 6.3.2 we get that exactly
four of the coefficients a4, a3, .. ., a3 are =1 (mod 13), and another is a multiple
of 13. Further, all the mentioned prime factors (except the 5-s) divide distinct
a;-s with odd indices. Using that at most these coefficients can be divisible by
72 and 112, in view of the proof of Lemma 6.3.2 we get that the only possibilities
for the cubic residues of these coefficients modulo 13 are given by one of the
sequences

2,2,4,2,1,1,4,0,4,1,1,2, 2,1,1,4,0,4,1,1,2,4,2,2.

By symmetry we may assume the first possibility. Then we have 7 | a3, 11 | ay,
13 | a15, and 17,19, 23 divide as, a7, a13 in some order. Hence P(asa9aq4) < 2,
or 5| n+ 4d whence P(a1sa1gaz0) < 2. In both cases we apply induction.

The case kK = 30.

By the help of the procedures described in the previous section, the case gcd(3-
7 -13,d) = 1 can be excluded. Assume now that ged(3-7-13,d) > 1.

We start with the case 7 | d. Then among the odd coefficients a4, a3, ..., axg
there are at most five multiples of 3, three multiples of 5, two multiples of 11
and 13 each, and one multiple of 17, 19, 23 and 29 each. As 13 =29 =1
(mod 7), this yields that a; =1 (mod 7) for all i. Hence the other primes must
occur at least in pairs in the a;-s with odd indices, which yields that at least
six such coefficients are equal to 1. Further, we get that the number of such
coefficients = 0, 1 (mod 13) is at least eight. However, by Lemma 6.3.2 this is
possible only if 13 | d, whence a; = 1 (mod 13) for all i. Then 5 and 29 can
be at most third prime divisors of the coefficients a;-s with odd i-s. So a simple
calculation gives that at least ten out of the odd coefficients a1, a3, ..., a9 are
equal to 1. Hence there are three such coefficients in arithmetic progression,
and the statement follows from Lemma 6.3.1.

Assume next that 13 | d, but 7 { d. Then among the odd coefficients
ai,as,...,ax there are at most five multiples of 3, three multiples of 5 and
7 each, two multiples of 11, and one multiple of 17, 19, 23 and 29 each. From
this we get that a; = 1 (mod 13) for all i. Hence the primes different from 5
should occur at least in pairs. We get that at least five out of the coefficients
ai,03,...,az are equal to 1. Thus modulo 7 we get that it is impossible to
have three terms divisible by 7. Then it follows modulo 13 that at least six a;-s
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with odd indices are equal to =1. However, this is possible only if 7 | d, which
is a contradiction.

Finally, assume that 3 | d, but gcd(7 - 13,d) = 1. Then among the odd
coefficients a4, a3, ..., axg there are at most three multiples of 5 and 7 each,
two multiples of 11 and 13 each, and one multiple of 17, 19, 23 and 29 each.
Further, modulo 7 we get that all primes 5,11,17,19, 23 divide distinct a;-s with
odd indices, and the number of odd i-s with a; = 0,1 (mod 7) is seven. However,
checking all possibilities modulo 7, we get a contradiction. This completes the
proof of Theorem 6.2.2. O

Proof of Theorem 6.2.1. Obviously, for k < 32 the statement is an immediate
consequence of Theorem 6.2.2. Further, observe that b = 1 implies that for
any k with 31 < k < 39, one can find j with 0 < j < k — 30 such that
Plajajiq ... aj129) < 29. Hence the statement follows from Theorem 6.2.2.  [J
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Arithmetic progressions
consisting of unlike powers

Bruin, N., Gyéry, K., Hajdu, L. and Tengely, Sz,
Indag. Math. (N.S.) 17 (2006), 539-555.

Abstract

In this paper we present some new results about unlike powers in
arithmetic progression. We prove among other things that for given k > 4
and L > 3 there are only finitely many arithmetic progressions of the

form (Xé“,xf,...,x,lfj) with x; € Z, ged(xo, x1) = 1 and 2 < [; < L for
i=0,1,...,k—1. Furthermore, we show that, for L = 3, the progression
(1,1,...,1) is the only such progression up to sign. Our proofs involve

some well-known theorems of Faltings [10], Darmon and Granville [7] as
well as Chabauty’s method applied to superelliptic curves.

7.1 Introduction

By a classical result of Euler, which apparently was already known to Fermat
(see [9] pp. 440 and 635), four distinct squares cannot form an arithmetic pro-
gression. Darmon and Merel [8] proved that, apart from trivial cases, there do not
exist 3-term arithmetic progressions consisting of [-th powers, provided [ > 3.
More generally, perfect powers from products of consecutive terms in arithmetic
progression have been extensively studied in a great number of papers; see
e.g. [20], [17] and [2] and the references there. In our article we deal with the
following problem.

Question. For all kK > 3 characterize the non-constant arithmetic progressions
(ho, h1,..., hk=1)

with gcd(hg, h1) = 1 such that each h; = xi[" for some x; € Z and [; > 2.

147
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Note that we impose the seemingly artificial primitivity condition
gcd(hg, h1) = 1. In case the h; are all like powers, the homogeneity of
the conditions ensures that up to scaling, we can assume gcd(hg, h1) = 1
without loss of generality. If we do not take all [; equal, however, there are
infinite families that are not quite trivial, but are characterized by the fact
they have a fairly large common factor in their terms; see the examples below
Theorem 3.

By a recent result of Hajdu [13] the ABC conjecture implies that if

(xéo,)q[1 ..... x,[f_’})
is an arithmetic progression with gcd(xp, x1) = 1 and [; > 2 for each i, then
k and the [; are bounded. Furthermore, he shows unconditionally that k can
be bounded above in terms of max;{/;}. In fact Hajdu proves these results for
more general arithmetic progressions which satisfy the assumptions (i), (ii) of
our Theorem 2 below.

As is known (see e.g. [14][7][15]]20][19] and the references given there),
there exist integers lo, 1, [ > 2 for which there are infinitely many primitive

arithmetic progressions of the form (xéo,x111,xé2). In these progressions the expo-

nents in question always satisfy the condition

1 + 1 + 1 >1

lo [ L=
One would, however, expect only very few primitive arithmetic progressions of
length at least four and consisting entirely from powers at least two. A definitive
answer to the above question seems beyond present techniques. As in [13], we

restrict the size of the exponents [; and prove the following finiteness result:

Theorem 7.1.1. Let k > 4 and L > 2. There are only finitely many k-term
integral arithmetic progressions (hg, h1, ..., hx—1) such that gcd(ho, h1) =1 and
hl':Xl[i with some x; € Z and2 < ; < L fori=0,1,..., k—1.

The proof of this theorem uses that for each of the finitely many possible

exponent vectors (lo, ..., lxk—1), the primitive arithmetic progressions of the form
(xéo, e ,x,lfj) correspond to the rational points on finitely many algebraic curves.

In most cases, these curves are of genus larger than 1 and thus, by Faltings’
theorem [10], give rise to only finitely many solutions.

In fact, our Theorem 1 above is a direct consequence of the following more
general result and a theorem by Euler on squares in arithmetic progression. For
a finite set of primes S, we write Z% for the set of rational integers not divisible
by primes outside S.
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Theorem 7.1.2. Let L, k and D be positive integers with L > 2,k > 3, and let
S be a finite set of primes. Then there are at most finitely many arithmetic
progressions (ho, h1, ..., hx—1) satisfying the following conditions:

(i) Fori=0,...,k—1, there exist x; € Z, 2 < |; < L and n; € Z§ such that

l,
hi = nix;',

(it) gcd(ho, h1) < D,
(iii) either k > 5, or k = 4 and l; > 3 for some i, or k = 3 (Jnd[1—0+[1—1—|-l1—2 <1.

Remark. In (iii) the assumptions concerning the exponents [; are necessary. For
k = 3 this was seen above. In case of k = 4 the condition [; > 3 for some i
cannot be omitted as is shown by e.g. the arithmetic progression xg,xf, x22, 73x32
with S = {73}. We have the homogeneous system of equations

X+ x5 =2x3

xXP +73x3 = 2x35.

A non-sinqular intersection of two quadrics in P3 is a genus 1 curve. If there
is a rational point on it, it is isomorphic to its Jacobian - an elliptic curve. In
this example the elliptic curve has infinitely many rational points. Therefore we
also have infinitely many rational solutions (xo : x1 : x2 : x3). After rescaling,
those all give primitive integral solutions as well.

For small [; we can explicitly find the parametrizing algebraic curves and,
using Chabauty's method, the rational points on them. This allows us to prove:

Theorem 7.1.3. Let kK > 4, and suppose that (hg, h1,...,hk—1) =
(xéo, x1[1, . ,x,[fj) is a primitive integral arithmetic progression with x; € Z and

2< ;<3 fori=0,1,...,k—=1. Then
(ho,hq, ... hg—q) =x(1,1,...,1).

The proof is rather computational in nature and uses p-adic methods to derive
sharp bounds on the number of rational points on specific curves. The methods
are by now well-established. Of particular interest to the connoisseur would be
the argument for the curve C4 in Section 3, where we derive that an elliptic curve
has rank 0 and a non-trivial Tate-Shafarevich group by doing a full 2-descent
on an isogenous curve and the determination of the solutions to equation (7).
The novelty for the latter case lies in the fact that, rather than considering a
hyperelliptic curve, we consider a superelliptic curve of the form

f(x) = y>, with deg(f) = 6.
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We then proceed similarly to [4] We determine an extension K over which
f(x) = g(x) - h(x), with g, h both cubic. We then determine that QQ-rational
solutions to f(x) = y> by determining, for finitely many values &, the K-rational
points on the genus 1 curve g(x) = 5y$, with x € Q.

Remark. The condition gcd(hg, h1) = 1 in Theorems 1 and 3 is necessary.
This can be illustrated by the following examples with kK = 4. Note that the
progressions below can be “reversed” to get examples for the opposite orders of
the exponents [y, l1, [5, 5.

e In case of (lg, l1, b, 3) = (2,2,2,3)

(u? = 2uv — V2 f(u, V)%, ((u? + v2)f(u, V)%, ((u? + 2uv — v2)F(u, v))%, (f(u, V)

is an arithmetic progression for any u,v € Z, where f(u,v) = ut + 8ulv +
2uv? — 8uvd + v
e In case of (lo, l1, b, 3) = (2,2,3,2)

(u2=2uv—=2v3)g(u, V)%, (u*+2v3)g(u, v))?, (g(u, v))*, (u*+4uv—2v3)g(u, v))?
is an arithmetic progression for any u,v € Z, where g(u,v) = u* + 4u3v +

8u?v? — 8uv? + 4v*,

7.2 Auxiliary results

The proof of Theorem 2 depends on the following well-known result by Darmon
and Granville [7].

Theorem A. Let A, B, C and r, s, t be non-zero integers with r, s, t > 2, and let
S be a finite set of primes. Then there exists a number field K such that all
solutions x, y,z € Z with gcd(x, y, z) € Z3 to the equation

Ax" 4+ By® = CZ'

correspond, up to weighted projective equivalence, to K-rational points on some
algebraic curve X s defined over K. Putting u = —Ax"/CZz!, the curve X is a
Galois-cover of the u-line of degree d, unramified outside u € {0, 1, 0o} and with
ramification indices eg = r,e1 = s, ey = t. Writing x(r,s, t) =1/r+1/s+ 1/t
and g for the genus of X, we find

o if ¥(r,s,t) > 1theng=0and d=2/x(r,s.t)

o if ¥(r,s,t) =1 then g =1,
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o if ¥(r,s,t) < 1theng>1.

The two results below will be useful for handling special progressions, con-
taining powers with small exponents. The first one deals with the quadratic

case.
Theorem B. Four distinct squares cannot form an arithmetic progression.

Proof. The statement is a simple consequence of a classical result of Euler (cf.
[14], p. 21), which was already known by Fermat (see [9] pp. 440 and 635). O

We also need a classical result on a cubic equation.

Theorem C. The equation x> 4+ y3 = 273 has the only solutions (x,y,z) =
+(1,1,1) in non-zero integers x, y, z with ged(x, y,z) = 1.

Proof. See Theorem 3 in [14] on p. 126. O

The next lemma provides the parametrization of the solutions of certain
ternary Diophantine equations.

Lemma 7.2.1. All solutions of the equations
i)2b%>—a’ =3, i) a®+b> =23, i) a®+2b% =33, iv) 367 —a® =263,

v)3b°=2a% = 3, vi) a®+b% = 2¢?, vii) 2a° +b? =3¢, viii) a®+3b% = 2

in integers a, b and c with gcd(a,b,c) = 1 are given by the following
parametrizations:
i) a = =(x> + 6xy?) or a = (x> + 6x%y + 6xy? + 4y°)
b= +(3x%y +2¢3) b = +(x* + 3x%y + 6xy? + 2y3)
ii) a==(x>=3x%y = 3xy* + y3)
b= +(x*+3x%y — 3xy? — y°)
iii) a = %(x* — 6x%y — bxy? + 4y3)
b = +(x* + 3x%y — 6xy? — 2¢3)
iv) a = £(x* + 9x%y + Ixy? + 9y3) or a = £(5x3 + 27x%y + 45xy? + 27y3)
b = +(x> 4+ 3x%y + Ixy? + 3y°) b = +(3x% + 15x%y + 27xy? + 1543)
v) a = +(x> + 9x%y + 18xy? + 18y>) or a = £(11x% + 81x%y + 198xy? + 162¢°)
b = %(x> + 6x2y + 18xy? + 12¢°) b = £(9x> + 66x%y + 162xy? + 132y°)
vi) a==%(x*—2xy —y?)
b= %(x* + 2xy — y?)
vii) a = £(x* + 2xy — 2y?)
b= +(x* —4xy — 2¢?)
viii) a==+(x*—3y%)2
b = +xy

Here x and y are coprime integers and the =+ signs can be chosen independently.
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Proof. The statement can be proved via factorizing the expressions in the appro-
priate number fields. More precisely, we have to work in the rings of integers
of the following fields: Q(v/—2), Q(i), Q(v/2), Q(v/3), Q(v/6). Note that the class
number is one in all of these fields. As the method of the proof of the separate
cases are rather similar, we give it only in two characteristic instances, namely
for the cases i) and vii).

i) In Z[V2] we have
(a + V2b)(a — V2b) = (—c)>.

Using gcd(a, b) = 1, a simple calculation gives that

gcd(a + V2b, a — V2b) | 2v/2

in Z[v/2]. Moreover, 1 + V2 is a fundamental unit of Z[\/2], and the only roots
of unity are =1, which are perfect cubes. Hence we have

a+V2b=(1+vV2' V2 (x+v2y), (7.1)

where a € {-1,0,1}, B € {0,1,2} and x,y are some rational integers. By
taking norms, we immediately obtain that 8 = 0. If a = 0, then expanding the
right hand side of (7.1) we get

a=x>+6xy?, b=3xy+2¢y°
Otherwise, when a = %1 then (1) yields
a=x>+6x%y +6xy? 4¢3, b= +x>+3x%y + 6xy® + 2¢°.

In both cases, substituting —x and —y for x and y, respectively, we obtain the
parametrizations given in the statement. Furthermore, observe that the copri-
mality of a and b implies gcd(x, y) = 1.

vii) By factorizing in Z[v/—2] we obtain
(b +V—=2a)(b — V—=2a) = 3¢%.
Again, gcd(a, b) = 1 implies that
ged(b + V—2a,b — V=2a) | 2v/-2

in Z[v/—2]. Note that Z[v/—2] has no other units than +1. Since 2 = —(v/—2)?,
we can write

b+ V=20 = (1)1 + V=2 1 V2 V2D V2, @)
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where a,B,y,0 € {0,1} and x, y are some rational integers. By taking norms,
we immediately get that 6 = 0 and B+ y = 1. In these cases, by expanding the
right hand side of (2) we obtain (choosing the + signs appropriately) that

a = +(£x*+ 2xy F gz), b= i(x2 F4xy — 2g2).

Substituting —x and —y in places of x and y, respectively, we get the
parametrizations indicated in the statement. Again, gcd(a,b) = 1 gives
ged(x, y) = 1. O

7.3 Proofs of the Theorems

Note that Theorem 1 directly follows from Theorem B and Theorem 2. Hence
we begin with the proof of the latter statement.

Proof of Theorem 2. Since an arithmetic progression of length k > 5 contains an
arithmetic progression of length 5, we only have to consider the cases kK = 5,4
and 3. The condition that 2 < [; < L leaves only finitely many possibilities
for the exponent vector [ = (lg,...,lk—1). Therefore, it suffices to prove the
finiteness for a given exponent vector [.

Note that if h; = mxi[" for some n; € Z%, then without loss of generality, n;
can be taken to be [;-th power free. This means that, given [, we only need to
consider finitely many vectors n = (no, ..., nk—1). Hence, we only need to prove
the theorem for k = 3, 4,5, anJ! and n fixed. Note that if gcd(hg, h1) < D, then
certainly ged(x;, x;) < D. We enlargeg with all primes up to D.

We write n = h1 — hg for the increment of the arithmetic progression. With
k, l, n fixed, the theorem will be proved if we show that the following system of
equaj[lons has only finitely many solutions:

(a) mxt —npx = (i — j)nforall 0< i < j < k—1.
(b) (X0, ...,xk_1) € Z¥ with gcd(xo, x1) < D.
Hence, we need to solve
(j — m)axtt + (m — dmpx; + (i — j)naxiy =0 for all 0 < m, i,/ < k —1.

For m = 0,i = 1, we obtain that each of our solutions would give rise to a
solution to

. l; .
jmxit = npx + (1= noxg = 0. (7.2)
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By applying Theorem A we see that such solutions give rise to Kj-rational
points on some algebraic curve C; over some number field K;. Furthermore,
putting

_mx
nox

we obtain that C; is a Galois-cover of the u-line, with ramification indices lo, [y, ;

’

over u = 00,0, j/(j — 1) respectively and unramified elsewhere.

If kK = 3, we recover the approach of Darmon and Granville. Theorem A
immediately implies that if 1/lp + 1/l1 + 1/l < 1 then C, has genus larger than
1 and thus (by Faltings) has only finitely many rational points. This establishes
the desired finiteness result.

If kK = 4, we are interested in solutions to (7.2) for j = 2, 3 simultaneously.
Let M be a number field containing both K> and K3. Then the solutions we are
interested in, correspond to M-rational points on ; and C3 that give rise to the
same value of u, i.e., we want the rational points on the fibre product G x, G.
This fibre product is again Galois and has ramification indices at least ly, 1, [2, I3
over u = 00,0, 2, % respectively. Since G, x, G3 is Galois over the u-line, all
its connected components have the same genus and degree, say, d. Writing g
for the genus of this component, the Riemann-Hurwitz formula gives us

1 1 1 1
2g-2>d[2—~ -1 -1 _ -
g - lo {4 b 13

Hence, we see that g < 1 only if [y = [y = [, = [3 = 2. For other situations, we
have g > 2, so (; x, (3 has only finitely many M-rational points.

If Kk =5, we argue similarly, but now we consider C; x, G3 x, C4, with
ramification indices at least ly, [1, 5, 3,14 over u = 0,00, 1, %% respectively.
Hence, we obtain

2g—2>d[3-———————— —1,

so that g > 2 in all cases. O

Proof of Theorem 3. The proof involves some explicit computations that are too
involved to do either by hand or reproduce here on paper. Since the computations
are by now completely standard, we choose not to bore the reader with excessive
details and only give a conceptual outline of the proof. For full details, we refer
the reader to the electronic resource [1], where a full transcript of a session using
the computer algebra system MAGMA [3] can be found. We are greatly indebted
to all contributors to this system. Without their work, the computations sketched
here would not at all have been trivial to complete.
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It suffices to prove the assertion for k = 4. We divide the proof into several
parts, according to the exponents of the powers in the arithmetic progression. If
(lo,lh, 2, 3) =1(2,2,2,2), (3,3,3,3), (2,3,3,3) or (3,3, 3, 2), then our statement
follows from Theorems B and C. We handle the remaining cases by Chabauty's
method. We start with those cases where the classical variant works. After that
we consider the cases where we have to resort to considering some covers of
elliptic curves.

The cases (lo, 1, b, 3) = (2,2,2,3) and (3,2,2,2).

From the method of our proof it will be clear that by symmetry we may
suppose (lo, 1,0, 3) = (2,2,2,3). That is, the progression is of the form
xg,xf,xzz,xg. Applying part i) of our Lemma to the last three terms of the pro-

gression, we get that either
x1 = (3 +6xy?), x2 = =(3x%y + 24°)
or
x1 = £(x> + 6x%y + 6xy? + 4y3),  x2 = £(x> + 3x%y + 6xy? + 24°)

where x, y are some coprime integers in both cases.

In the first case by x5 = 2x? — x5 we get

x§ = 2x° +15x%y? + 60x?y* — 44°.

Observe that x # 0. By putting Y = xo/x> and X = y?/x’ we obtain the elliptic
equation
Y2 = —4X> + 60X? + 15X + 2.

A straightforward calculation with MAGMA gives that the elliptic curve described
by this equation has no affine rational points.
In the second case by the same assertion we obtain

xg = x0 +18x°y + 75x*y? + 120x3y> + 120x%y* + 72xy° + 284°.

If y =0, then the coprimality of x and y yields x = +1, and we get the trivial
progression 1,1,1,1. So assume that y # 0 and let Y = xo/y>, X = x/y. By
these substitutions we are led to the hyperelliptic (genus two) equation

Cy: Y2 = X0 4+18X° +75X% +120X3 +120X? + 72X + 28.

We show that C1(Q) consists only of the two points on C1 above X = oo, denoted
by cot and co™.
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The order of Jiors(Q) (the torsion subgroup of the Mordell-Weil group J(Q)
of the Jacobian of C4) is a divisor of ged(#J(Fs), #J(F7)) = gcd(21,52) = 1.
Therefore the torsion subgroup is trivial. Moreover, using the algorithm of M.
Stoll [18] implemented in MAGMA we get that the rank of J(Q) is at most one.
As the divisor D = [oot — 00| has infinite order, the rank is exactly one. Since
the rank of J(Q) is less than the genus of C1, we can apply Chabauty’s method
[6] to obtain a bound for the number of rational points on C1. For applications
of the method on related problems, we refer to [5], [11], [12], [16].

As the rank of J(Q) is one and the torsion is trivial, we have J(Q) = (Do)
for some Dy € J(Q) of infinite order. A simple computation (mod 13) shows
that D ¢ 57(Q), and a similar computation (mod 139) yields that D ¢ 297 (Q).
Hence D = kDgy with 51 k, 29 1 k. The reduction of C; modulo p is a curve of
genus two for any prime p # 2,3. We take p = 29. Using Chabauty's method
as implemented in MAGMA by Stoll, we find that there are at most two rational
points on Cq1. Therefore we conclude that C1(Q) = {co™, 00}, which proves the
theorem in this case.

The cases (lp, 11,12, 13) =(2,2,3,2) and (2, 3,2, 2).

Again, by symmetry we may suppose that (lo, l1, 2, 3) = (2,2, 3,2). Then the
progression is given by xg,xf,xg,xg. Now from part iii) of our Lemma, applied

to the terms with indices 0, 2, 3 of the progression, we get
xo = £(x> — 6x%y — bxy? + 4y3), x3 = £(x> + 3x%y — b6xy? — 24°)

where x, y are some coprime integers. Using X12 = (ng + x32)/3 we obtain

xf = x° — 6x°y + 15x*y? + 40x°y> — 24xy” + 124°.

If y =0, then in the same way as before we deduce that the only possibility is
given by the progression 1,1,1,1. Otherwise, if y # 0, then write Y = x1/y3,
X = x/y to get the hyperelliptic (genus two) curve

Co: Y2 = X0 —6X° +15X% +40X3 — 24X +12.

By a calculation similar to that applied in the previous case (but now with p = 11
in place of p = 29) we get that C2(Q) consists only of the points co™ and co™.
Hence the statement is proved also in this case.

The cases (lp, 11,1, 3) =(3,2,3,2) and (2, 3,2, 3).

As before, without loss of generality we may assume (lo, 11,12, 3) =
(3,2,3,2). Then the progression is given by x3, x7, x3, x3. We have

3., .3
2_ Xt X

—Xg + 3x§'
X > B e

. (7.3)

2 _
X3 =
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We note that x; = 0 implies X12 = —X32, hence x; = x3 = 0. So we may
assume that x # 0, whence we obtain from (7.3) that

2 2 6 3
5 (8] 2 (3)
XZ3 X2 X2 '

Thus putting Y = 2X‘|X3/X23 and X = xg/xy, it is sufficient to find all rational

points on the hyperelliptic curve
C3: V2 =-X"+2X°+3.

We show that C3(Q) = {(—1,0), (1, £2)}.

Using MAGMA we obtain that the rank of the Jacobian J(Q) of C3(Q) is at
most one, and the torsion subgroup Jiors(Q) of J(Q) consists of the elements
O and [(1=53,0) + (12531,0) — oo™ — 007 As the divisor D = [(—1,0) +
(1,—2) — c0™ — 00| has infinite order, the rank of J(Q) is exactly one. The
only Weierstrass point on C3 is (—1,0). We proceed as before, using the primes
7 and 11 in this case. We conclude that (1, £2) are the only non-Weierstrass
points on C3. It is easy to check that these points give rise only to the trivial
arithmetic progression, so our theorem is proved also in this case.

The case (lo, 1, 1o, 3) = (3, 2,2, 3).

Now the arithmetic progression is given by xg, x12, x22, x?f. A possible approach

would be to follow a similar argument as in the previous case. That is, multiplying

the formulas
2 _ 23 + %3

3 3
. 2_X0+2X3
1 3 ’ -

X
2 3
we get
(Bxix2)? = 2x§ + 5x3x3 + 2x5.

If x3 = 0 then gcd(x2,x3) = 1 yields x? = +2, a contradiction. So we may
suppose that x3 # 0, and we obtain

Y2 =2x04+5x3+2

with X = xo/x3 and Y = 3x1x2/x3. However, a calculation with MAGMA gives
that the rank of the Jacobian of the above hyperelliptic curve is two, hence we
cannot apply the classical Chabauty argument in this case. So we follow a
different method, which also makes it possible to exhibit an elliptic curve (over
some number field) having non-trivial Tate-Shafarevich group.

For this purpose, observe that we have

(—x0x3)® = 2d% — (x1x2)?,
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where d denotes the increment of the progression. Using part i) of our Lemma
we get that there are two possible parametrizations given by

xix2 = +(x> + 6x%y + 6xy? + 4y°), d = £(x> 4+ 3x%y + 6xy° + 2¢3), xox3 = —x* +2y°

or
xix2 = £(x> + 6xy?), d = =(3x%y + 2¢°), xox3 = x> — 2¢y°.

Therefore from X12 +d= x% either
X{ + dxi — (x> 4+ 6x%y + 6xy? + 443)? = 0 (7.4)

or
xX{ +dxi — (x> +6xy?)? =0 (7.5)

follows, respectively. In the first case, the left hand side of (7.4) can be
considered as a polynomial of degree two in x. Hence its discriminant must be
a perfect square in Z, and we get the equation

5x° +54x°y + 213x"y? + 360x°y> + 384x%y* + 216xy° + 68y° = 2

in integers x, y,z. A simple calculation with MAGMA shows that the Jacobian
of the corresponding hyperelliptic curve

Y2 =5X% £ 54X% + 213X* + 360X> + 384X2 + 216X + 68

is of rank zero (anyway it has three torsion points), and there is no rational point
on the curve at all. Hence in this case we are done. It is interesting to note,
however, that this curve does have points everywhere locally. We really do need
this global information on the rank of its Jacobian in order to decide it does not
have any rational points.

In case of (7.5) by a similar argument we obtain that d” +4(x>+6xy?)? = 22,
whence

4x° +57x%y? + 156x%y* + 4y° = 22

with certain integers x, y, z. Observe that y = 0 yields a non-primitive solution.
Hence after putting Y = z/2y> and X = x/y, we get that to solve the above
equation it is sufficient to find all rational points on the curve

Cq: Y2 =f(X) = XO + (57/4) X" + 39X + 1.

We show that the rational points on C4 all have X € {0, co}.

A straightforward computation shows that the rank of the Jacobian J(Q) of
Cy4 is two, so we cannot apply Chabauty's method as before (cf. also [5]). We use
part of the 2-coverings of C4 following [4]. For details, see [1]. Let

K = Q(a) = QIX]/(X> + (57/4)X? + 39X + 1).
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Over this field, we have
f(X) = Q(X)R(X) =
(X% — a)(X* + (o + 57/4)X? + a® + (57/4)a + 39).
One easily gets that Res(Q, R) is a unit outside
S = {places p of K dividing 6 or co}
. Therefore, if (X, Y) € C4(Q) then we have
Ds: (Y1)° = 6R(X)
Ls: (Y2)* =30(X)

for some Y4, Y, € K and 0 € K* representing some element of the finite
group

K(S,2) := {[d] € K*/K*?: 2 | ordy(d) for all places p ¢ S}.

Furthermore, since Nkxygx|(Q) = f, we see that Nk p(d) € Q*2. Running
through these finitely many candidates, we see that the only class for which Ds
has points locally at the places of K above 2 and oo is represented by 0 = 1.
Over K, the curve Dy is isomorphic to

;3 4a+57 , 48a®+456a — 753
T2 YT 16 ”’

where X = v/(2u). This curve has full 2-torsion over K and a full 2-descent or

E:vi=u

any 2-isogeny descent gives a rank bound of two for E(K). However, one of the
isogenous curves,

E':Y? = X3+ (4a + 57)X? + (16a% + 228a + 624)X

has SY(E'/K) ~ Z/2Z, which shows that E'(K) is of rank zero, since E’ has
4-torsion over K. This shows that E has non-trivial 2-torsion in its Tate-
Shafarevich group and that £(K) consists entirely of torsion. In fact,

E(K) = {00, (0,0), (120® + 195a + 858)/32,0), ((—12a% — 131a + 54)/32, 0)}.

It follows that
X(C4(Q)) € X(D1(K)) = {0, 00},

where X(.) denotes the set of the X-coordinates of the appropriate points on the
corresponding curve. This proves that for all the rational points on C4 we have
X € {0, 00}, which implies the theorem also in this case.
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The cases (lo, 1, b, [3) = (2,2,3,3) and (3,3,2,2).

Again by symmetry, we may assume that (lo, 1, [2, [3) = (2,2, 3,3). Then the

ion is x2 x2 x3 3
progression is xj, X;, X5, x3, whence

xP =23 —x;3 and x§ =3x —243.

If x3 = 0 then the coprimality of x, and x3 gives )(12 = +2, which is a contradiction.

Hence we may assume that x3 # 0, and we get the equation
y?=F(x)=6x°—7x° +2

with x = x2/x3, Yy = xo0x1 /x33. Put K = Q(a) with a = v/2 and observe that we
have the factorization F(x) = G(x)H(x) over K where

G(x) =3ax* —3x  —2ax+2 and H(x)=a*x*+ax+1.

A simple calculation by MAGMA gives that Res(G, H) is a unit outside the set
S = {places p of K dividing 6 or co}. Hence we can write

3ax? —3x3 —2ax + 2 = 672

with some z from K and ¢ from the integers of K dividing 6. Moreover, observe
that the norm of J is a square in Z. Using that @ — 1 is a fundamental unit of
K,2 = a3 and 3 = (a — 1)(a + 1)3, local considerations show that we can only
have solutions with x € Q with both G(x) and H(x) € K*? if, up to squares,
0 = a—1. We consider

B3axt = 3x3 —2ax + 2 = (a — 1)7°

with x € Q and z € K. Now by the help of the point (1,1), we can transform
this curve to Weierstrass form

E: X3+ (=72a®> — 90a — 108)X + (504a® + 630a + 798) = V2.

We have E(K) =~ Z as an Abelian group and the point (X, Y) = (—a’—1,12a% +
15a + 19) is a non-trivial point on this curve. Again applying elliptic Chabauty
with p = 5, we get that the only solutions of our original equation is (x,z) =
(1,1). Hence the theorem follows also in this case.

The case (I, 1, 1o, 5) = (2,3, 3, 2).

Now we have a progression x3, X7, x3, x5, and we can write

=23 —x3 and x3=—xi+2x3.
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If x; = 0 then the coprimality of x1 and x; gives xg = +2, which is a contradiction.
Hence we may assume that x, # 0, and we are led to the equation

y? = F(x) = —2x® +5x* -2

with x = x1/x2, y = xOX3/x23. Now we have the factorization F(x) = G(x)H(x)
over K = Q(a) with a = v/2, where

G(x) = &’x' 4 (a + 23 + (@® + 2a + 1)x% + (a + 2x + o?

and
H(x) = —ax® + (& + 1)x — a.

One can easily verify that Res(G, H) = 1. Thus we obtain
xt (a4 23+ (@® + 20+ 1)+ (a+ 2x + o = 67°

where z € K and 0 is a unit of K. Moreover, as the norm of J is a square in
Z, we get that, up to squares, d =1 or a« — 1. The case when d = 1 yields the
equation

A+ (a+ 23+ (2 +2a+ )X+ (a+ 2x+ o? =22
in x € Q and z € K. We can transform this equation to an elliptic one by the
help of its point (1, @> 4+ a 4+ 1). Then applying elliptic Chabauty, the procedure
“Chabauty” of MAGMA with p = 5 in this case gives that this equation has
four solutions with x € Q, namely (x,z) = (0,1),(1,0),(£1,1). Lifting these
solutions to the original problem, our theorem follows also in this case.
When 0 = a — 1, using x = x1/x2 we get the equation

X + (a+ 2xix + (0 + 20 + 15 + (o + 2xaxg + a*x; = (a — 1)y

with some integer y of K. Writing now y in the form y = u+av+a’w with some
u,v,w € Z and comparing the coefficients of 1 and «a in the above equation,

a simple calculation shows that xix2 + x7x3 + x1x3 must be even. However,

then 2 | x1x2, and considering the progression xg,x?,xg,xg modulo 4 we get a

contradiction. Hence the theorem follows also in this case.
The case (lo, l1, b, 3) = (3,3,2,3) and (3,2, 3, 3).

As previously, without loss of generality we may assume that (lo, l1, [2, 3) =
(3,3,2,3). Then the progression is of the form xg,xf,xzz,xg. We note that
using the cubes one would find 3)(13 = X33 + 2x3 which leads to an elliptic curve.

However, this elliptic curve has positive rank, hence this approach does not work.
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So we use some other argument. We have X13 + x% = 2)(22, whence

X1+ x3 = 2su?, X12 — Xx1x3 + X% = sv?,
where u,v,s € Z with s | 3. By considerations modulo 3 we obtain that only
s = 1 is possible. Hence (2x1 — x3)> + 3x§ = (2v)? and from part viii) of our
Lemma we get that

f(x, y) == 3x%+18x°y + 9x*y? —148x3y> — 27x%y* +162xy° — 81y% = 2(+4x;)°
(7.6)

in coprime integers x, y.

Note that the equation f(x,y) = 22> is invariant under the transformation
(x,y,z) = (=3y, x, —32z). The two obvious solutions (x, y,z) = (1,—1,—4) and
(x,y,z) = (3,1,12) are interchanged by this involution.

We have the factorization f(x, y) = g(x, y)h(x, y) with

glx,y) = (0(2 +2a + 1))(3 + (—2ar3 —ad?+2a+ 1)X2g+
(3a® — 26a — 13)xy? + (—6a> — 3a° + 6a + 3)y°
and
h(x,y) = (20> + 3a®> — 2a + 9)x> + (120> + 170 — 10a + 53)x%y+

(6a> + 90 — 60 + 27)xy® + (—92a° — 141a? + 66a — 401)y>

over the number field Q(a) defined by a root a of the polynomial X* 4+ 2X3 +
4X + 2.

Using the same reasoning as before, we have that a rational solution to
f(x,y) = 22> with x, y, z not all 0, yields a solution to the system of equations

g(x, y) = d(ug + ura + uza® + uza’)?
h(x,y) = 2/6(v + via + vra? + )’
with x, y, ug,...,v3 € Q and where 0 is a representative of an element of the

finite group K(S, 3), with S = {places p of K dividing 6 or co}. For each 9, the
equations above can be expressed as eight homogeneous equations of degree 3,
describing some non-singular curve in P8 over Q. The only values of ¢ for which
this curve is locally solvable at 3 are

01 = (> +2a° —2a —2)/2 and &, = (&> + 4a’ + b6a + 2)/2.
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These values correspond to the obvious solutions with (x,y) = (1,—1) and
(x,y) = (3,1) respectively.
We now determine the K-rational points on the curve

glx,y) = 61

with x/y € Q. Using the K-rational point (x : y : z) = (1 : =1 : —2a), we can
see that this curve is isomorphic to the elliptic curve

E:Y?=X>—-48a> +33c¢” + 480a + 210.

Using a 2-descent we can verify that E(K) has rank at most 3 and some further
computations show that £(K) =~ Z3, where the points with X-coordinates

(—2a> + 130 — 28a + 44)/9,
(160> + 52a° + 14a — 1)/9,
23 +3a® — 14a — 6)/3

generate a finite index subgroup with index prime to 6. The function x/y on
the curve g(x, y) = 61213 yields a degree 3 function on E as well.

Using the Chabauty-method described in [4] and implemented in MAGMA
2.11 as Chabauty, using p = 101, we determine that the given point is in fact
the only one with x/y € Q. For details, see [1].

For d, we simply observe that using the involution (x, y) — (—3y, x), we can
reduce this case to the computations we have already done for 91.

We conclude that (x, y) = (1, —1) and (x, y) = (3, 1) give the only solutions
to f(x,y) = 2z3. These solutions correspond to the arithmetic progressions
(0,1, 2, 3) (which up to powers of 2, 3 indeed consists of second and third powers),
(1,1,1,1) and their Z*{‘213}—equivalent counterparts.

O
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Arithmetic progressions of
squares, cubes and n-th powers

Hajdu, L. and Tengely, Sz.,
Funct. Approx. Comment. Math. 41 (2009), 129-138.

Abstract

In this paper we continue the investigations about unlike powers in
arithmetic progression. We provide sharp upper bounds for the length of
primitive non-constant arithmetic progressions consisting of squares/cubes
and n-th powers.

8.1 Introduction

It was claimed by Fermat and proved by Euler (see [10] pp. 440 and 635) that
four distinct squares cannot form an arithmetic progression. It was shown by
Darmon and Merel [9] that, apart from trivial cases, there do not exist three-term
arithmetic progressions consisting of n-th powers, provided n > 3. An arithmetic
progression a1, ay, ..., a; of integers is called primitive if ged(aq,a2) = 1. A
recent result of Hajdu [11] implies that if

X (8.1)

is a primitive arithmetic progressionin Zwith2 < ;<L (i=1,..., t), then t is
bounded by some constant ¢(L) depending only on L. Note that ¢(L) is effective,
but it is not explicitly given in [11], and it is a very rapidly growing function of
L.

An the other hand, it is known (see e.qg. [12], [8], [14] and the references given
there) that there exist exponents lq, [, [3 > 2 for which there are infinitely many
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primitive arithmetic progressions of the form (8.1). In this case the exponents in
question satisfy the condition

In [5] Bruin, Gyéry, Hajdu and Tengely among other things proved that for any
t > 4 and L > 3 there are only finitely many primitive arithmetic progressions
of the form 8 1) with2 < [ <L (i=1,..., t). Furthermore, they showed that
in case of L = 3 we have x; = +1 foralli=1,..., ¢t

The purpose of the present paper is to give a good, explicit upper bound for
the length t of the progression (8.1) under certain restrictions. More precisely,
we consider the cases when the set of exponents is given by {2,n}, {2,5}
and {3,n}, and (excluding the trivial cases) we show that the length of the
progression is at most six, four and four, respectively.

8.2 Results

Theorem 8.2.1. Let n be a prime and x1[1,...,xt[’ be a primitive non-constant
arithmetic progression in Z with l; € {2,n} (i=1,...,t). Then we have t < 6.
Further, if t = 6 then

(b, b,z 1, I5,l6) =(2,n,n,2,2,2),(2,2,2,n,n,2).
In the special case n =5 we are able to prove a sharper result.

Theorem 8.2.2. Let )(111 ..... xﬁ’ be a primitive non-constant arithmetic progres-
sion in Z with l; € {2,5} (i=1,...,t). Then we have t < 4. Further, if t = 4
then

(lh, b, 3 14) =(2,2,2,5),(5,2,2,2).

Theorem 8.2.3. Let n be a prime and x1[1,...,xt[’ be a primitive non-constant
arithmetic progression in Z with l; € {3,n} (i=1,...,t). Then we have t < 4.
Further, if t = 4 then

(lh, 1, 13, l4) = (3,3,n,n),(n,n,3,3),(3,n,n,3),(n 3,3, n).

Note that Theorems 8.2.2 and 8.2.3 are almost best possible. This is demon-
strated by the primitive non-constant progression —1,0,1. (In fact one can
easily give infinitely many examples of arithmetic progressions of length three,
consisting of squares and fifth powers.)

We also remark that by a previously mentioned result from [5], the number of
progressions of length at least four is finite in each case occurring in the above
theorems.
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8.3 Proofs of Theorems 8.2.1 and 8.2.3

In the proof of these theorems we need several results about ternary equations
of signatures (n, n,2) and (n, n, 3), respectively. We start this section with sum-
marizing these statements. The first three lemmas are known from the literature,
while the fourth one is new.

Lemma 8.3.1. Let n be a prime. Then the Diophantine equations
X"+ Y"=27% (n>5)
X"+ Y"=32% (n>5),
X" +4Y" =322 (n>7)

have no solutions in nonzero pairwise coprime integers (X, Y, Z) with XY #+ +1.

Proof. The statement follows from results of Bennett and Skinner [1], and Bruin
[4]. O

Lemma 8.3.2. Let n > 5 be a prime. Then the Diophantine equation
X"+ Y" =273
has no solutions in coprime nonzero integers X,Y,Z with XYZ #+ +1.
Proof. The result is due to Bennett, Vatsal and Yazdani [2]. O
Lemma 8.3.3. Let n > 3 be a prime. Then the Diophantine equation
X"+ Y =22"
has no solutions in coprime nonzero integers X,Y,Z with XYZ #+ +1.
Proof. The result is due to Darmon and Merel [9]. O
Lemma 8.3.4. Let n > 3 be a prime. Then the Diophantine equation
X+ Y3=22"
has no solutions in coprime nonzero integers X,Y,Z with XYZ # £1 and 31 Z.

Proof. First note that in case of n = 3 the statement follows from Lemma 8.3.3.
Let n > 5, and assume to the contrary that (X, Y, Z) is a solution to the equation
with ged(X,Y,Z) =1, XYZ #+ £1 and 3 1 Z. Note that the coprimality of
X, Y,Z shows that XY is odd. We have

(X + Y)(X2 = XY +Y?)=22".
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Our assumptions imply that ged(X + Y, X2 — XY + Y?) | 3, whence 21 XY and
3t Z yield that

X+Y=2U"and X2 = XY+ Y?=V"
hold, where U, V € Z with gcd(U, V) = 1. Combining these equations we get
f(X) :=3X?—6U"X +4U*" — V" = 0.

Clearly, the discriminant of f has to be a square in Z, which leads to an equality

of the form
Ve — U =3W?

with some W € Z. However, this is impossible by Lemma 8.3.1. OJ
Now we are ready to prove our Theorems 8.2.1 and 8.2.3.

Proof of Theorem 8.2.1. Suppose that we have an arithmetic progression (8.1) of
the desired form, with t = 6. In view of a result from [5] about the case n = 3
and Theorem 8.2.2, without loss of generality we may assume that n > 7.

First note that the already mentioned classical result of Fermat and Euler
implies that we cannot have four consecutive squares in our progression. Further,
observe that Lemmas 8.3.1 and 8.3.3 imply that we cannot have three consec-
utive terms with exponents (n,2, n) and (n, n, n), respectively, and further that
(l4,3, I5) = (n,2,n), (n,n,n) are also impossible.

If (L, o, 13, l4,l5) = (n,2,2,n,2) or (2,n,2,2,n), then we have

4xf — X' =3x2 or 4xt —x¥ =3x7,

respectively, both equations yielding a contradiction by Lemma 8.3.1.

To handle the remaining cases, let d denote the common difference of the
progression. Let ({1,102, 3,14, 5) = (2,2,n,2,2). Then (as clearly x; # 0) we
have

(1+X)(1+3X)(1+4X) = Y?

where X = d/xq and Y = xox4x5/x1. However, a simple calculation with Magma
[3] shows that the rank of this elliptic curve is zero, and it has exactly eight torsion
points. However, none of these torsion points gives rise to any appropriate
arithmetic progression.

When (11, b, 13, 14, 5, lg) = (2,2, n,n,2,2), then in a similar manner we get

(1+X)(1 +4X)(1 +5X) = Y?

with X = d/x; and Y = xox5x6/x1, and just as above, we get a contradiction.
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In view of the above considerations, a simple case-by-case analysis yields
that the only remaining possibilities are the ones listed in the theorem. Hence to
complete the proof we need only to show that the possible six-term progressions
cannot be extended to seven-term ones. Using symmetry it is sufficient to deal
with the case given by

(lh, b, 3, lg, 5, 1l6) = (2,n,n,2,2,2).

However, one can easily verify that all the possible extensions lead to a case
treated before, and the theorem follows. O]

Proof of Theorem 8.2.3. In view of Lemma 8.3.3 and the previously mentioned
result from [5] we may suppose that n > 5. Assume that we have an arithmetic
progression of the indicated form, with t = 4. By the help of Lemmas 8.3.2
and 8.3.3 we get that there cannot be three consecutive terms with exponents
(n,3,n), and (3,3, 3) or (n, n, n), respectively. Hence a simple calculation yields
that the only possibilities (except for the ones listed in the theorem) are given
by
(lh, L, 3, 14) =(3,n,3,3),(3,3,n,3).

Then Lemma 8.3.4 yields that 3 | x, and 3 | x3, respectively. However, looking
at the progressions modulo 9 and using that x> = 0, +1 (mod 9) for all x € Z
we get a contradiction with the primitivity condition in both cases.

Finally, one can easily check that the extensions of the four-term sequences
corresponding to the exponents listed in the statement to five-term ones, yield
cases which have been treated already. Hence the proof of the theorem is
complete. O

8.4 Proof of Theorem 8.2.2

To prove this theorem we need some lemmas, obtained by the help of
elliptic Chabauty’s method. To prove the lemmas we used the program
package Magma [3].  The transcripts of computer calculations can be
downloaded from the URL-s www.math.klte.hu/~tengely/Lemma4.1 and
www.math.klte.hu/~tengely/Lemma4.2, respectively.

Lemma 8.4.1. Let a = v/2 and put K = Q(a). Then the equations
C: X' +3X+?X+aX+1=(a—1)Y? (8.2)
and

G: X' —BXP+ X —aX+1=(a" -+ P —a+1)Y? (83)
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in X € Q, Y € K have the only solutions

1 3" +50° —a®+3a+5
3" 9

X, V=0 x(a*+ P+ a® +a+1),

and (X, Y) = (1, 1), respectively.

Proof. Using the so-called elliptic Chabauty’s method (see [6], [7]) we deter-
mine all points on the above curves for which X is rational. The algorithm is
implemented by N. Bruin in Magma, so here we indicate the main steps only,
the actual computations can be carried out by Magma. We can transform Gy to
Weierstrass form

Er: X —(@+ 1) —(a*+40° —4a—5)x+ (2a* —a® —4a? — a + 4) = y°.

The torsion subgroup of £ consists of two elements. Moreover, the rank of E4
is two, which is less than the degree of the number field K. Applying elliptic
Chabauty (the procedure "Chabauty' of Magma) with p = 3, we obtain that
X e {1,-1/3}

In case of ; a similar procedure works. Now the corresponding elliptic curve
E; is of rank two. Applying elliptic Chabauty this time with p =7, we get that
X =1, and the lemma follows. O

Lemma 8.4.2. Let B = (14 V/5)/2 and put L = Q(B). Then the only solutions
to the equation

G: X'+ @BB—12X3+(16B—=30)X?+ (8B —12)X +1=Y?  (84)
inXeQ Yelare (X,Y)=(0,£1).

Proof. The proof is similar to that of Lemma 8.4.1. We can transform C3 to
Weierstrass form

Es: xX*—(B-1x*—=(B+2)x+2B=y’

The torsion group of £3 consists of four points and (x, y) = (B—1,1) is a point of
infinite order. Applying elliptic Chabauty with p = 13, we obtain that (X, Y) =
(0, £1) are the only affine points on (3 with rational first coordinates. O

Now we can give the

Proof of Theorem 8.2.2. Suppose that we have a four-term progression of the
desired form. Then by Lemmas 8.3.1, 8.3.3 and the result of Fermat and Euler
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we obtain that all the possibilities (except for the ones given in the statement)
are
(lh, b, 13 14) =(2,2,5,5),(5,5,2,2),(2,5,5,2),

(5,2,2,5),(2.2,5,2),(2,5,2,2).

We show that these possibilities cannot occur. Observe that by symmetry we
may assume that we have

(h, b, 5, 13) = (2,2,5,5),(2,5,5,2), (5.2,2,5),(2,2,5, 2).

In the first two cases the progression has a sub-progression of the shape
a?, b>,c®. Note that here gced(b,c) = 1 and bc is odd. Indeed, if ¢ would
be even then we would get 4 | a?, ¢, whence it would follow that b is even - a
contradiction. Taking into consideration the fourth term of the original progres-
sion, a similar argument shows that b is also odd. Using this subprogression we
obtain the equality 2b> — ¢® = a?. Putting a = v/2 we get the factorization

(ab — c)(a*b* + &*bPc + oa?b*? + ab + ') = o? (8.5)

in K = Q(a). Note that the class number of K is one, a*, a3, a%, a,1 is an

integral basis of K, 1 = a—1, &2 = a+a+1 provides a system of fundamental
units of K with Nkg(e1) = Nkjg(e2) = 1, and the only roots of unity in K are
given by £1. A simple calculation shows that

D := gcd(ab — ¢, a*b* + &?b3c + oa?b*c? + abc + ) | ged(ab — ¢, 5abc3)

in the ring of integers Ok of K. Using gcd(b,c) =1 and 2t cinZ, we get D | 5
in Ok. Using e.g. Magma, one can easily check that 5 = (3a* + 40> — a? —
6a — 3)(a® + 1), where 3a* + 40> — a®> — 6a — 3 is a unit in K, and a? + 1
is a prime in Ok with Nk jg(a? + 1) = 5. By the help of these information, we
obtain that

ab —c = (=1)0(a =19 (> + a+ 1)°(a? + 1)82°

with ko, k1, k2, ks € {0,1} and z € Ok. Taking the norms of both sides of the
above equation, we get that ko = k3 = 0. Further, if (k1, k2) = (0,0),(1,1),(0,1)
then putting z = 240t + 30° + 200 + zya + zg with z; € Z (i=0,...,4) and
expanding the right hand side of the above equation, we get 2 | b, which is a
contradiction. (Note that to check this assertion, in case of (k1, k2) = (0, 1) one
can also use that the coefficients of a® and o> on the left hand side are zero.)
Hence we may conclude that (k1, ko) = (1,0). Thus using (8.5) we get that

a'bt + b3c + a?b’? + abP + ¢t = (a— 1)y2
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with some y € Ok. Hence after dividing this equation by c¢* (which cannot be
zero), we get (8.2), and then a contradiction by Lemma 8.4.1. Hence the first two
possibilities for (l1, [, [3, [4) are excluded.

Assume next that ([, o, [5,ls) = (5,2,2,5). Then we have 2x? + x; = 3x3.
Using the notation of the previous paragraph, we can factorize this equation over
K to obtain

(ax1 + X4)((X4X14 — 0(3)(13)(4 + O(Z)qzxf — axq x::’ + xff) = 3x22. (8.6)
Observe that the primitivity condition implies that gcd(x1, x4) = 1, and 2 1 xqx4.
Hence in the same manner as before we obtain that the greatest common divisor
of the terms on the left hand side of (8.6) divides 5 in Ok. Further, a simple
calculation e.g. with Magma yields that 3 = (a 4+ 1)(a* — &> + a? — a + 1),
where o +1 and o* — a® + a? — @ + 1 are primes in Ok with Nx/g(a +1) =3
and NK/@(O(4 — o+ a’> —a+1) = 81, respectively. Using these information we
can write

axi 4+ x4 = (1)@ =19 + a+ 1)(a+1)8(a" — ® + a? — a + 1)k 22

with ko, k1, k2, k3, k4 € {0,1} and z € Ok. Taking the norms of both sides of
the above equation, we get that kg = 0 and k3 = 1. Observe that k4 = 1 would
imply 3 | x1, x4. This is a contradiction, whence we conclude k4 = 0. Expanding
the above equation as previously, we get that if (ki, k2) = (0,1),(1,0),(1,1)
then xq is even, which is a contradiction again. (To deduce this assertion, when
(k1, k2) = (1,1) we make use of the fact that the coefficients of & and a? vanish
on the left hand side.) So we have (k1, k) = (0, 0), which by the help of (8.6)
implies

a4xf — a3x13X4 + azxfxf - ax1xf + Xf“ = (@' -+ a?—a+1)y?

with some y € Ok. However, after dividing this equation by x{ (which is
certainly non-zero), we get (8.3), and then a contradiction by Lemma 8.4.1.

Finally, suppose that (l1, [2, 3, l4) = (2, 2,5, 2). Using the identity X22 +x§ =
2)(3?, e.g. by the help of a result of Pink and Tengely [13] we obtain

x> = u’ —5utv — 1003v2 + 10023 + 500t — VP

and
x4 = u° 4+ 50ty —1003v? — 100V + 50t +0V°

with some coprime integers u,v. Then the identity 3x2 — x3 = 2x? implies

(u? —duv + v3)f(u,v) = x} (8.7)
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where
f(u,v) = u8 —16u”v — 60u®v? + 160u°v3 + 1340 v +

+16u°v° — 60u2v® — 16uv’ + V8.

A simple calculation shows that the common prime divisors of the terms at the
left hand side belong to the set {2,5}. However, 2 | x; would imply 4 | x7, x3,
which would violate the primitivity condition. Further, if 5 | x; then looking at the
progression modulo 5 and using that by the primitivity condition x22 = xf ==+1
(mod 5) should be valid, we get a contradiction. Hence the above two terms are
coprime, which yields that

fu,v) = w?

holds with some w € Z. (Note that a simple consideration modulo 4 shows that
f(u,v) = —w? is impossible)) Let B = (1 +/5)/2, and put L = Q(B). As is
well-known, the class number of L is one, B,1 is an integral basis of L, B is a
fundamental unit of L with Njg(B) = 1, and the only roots of unity in L are
given by £1. A simple calculation shows that

f(u,v) = g(u, v)h(u,v)
with
g(u,v) = u? + (88 —12)uPv + (168 — 30)uv? + (88 — 12)uv> + v*
and
h(u,v) = u* + (=8B — 4 v + (168 — 14)u*v? + (—8B — 4)uv> + v*.

Further, gcd(6, x1) = 1 by the primitivity of the progression, and one can easily
check modulo 5 that 5 | xq is also impossible. Hence we conclude that g(u, v)
and h(u, v) are coprime in the ring O; of integers of L. Thus we have

glu,v) = (—1)oph 22

with some ko, k1 € {0,1} and z € O;. Note that as 2 1 x1, equation (8.7) implies
that exactly one of u, v is even. Hence a simple calculation modulo 4 shows that
the only possibility for the exponents in the previous equation is kg = k1 = 0.
However, then after dividing the equation with v* (which cannot be zero), we get
(8.4), and then a contradiction by Lemma 8.4.2.

There remains to show that a four-term progression with exponents
(L, o, 13, 14) = (2,2,2,5) or (5,2,2,2) cannot be extended to a five-term one.
By symmetry it is sufficient to deal with the first case. If we insert a square or
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a fifth power after the progression, then the last four terms yield a progression
which has been already excluded. Writing a fifth power, say xg in front of
the progression would give rise to the identity xg + x7 = 2x2, which leads
to a contradiction by Lemma 8.3.1. Finally, putting a square in front of the
progression is impossible by the already mentioned result of Fermat and
Euler. O
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Triangles with two integral sides

Tengely, Sz,
Annales Mathematicae et Informaticae 34 (2007), 89-95.

Abstract

We study some Diophantine problems related to triangles with two
given integral sides. We solve two problems posed by Zoltan Bertalan and
we also provide some generalization.

9.1 Introduction

There are many Diophantine problems arising from studying certain properties
of triangles. Most people know the theorem on the lengths of sides of right
angled triangles named after Pythagoras. That is a® + b? = 2.

An integer n > 1 is called congruent if it is the area of a right triangle with
rational sides. Using tools from modern arithmetic theory of elliptic curves and
modular forms Tunnell [10] found necessary condition for n to be a congruent
number. Suppose that n is a square-free positive integer which is a congruent

number.

(@) If n is odd, then the number of integer triples (x, y, z) satisfying the equa-
tion n = 2x? 4+ y® 4 827 is just twice the number of integer triples (x, y, z)
satisfying n = 2x? 4 y? + 3277

(b) If n is even, then the number of integer triples (x,y, z) satisfying the
equation 5 = 4x? + y? + 827 is just twice the number of integer triples
(x,y, z) satisfying 4 = 4x? + y? + 3227

A Heronian triangle is a triangle having the property that the lengths of
its sides and its area are positive integers. There are several open problems
concerning the existence of Heronian triangles with certain properties. It is
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not known whether there exist Heronian triangles having the property that the
lengths of all their medians are positive integers [6], and it is not known whether
there exist Heronian triangles having the property that the lengths of all their
sides are Fibonacci numbers [7]. Gaél, Jarasi and Luca [5] proved that there are
only finitely many Heronian triangles whose sides a, b, c € S and are reduced,
that is gcd(a, b, ¢) = 1, where S denotes the set of integers divisible only by
some fixed primes.

Petulante and Kaja [9] gave arguments for parametrizing all integer-sided
triangles that contain a specified angle with rational cosine. It is equivalent to
determining a rational parametrization of the conic u? —2auv + v = 1, where
a is the rational cosine.

The present paper is motivated by the following two problems due to Zoltan
Bertalan.

(1) How to choose x and y such that the distances of the clock hands at 2
o'clock and 3 o'clock are integers?

(i) How to choose x and y such that the distances of the clock hands at 2
o'clock and 4 o'clock are integers?

We generalize and reformulate the above questions as follows. For given
0 < a,B < 7 we are looking for pairs of triangles in which the length of the
sides (z,, zg) opposite the angles a, B are from some given number field Q(6)
and the length of the other two sides (x, y) are rational integers. Let ¢1 = cos(a)
and ¢» = cos(B).

Zg

By means of the law of cosine we obtain the following systems of equations
x? — 2¢1xy + y2 = Z(ZI.

X2 = 2@xy + y? = Zé,

After multiplying these equations and dividing by y* we get

Cap i X = 2(p1 + 92) X3 + (A1 + 20X = 2(p1 + @)X + 1= Y2,
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where X = x/y and Y = z,z3/y?. Suppose @1, 2 € Q(6) for some algebraic
number 6. Clearly, the hyperelliptic curve C,p has a rational point (X, Y) =
(0,1), so it is isomorphic to an elliptic curve & g. The rational points of an
elliptic curve form a finitely generated group. We are looking for points on & g
for which the first coordinate of its preimage is rational. If & g is defined over
Q and the rank is O, then there are only finitely many solutions, if the rank is
greater than 0, then there are infinitely many solutions. If the elliptic curve &
is defined over some number field of degree at least two, then one can apply the
so-called elliptic Chabauty method (see [2, 3] and the references given there) to
determine all solutions with the required property.

9.2 Curves defined over QQ

9.21 (a,B) = (n/3, 7/2)

The system of equations in this case is

2 2_ 2
X" =Xy ty" =27y,

2 2 2
X + y = Z]T/Z'

The related hyperelliptic curve is Cp/3 /2.
Theorem 9.2.1. There are infinitely many rational points on Cx3,x)2.

Proof. In this case the free rank is 1, as it is given in Cremona’s table of elliptic
curves [4] (curve 192A1). Therefore there are infinitely many rational points on

Crp3,m2- O
Corollary. Problem (i) has infinitely many solutions.

Few solutions are given in the following table.

X y Zn/3 Znj2
8 15 13 17
1768 2415 2993 3637
10130640 8109409 9286489 12976609
498993199440 | 136318711969 | 517278459169 | 579309170089
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9.2.2 (a,B) = (m/2,27/3)
The system of equations in this case is
X +yt =27,
X2 + Xy + gz = zgﬂ/}
The hyperelliptic curve Cyj2.2/3 is isomorphic to Cn/3 /2, therefore there are
infinitely many rational points on Cr/2.2/3-
9.23 (a,B) = (n/3,27/3)
We have

2 2 2
XT = XY +Y" =23,
2 2_ 2
XXy + YT = 23
After multiplying these equations we get

X4 + X2y2 + g4 = (Zﬂ/322ﬂ/3)2. (91)

Theorem 9.2.2. If (x,y) is a solution of (9.1) such that gcd(x,y) = 1, then
xy = 0.
Proof. See [8] at page 19. O

Corollary. Problem (ii) has no solution.

MAGMA code clock.m:

clock:=function(a,b,p)

P1:=ProjectiveSpace(Rationals(),1);
K1:=Parent(a);
K2:=Parent (b) ;

if IsIntegral(a) then Kil:=RationalField(); end if;
if IsIntegral(b) then K2:=RationalField(); end if;

if Degree(K1)*Degree(K2) eq 1 then K:=RationalField();
else
if Degree(K1l) gt 1 and Degree(K2) gt 1 then
K:=CompositeFields(K1,K2) [1];
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else
if Degree(K1l) eq 1 then K:=K2; else K:=K1;
end if;
end if;
end if;

P<X>:=PolynomialRing(K);

print K;
ka:=K'a;
kb:=K!Db;

C:=HyperellipticCurve(X~4-2#*(ka+kb)*X"~3+
(4xka*xkb+2) *X~2-2* (ka+kb) *X+1) ;

umap :=map<C->P1|[C.1,C.3]>;

pt:=C![0,1];
E,CtoE:=EllipticCurve(C,pt);
Em,EtoEm:=MinimalModel(E);

U:=Expand (Inverse (CtoE+*EtoEm) *umap) ;
RB:=RankBound (Em) ;

print Em,RB;

if RB ne O then
success,G,mwmap:=PseudoMordellWeilGroup (Em) ;
NC,VC,RC,CC:=Chabauty (mwmap,U,p) ;
print success,NC,#VC,RC;
if NC eq #VC then print
{EvaluateByPowerSeries(U,mwmap(gp)): gp in VC};
forall{pr: pr in PrimeDivisors(RC) |
IsPSaturated (mwmap,pr)};
end if;
else
success,G,mwmap:=PseudoMordellWeilGroup(Em) ;
print #G;
print #TorsionSubgroup(Em) ;
print {EvaluateByPowerSeries(U,mwmap(gp)): gp in G};
end if;
return K,C;

end function;

In the following sections we use the so-called elliptic Chabauty's method
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(see [2], [3]) to determine all points on the curves Cq g for which X is rational.
The algorithm is implemented by N. Bruin in MAGMA [1], so here we indicate
the main steps only, the actual computations can be carried out by MAGMA.
The MAGMA code clock.m which were used is given below. It requires three
inputs, a, b as members of some number fields and p a prime number.

9.3 Curves defined over Q(v/2)

9.31 (a,B) = (7/4, 7/2)
The hyperelliptic curve Crj4,5/2 is isomorphic to

Enjanp: Vi=ud—u?—=3u—1.
The rank of Eyja x> over Q(v2) is 1, which is less than the degree of Q(v/2).
Applying elliptic Chabauty (the procedure "Chabauty" of MAGMA) with p = 7,
we obtain that (X, Y) = (0, £1) are the only affine points on C,/4 /2 with rational
first coordinates. Since X = x/y we get that there does not exist appropriate
triangles in this case.

932 (a,B) = (n/4, n/3)

The hyperelliptic curve Crj4 /3 is isomorphic to
Enla 3 v = u3+(\6—1)u2—2u—\6.

The rank of Eq4,22 over Q(v/2) is 1 and applying elliptic Chabauty's method
again with p = 7, we obtain that (X, Y) = (0, £1) are the only affine points on
Cn/4.x/3 With rational first coordinates. As in the previous case we obtain that
there does not exist triangles satisfying the appropriate conditions.

9.4 Curves defined over Q(v/3) and Q(v/5)

In the following tables we summarize some details of the computations, that is
the pair (a, B), the equations of the elliptic curves &, g, the rank of the Mordell-

Weil group of these curves over the appropriate number field (Q(v/3) or Q(\f
the rational first coordinates of the affine points and the primes we used

(@, B) Eup Rank X p
(7/6, 7/2) v=uP—u?—2u 1 {0, £1} 5
(nl6,7/3) | =P+ (V3= —u+(—V3+1) 1 {0} 7
(75, m2) | vi=uP —u?+1/2(V5— 7u+1/2f 3) 1 {0} 13
(n/5,7/3) | V=P +12(V5 = 1)u? +1/2(V5 - 5)u —1 1 {0,1} | 13
(7/5,27/5) vZ=ud—2u—1 1 {0} 7
()5, 47/5) | v2=u +1/2(—V/5+ Nu? —4u+ (2V5—2) 0 {0} -
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In case of (a, B) = (71/5, /3) we get the following family of triangles given

by the length of the sides

—1 5
(%, y, 24) = (t, t er\[t and (x, g, zg) = (.1, 1),

where t € N.
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Integral Points on Hyperelliptic
Curves

Bugeaud, Y., Mignotte, M., Siksek, S., Stoll, M. and Tengely, Sz,
Algebra & Number Theory 2 (2008), 859-885.

Abstract

Let C : Y2 = a,X" 4+ --- + ag be a hyperelliptic curve with the a;
rational integers, n > 5, and the polynomial on the right irreducible. Let J
be its Jacobian. We give a completely explicit upper bound for the integral
points on the model C, provided we know at least one rational point on
C and a Mordell-Weil basis for J(Q). We also explain a powerful refine-
ment of the Mordell-Weil sieve which, combined with the upper bound, is
capable of determining all the integral points. Our method is illustrated

by determining the integral points on the genus 2 hyperelliptic models
Y2—v=X"-Xand (5) = (5).

10.1 Introduction
Consider the hyperelliptic curve with affine model
C:Y?2=a, X"+ a1 X"+ +ao, (10.1)

with ag, ..., a, rational integers, a, # 0, n > 5, and the polynomial on the right
irreducible. Let H = max{|ao

..., |an|}. In one of the earliest applications of
his theory of lower bounds for linear forms in logarithms, Baker [2] showed that
any integral point (X, Y) on this affine model satisfies

max(|X|,|Y|) < exp exp exp{(nm”H)”z}.

Such bounds have been improved considerably by many authors, including
Sprindzuk [44], Brindza [6], Schmidt [40], Poulakis [38], Bilu [3], Bugeaud [14]
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and Voutier [52]. Despite the improvements, the bounds remain astronomical and
often involve inexplicit constants.

In this paper we explain a new method for explicitly computing the integral
points on affine models of hyperelliptic curves (10.1). The method falls into two
distinct steps:

(1) We give a completely explicit upper bound for the size of integral solutions
of (10.1). This upper bound combines the many refinements found in the
papers of Voutier, Bugeaud, etc., together with Matveev's bounds for linear
forms in logarithms [31], and a method for bounding the regulators based
on a theorem of Landau [29].

(i) The bounds obtained in (i), whilst substantially better than bounds given
by earlier authors, are still astronomical. We explain a powerful variant of
the Mordell-Weil sieve which, combined with the bound obtained in (i), is
capable of showing that the known solutions to (10.1) are the only ones.

Step (i) requires two assumptions:
(@) We assume that we know at least one rational point Py on C.

(b) Let J be the Jacobian of C. We assume that a Mordell-Weil basis for J(Q)
is known.

For step (ii) we need assumptions (a), (b) and also:

(c) We assume that the canonical height h - J(Q) — R is explicitly computable
and that we have explicit bounds for the difference

m < h(D)—h(D) < 41 (10.2)

where h is an appropriately normalized logarithmic height on J that allows
us to enumerate points P in J(Q) with h(P) < B for a given bound B.

Assumptions (a)—(c) deserve a comment or two. For many families of curves of
higher genus, practical descent strategies are available for estimating the rank
of the Mordell-Weil group; see for example [17], [37], [39] and [46]. To provably
determine the Mordell-Weil group one however needs bounds for the difference
between the logarithmic and canonical heights. For Jacobians of curves of genus
2 such bounds have been determined by Stoll [45], [47], building on previous
work of Flynn and Smart [25]. At present, no such bounds have been determined
for Jacobians of curves of genus > 3, although work on this is in progress.
The assumption about the knowledge of a rational point is a common sense
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assumption that brings some simplifications to our method, although the method
can be modified to cope with the situation where no rational point is known.
However, if a search on a curve of genus > 2 reveals no rational points, it is
probable that there are none, and the methods of [12], [13], [8] are likely to
succeed in proving this.

We illustrate the practicality of our approach by proving the following results.

Theorem 10.1.1. The only integral solutions to the equation
yZ—y=X>-X (10.3)
are

(X, Y)=(=1.0), (=1,1), (0,0), (0,1), (1,0), (1.1), (2,-5),
(2,6), (3,—15), (3,16), (30, —4929), (30, 4930).

Theorem 10.1.2. The only integral solutions to the equation
Y X
= 10.4
[2)=5) 09

(X, Y) =(0,0), (0,1), (1,0), (1,1), (2,0), (2,1), (3,0), (3,1), (4,0), (4,1),
(5,—1), (5,2), (6,=3), (6,4), (7,—6), (7,7), (15, —77),
(15,78), (19, —152), (19, 153).

are

Equations (10.3) and (10.4) are of historical interest and Section 10.2 gives
a brief outline of their history. For now we merely mention that these two
equations are the first two problems on a list of 22 unsolved Diophantine prob-
lems [20], compiled by Evertse and Tijdeman following a recent workshop on
Diophantine equations at Leiden.

To appreciate why the innocent-looking equations (10.3) and (10.4) have
resisted previous attempts, let us briefly survey the available methods which
apply to hyperelliptic curves and then briefly explain why they fail in these
cases. To determine the integral points on the affine model C given by an
equation (10.1) there are four available methods:

() The first is Chabauty’s elegant method which in fact determines all rational
points on C in many cases, provided the rank of the Mordell-Weil group
of its Jacobian is strictly less than the genus g; see for example [23], [53].
Chabauty's method fails if the rank of the Mordell-Weil group exceeds the
genus.
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() A second method is to use coverings, often combined with a version of
Chabauty called ‘Elliptic Curve Chabauty. See [9], [10], [26], [27]. This
approach often requires computations of Mordell-Weil groups over number
fields (and does fail if the rank of the Mordell-Weil groups is too large).

(I11) A third method is to combine Baker’s approach through S-units with the
LLL algorithm to obtain all the solutions provided that certain relevant
unit groups and class groups can be computed; for a modern treatment,
see [4] or [43, Section XIV.4]. This strategy often fails in practice as the
number fields involved have very high degree.

(IV) A fourth approach is to apply Skolem’s method to the S-unit equations
(see [43, Section Il.2]). This needs the same expensive information as the
third method.

The Jacobians of the curves given by (10.3) and (10.4) respectively have ranks
3 and 6 and so Chabauty's method fails. To employ Elliptic Curve Chabauty
would require the computation of Mordell-Weil groups of elliptic curves without
rational 2-torsion over number fields of degree 5 (which does not seem practical
at present). To apply the S-unit approach (with either LLL or Skolem) requires
the computations of the unit groups and class groups of several number fields of
degree 40; a computation that seems completely impractical at present.

Our paper is arranged as follows. Section 10.2 gives a brief history of
equations (10.3) and (10.4). In Section 10.3 we show, after appropriate scaling,
that an integral point (x, y) satisfies x—a = k&% where « is some fixed algebraic
integer, £ € Q(a), and « is an algebraic integer belonging to a finite computable
set. In Section 10.9 we give bounds for the size of solutions x € Z to an equation
of the form x—a = KEZ where o and « are fixed algebraic integers. Thus, in effect,
we obtain bounds for the size of solutions integral points on our affine model for
(10.1). Sections 10.4-10.8 are preparation for Section 10.9: in particular Section
10.4 is concerned with heights; Section 10.5 explains how a theorem of Landau
can be used to bound the regulators of number fields; Section 10.6 collects
and refines various results on appropriate choices of systems of fundamental
units; Section 10.7 is devoted to Matveev's bounds for linear forms in logarithms;
in Section 10.8 we use Matveev's bounds and the results of previous sections
to prove a bound on the size of solutions of unit equations; in Section 10.9
we deduce the bounds for x alluded to above from the bounds for solutions of
unit equations. Despite our best efforts, the bounds obtained for x are still
so large that no naive search up to those bounds is conceivable. Over the
next three sections 10.10, 10.11, 10.12 we explain how to sieve effectively up



10.2. History of Equations (10.3) and (10.4) 191

to these bounds using the Mordell-Weil group of the Jacobian. In particular,
Section 10.11 gives a powerful refinement of the Mordell-Weil sieve ([12], [8])
which we expect to have applications elsewhere. Finally, in Section 10.13 we
apply the method of this paper to prove Theorems 10.1.1 and 10.1.2.

We are grateful to the referee and editors for many useful comments, and to
Mr. Homero Gallegos—Ruiz for spotting many misprints.

10.2 History of Equations (10.3) and (10.4)

The equation (10.3) is a special case of the family of Diophantine equations
YP—Y =X7-X, 2<p<aq. (10.5)

This family has previously been studied by Fielder and Alford [21] and by
Mignotte and Peth6 [32]. The (genus 1) case p = 2, ¢ = 3 was solved by
Mordell [33] who showed that the only solutions in this case are

(X,Y)=(0,0),(0,1),(£1,0),(£1,1),(2,3),(2,-2),(6,15), (6, —14).
Fielder and Alford presented the following list of solutions with X, Y > 1:

(p. g, X,Y)=(2.3,2,3),(2.3,6,15),(2,5,2,6),(2,5,3,16),
(2,5,30,4930), (2,7,5,280), (2,13,2,91),(3,7,3,13).

Mignotte and Pethd proved that for given p and g with 2 < p < g, the Diophan-
tine equation (10.5) has only a finite number of integral solutions. Assuming the
abc-conjecture, they showed that equation (10.5) has only finitely many solu-
tions with X, Y > 1.

If p=2,qg>2andy is aprime power, then Mignotte and Pethé found all
solutions of the equation and these are all in Fielder and Alford's list.

Equation (10.4) is a special case of the Diophantine equation

(0 ()

in unknowns k, [, m, n. This is usually considered with the restrictions 2 < k <
n/2, and 2 < | < m/2. The only known solutions (with these restrictions) are
the following

2)=5) (2)=05) (%) =(5)
(2)=(3) (2)=(5) (2)=(5)-(5)

(221) _ (17) (F2i+2F21+3) _ (F21+2F21+3 1) fori—1.2
2 8/’ FiFoiis FaFaiz+1 )
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where F, is the nth Fibonacci number. It is known that there are no other non-
trivial solutions with (}) < 10%° or n < 1000; see [19]. The infinite family of
solutions was found by Lind [30] and Singmaster [42].

Equation (10.6) has been completely solved for pairs

(k, ) =1(2,3), (2,4), (2.6), (2,8), (3.4), (3,6), (4,6), (4,8).

These are the cases when one can easily reduce the equation to the deter-
mination of solutions of a number of Thue equations or elliptic Diophantine
equations. In 1966, Avanesov [1] found all solutions of equation (10.6) with
(k. l) = (2,3). De Weger [18] and independently Pintér [35] solved the equa-
tion with (k,l) = (2,4). The case (k,l) = (3,4) reduces to the equation
Y(Y + 1) = X(X + 1)(X + 2) which was solved by Mordell [33]. The remaining
pairs (2,6),(2,8),(3,6), (4,6), (4, 8) were treated by Stroeker and de Weger [50],
using linear forms in elliptic logarithms.

There are also some general finiteness results related to equation (10.6). In
1988, Kiss [28] proved that if k = 2 and [ is a given odd prime, then the equation
has only finitely many positive integral solutions. Using Baker’s method, Brindza
[7] showed that equation (10.6) with k = 2 and [ > 3 has only finitely many
positive integral solutions.

10.3 Descent

Consider the integral points on the affine model of the hyperelliptic curve (10.1).
If the polynomial on the right-hand side is reducible then the obvious factorisa-
tion argument reduces the problem of determining the integral points on (10.1)
to determining those on simpler hyperelliptic curves, or on genus 1 curves. The
integral points on a genus 1 curve can be determined by highly successful algo-
rithms (e.g. [43], [49]) based on LLL and David’s bound for linear forms in elliptic
logarithms.

We therefore suppose henceforth that the polynomial on the right-hand side
of (10.1) is irreducible; this is certainly the most difficult case. By appropriate
scaling, one transforms the problem of integral points on (10.1) to integral points
on a model of the form

ay? = x"+ b,_1x"" + - + by, (10.7)

where a and the b; are integers, with @ # 0. We shall work henceforth with this
model of the hyperelliptic curve. Denote the polynomial on the right-hand side
by f and let a be a root of f. Then a standard argument shows that

x—azxéz
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where k, ¢ € K = Q(a) and « is an algebraic integer that comes from a finite
computable set. In this section we suppose that the Mordell-Weil group J(Q) of
the curve C is known, and we show how to compute such a set of k using our
knowledge of the Mordell-Weil group J(Q). The method for doing this depends
on whether the degree n is odd or even.

10.3.1 The Odd Degree Case

Each coset of J(Q)/2/(Q) has a coset representative of the form Y ", (P; — c0)
where the set {P1,..., Py} is stable under the action of Galois, and where all
y(P;) are non-zero. Now write x(P;) = yi/dlz where y; is an algebraic integer and
d; € Z>1; moreover if P;, P; are conjugate then we may suppose that d; = d;
and so y;, y; are conjugate. To such a coset representative of J(Q)/2/(Q) we
associate "

K = g(mmod?2) |_| (yi - ad%) )
=1

L

Lemma 10.3.1. Let KL be a set of k associated as above to a complete set of
coset representatives of J(Q)/2J(Q). Then K is a finite subset of Ok and if (x, y)
is an integral point on the model (10.7) then x — a = k& for some k € K and
ek

Proof. This follows trivially from the standard homomorphism
6:J(@2/(Q — K*/K*

that is given by

m

i(Pi - oo)) =a"[ [(x(P)—a) (mod K*?)
i=1

i=1

0

for coset representatives ) (P; — oo) with y(P;) # 0; see Section 4 of [46]. [

10.3.2 The Even Degree Case

As mentioned in the introduction, we shall assume the existence of at least one
rational point Py. If Py is one of the two points at infinity, let g = 1. Otherwise,
as f is irreducible, y(Po) # 0; write x(Pp) = yo/d} with yo € Z and dy € Z>
and let g = yog — ad(z).

Each coset of /(Q)/2J(Q) has a coset representative of the form Y_I" ,(P;— Py)
where the set {Py,..., Py} is stable under the action of Galois, and where all
y(P;) are non-zero for i = 1,..., m. Write x(P;) = y;/d? where y; is an algebraic



194 Integral Points on Hyperelliptic Curves

integer and d; € Zx1; moreover if P;, P; are conjugate then we may suppose
that d; = d; and so y;, y; are conjugate. To such a coset representative of

1(Q)/2J(Q) we associate
__(m mod 2) = L 2
€ =€ |—|(y, O(dl-).
i=1

Lemma 10.3.2. Let £ be a set of € associated as above to a complete set of
coset representatives of J(Q)/2J(Q). Let A be the discriminant of the polynomial
f. For each € € &, let B, be the set of square-free rational integers supported
only by primes dividing aANormk g(€). Let K = {eb:e € &, b € B:}. Then
KC is a finite subset of Ok and if (x, y) is an integral point on the model (10.7)
then x — a = k&2 for some k € K and & € K.

Proof. In our even degree case, the homomorphism 6 takes values in K*/Q*K*Z.
Thus if (x, y) is an integral point on the model (10.7), we have that (x—a) = eb&?
for some € € £ and b a square-free rational integer. A standard argument shows
that 2 | ord,(x — a) for all prime ideals p t aA. Hence, 2 | ord,(b) for all p { a/e.
Let o | p where p is a rational prime not dividing aA Normg g(€). Then p is
unramified in K/Q and so ord,(b) = ord,(b) = 0 (mod 2). This shows that
b € B, and proves the lemma. O

10.3.3 Remarks

The following remarks are applicable both to the odd and the even degree cases.

e We point out that even if we do not know coset representatives for
J(@Q)/2J(Q), we can still obtain a suitable (though larger) set of « that
satisfies the conclusions of Lemmas 10.3.1 and 10.3.2 provided we are
able to compute the class group and unit group of the number field K; for
this see for example [9, Section 2.2].

e We can use local information at small and bad primes to restrict the set IC
further, compare [12] and [13], where this is applied to rational points. In
our case, we can restrict the local computations to x € Z, instead of Qp.

10.4 Heights

We fix once and for all the following notation.
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K a number field,

Ok the ring of integers of K,

Mk the set of all places of K,

ML the set of non-Archimedean places of K,
Mg the set of Archimedean places of K,

v a place of K,

Ky the completion of K at v,

d, the local degree [K), : Q]

For v € Mk, we let ||, be the usual normalized valuation corresponding
to v; in particular if v is non-Archimedean and p is the rational prime below v

then |p|, = p~'. Thus if L/K is a field extension, and w a place of L above v
then |al|, = |aly, for all a € K.
Define

Ay = |a|gu~

Hence for @ € K*, the product formula states that
|_| a, = 1.
vEMK

In particular, if v is Archimedean, corresponding to a real or complex embedding
o of K then

aly = |oa) and . — lo(a)| if ois real
lo(a)]? if o is complex.

For a € K, the (absolute) logarithmic height h(a) is given by

1
[K: Q]

1
Z dylogmax {1, |a|,} = K- Q

veEMk

h(a) =

Z logmax {1, a,} .

veEMk

(10.8)
The absolute logarithmic height of « is independent of the field K containing a.

We shall need the following elementary properties of heights.

Lemma 10.4.1. For any non-zero algebraic number a, we have h(a™') = h(a).
For algebraic numbers «y, ..., ay, we have

h(araz -+ - an) < h(eq) + -+ - + h(ap), h(on + -+ ay) <logn +h(a) + - + h(ay).

Proof. The lemma is Exercise 8.8 in [41]. We do not know of a refer-
ence for the proof and so we will indicate briefly the proof of the second
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(more difficult) inequality. For v € Mk, choose i, in {1,...,n} to satisfy

max{|ai|v, ..., |an|v} = |ai,|u- Note that

n if vis Archimedean,

lon + -+ anlv < elai, o, where €, =

1 otherwise.

Thus

logmax{1, |1+ -+ay|v} < log ey, +logmax{1,|a;, |} < log eU+Z log max{1, |ai|v}-
i=1

Observe that

1 L
m Z dulogel,:[Ko?gm Z d, = logn;

veMg veMp

the desired inequality follows from the definition of logarithmic height (10.8). [

10.4.1 Height Lower Bound
We need the following result of Voutier [51] concerning Lehmer’s problem.

Lemma 10.4.2. Let K be a number field of degree d. Let

109 2 ifd=1,2,
Ok = loglogd \°

1 0g Lo .

7 (%) ifd > 3.

Then, for every non-zero algebraic number a in K, which is not a root of unity,
deg(a) h(a) > dk.
Throughout, by the logarithm of a complex number, we mean the principal

determination of the logarithm. In other words, if x € C* we express x = rei®

where r > 0 and —m < 6 < 71; we then let logx = logr + i6.

Lemma 10.4.3. Let K be a number field and let
S\ 112
T
O = (1 + ) .
%
For any non-zero a € K and any place v € Mk
log|a|, < deg(a)h(a), loga, < [K : Q]h(a).

Moreover, if a is not a root of unity and o is a real or complex embedding of K
then
|log o(a)| < 9% deg(a) h(a).
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Proof. The first two inequalities are an immediate consequence of the definition

of absolute logarithmic height. For the last, write g(a) = e+, with a =

log|o(a)| and |b| < 7, and let d = deg(«a). Then we have
log a(a)| = (a* + b*)""* < (log?|a(a)| + 7*)!"* < ((d h(a))® + 7*)'"%.

By Lemma 10.4.2 we have dh(a) > dk, so

2\ 12
|log o(a)| < d h(a) (1 + (92) '
K

as required. O

10.5 Bounds for Requlators

Later on we need to give upper bounds for the requlators of complicated number
fields of high degree. The following lemma, based on bounds of Landau [29], is
an easy way to obtain reasonable bounds.

Lemma 10.5.1. Let K be a number field with degree d = u + 2v where u and
v are respectively the numbers of real and complex embeddings. Denote the
absolute discriminant by Dk and the requlator by Rk, and the number of roots
of unity in K by w. Suppose, moreover, that L is a real number such that D < L.
Let

a=2"" 792V
Define the function fx (L, s) by
fi(L,s) =2""wa* ([(s/2))" (T(s))"s™" (s — 1),
and let Bk (L) = min {fx(L,2 —t/1000) :t =0,1,...,999}. Then Rk < Bk(L).

Proof. Landau [29, proof of Hilfssatz 1] established the inequality
Rk < fx(Dk,s) for all s > 1. It is thus clear that Rx < Bk/(L). O

Perhaps a comment is in order. For a complicated number field of high degree
it is difficult to calculate the discriminant Dk exactly, though it is easy to give
an upper bound L for its size. It is also difficult to minimise the function fx (L, s)
analytically, but we have found that the above gives an accurate enough result,
which is easy to calculate on a computer.
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10.6 Fundamental Units

For the number fields we are concerned with, we shall need to work with a certain
system of fundamental units, given by the following lemma due to Bugeaud and
Gydry, which is Lemma 1 of [15].

Lemma 10.6.1. Let K be a number field of degree d and let r = ri be its unit
rank and Ry its requlator. Define the constants

1)?2 d\"™ d’
c1=c1(l<)=%, 62=62(K)=C1(al<) , 63=C3(K)=C1a.
Then K admits a system {&1,..., &} of fundamental units such that:

(i) [ [he) < iR,
i=1
(ii) h(&,‘) <Rk, 1<i<r,

(iii) Write M for the r x r-matrix (loge;,) where v runs over r of the
Archimedean places of K and 1 < i < r. Then the absolute values of the
entries of M~ are bounded above by cs.

Lemma 10.6.2. Let K be a number field of degree d, and let {e1,..., &} be

a system of fundamental units as in Lemma 10.6.1. Define the constant ¢4 =

c4(K) = rdc3. Suppose € = (eﬁ” ... &br, where ( is a root of unity in K. Then

max{|b1],...,|br|} < csh(e).

Proof. Note that for any Archimedean place v of K,

loge, = Z b;logg;,.

The lemma now follows from part (iii) of Lemma 10.6.1, plus the fact that loge, <
dh(e) for all v given by Lemma 10.4.3. O

The following result is a special case of Lemma 2 of [15].

Lemma 10.6.3. Let K be a number field of unit rank r and regulator K. Let a
be a non-zero algebraic integer belonging to K. Then there exists a unit € of

K such that
log|Normg ()|

h(ae) < csRk + K0

where
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Lemma 10.6.4. Let K be a number field, B, € € K* with € being a unit. Let o
be the real or complex embedding that makes |a(Be)| minimal. Then

h(Be) < h(B) — log|o(Be)|.
Proof. As usual, write d = [K : Q] and d, = [K,, : Q,]. Note

h(Be) = h(1/Be)
:15 Z d, max{0, log(|35|;1)}+1§ Z d, max{0, log(Bel, ")}

veMp UGMIO<
- 1 -
<log(|o(Be)| ) + 5 ) dumax{0,log(IB;")}
veM
1
< —loglo(Be)| + - ) dymax{0,log(|Bl, ")}
UE/\/IK

< —logla(Be)| + h(B),

as required. O

10.7 Matveev's Lower Bound for Linear Forms in
Logarithms

Let L be a number field and let o be a real or complex embedding. For a € L*
we define the modified logarithmic height of a with respect to o to be

hig(a) := max{[L : Q]h(a), |loga(a)|, 0.16}.

The modified height is clearly dependent on the number field; we shall need
the following Lemma which gives a relation between the modified and absolute
height.

Lemma 10.7.1. Let K C L be number fields and write

0.16[K : @]} |

aL/K = max {[L . Q] ’ [K . Q]ak ’ aK

Then for any a € K which is neither zero nor a root of unity, and any real or
complex embedding o of L,

hL’o'(a) < aL/K h(a)



200 Integral Points on Hyperelliptic Curves

Proof. By Lemma 10.4.3 we have
[K : QJok h(a) > 9% deg(a) h(a) > |log a(a)|.

Moreover, by Lemma 10.4.2,

016K : Qlh(a) _ 0.16 deg(a) h(a)

> 0.16.
Jk - dk -

The lemma follows. O

We shall apply lower bounds on linear forms, more precisely a version of
Matveev's estimates [31]. We recall that log denotes the principal determination
of the logarithm.

Lemma 10.7.2. Let L be a number field of degree d, with o1, ..., a, € L*. Define
a constant

C(L, n):=3-30"" . (n +1)>° d? (1 + log d).

Consider the “linear form”

o b1 b
Ne=ay'--a," =1,

where by, . . ., b, are rational integers and let B := max{|b1|, ..., |bn|}. IfA+#0,
and o is any real or complex embedding of L then

log|a(A)| > —C(L, n)(1 + log(nB))[ |hLe(c).
j=1

Proof. This straightforward corollary of Matveev's estimates is Theorem 9.4 of
[16]. O

10.8 Bounds for Unit Equations

Now we are ready to prove an explicit version of Lemma 4 of [14]. The proposition
below allows us to replace in the final estimate the requlator of the larger field
by the product of the regulators of two of its subfields. This often results in a
significant improvement of the upper bound for the height. This idea is due to
Voutier [52].
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Proposition 10.8.1. Let L be a number field of degree d, which contains Ky and
K> as subfields. Let Rk, (respectively r;) be the regulator (respectively the unit
rank) of K;. Suppose further that vy, v and v3 are non-zero elements of L with
height < H (with H > 1) and consider the unit equation

vier+wer+vie3 =0 (10.9)

where €1 is a unit of K1, €2 a unit of Ky and €3 a unit of L. Then, for i = 1
and 2,
h(viei/vzes) < Ay + A1 log{H + max{h(vi&1), h(v2€2)}},

where
Al =2H - C(L, rn-—+nrn-+ 1) . C1(K1)C1(K2)3L/L . (aL/,q)” . (aL/KZ)fZ . R/(1 RKZ,

and
Ay =2H + A1 + At log{(r1 + r2 + 1) - max{c4(K1), ca(K2), 1} }.

Proof. Let {1, ...,y }and {p1,..., pr,} be respectively systems of fundamental
units for K7 and K3 as in Lemma 10.6.1; in particular we know that

n rn

[ 1) < 1 (K1)Rk,, [ 1h(e)) < c1(Ky)Rk,.- (10.10)
j=1 j=1

We can write
b b f fr
51:(1//’11"'!#11; €2=fzp11"'pr22,

where {4 and (3 are roots of unity and b1,...,b,,, and f1,...,f,, are rational
integers. Set

Bi = max{|b1|,....|bn|}, B2 =max{|f1]|,....|f,|}, B =max{B, By, 1}.
Set o = —(2V2/((1 V1) and by = 1. Bg (10.9),
V3€3 by —b —by, f
Vg =ayty ey pn =T

Now choose the real or complex embedding ¢ of L such that |o((v3€3)/(vier))]
is minimal. We apply Matveev's estimate (Lemma 10.7.2) to this “linear form”,
obtaining

0g o (222 ' > —C(L )1+ og(nB) by olao) [ |heoli) [ Jheoloy)

V1 &1

j=1 j=1
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where n = r1 + r; + 1. Using Lemma 10.7.1 and equation (10.10) we obtain

n

n
[ 1heols) < @) [ Th(s) < er(Ki)(@wk,)" Ry,
j=1 j=1

and a similar estimate for |—|er:1 ht,+(pj). Moreover, again by Lemma 10.7.1 and
Lemma 10.4.1, hy s(ap) < 2HJy ;.. Thus

log

V3E3
o (\/181) ‘ > —A1(1 + log(nB)).

Now applying Lemma 10.6.4, we obtain that

) (V363) <h (‘/3) + A1 + log(nB)) < 2H + A(1 + log(nB)).
V1€ V1

The proof is complete on observing, from Lemma 10.6.2, that
B < max{cs(K1), c4(K3), 1)} max{h(e1), h(e2), 1},

and from Lemma 10.4.1, h(v;&;) < h(g;) + h(v;) < h(g) + H. O

10.9 Upper Bounds for the Size of
Integral Points on Hyperelliptic Curves

We shall need the following standard sort of lemma.
Lemma 10.9.1. Let a, b, ¢, y be positive numbers and suppose that
y < a+ blog(c+y).

Then
y < 2blogb+2a+c.

Proof. Let z = c+ y, so that z < (a + ¢) + blogz. Now we apply case h =1 of
Lemma 2.2 of [34]; this gives z < 2(blog b + a + ¢), and the lemma follows. [

Theorem 10.9.1. Let o be an algebraic integer of degree at least 3, and let k
be a integer belonging to K. Let oy, o, a3 be distinct conjugates of o and ki,
k2, k3 be the corresponding conjugates of k. Let

Ki =Q(a1, 2, VKik2), Ko =Q(a1,03,VKik3), K3 =Q(a2, 03,/k2K3),

and

L=Q(a, 2, a3, \/K1K2, /K1 K3).
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Let R be an upper bound for the regulators of Ky, Ky and K3. Let r be the
maximum of the unit ranks of K1, K5, K3. Let

c; = max ¢j(Kj).

1<i<3
Let
2
N = max, [Normgia,q)0(ki(ai — o))
Let .
* * 0g
H" =R+ + h(k).
> mln1gl~§3[/<l. : Q] ( )
Let
2r
A*:ZH*CL,Z 1 . *26 ) a . .RZ'
1 (L, 2r+1) - (c1)" w1 (12?33 L/KL)
and

A5 = 2H* + AT + Al log{(2r + 1) - max{c3, 1}}.

If x € Z\{0} satisfies x — a = k& for some & € K then
log|x| < 8A7 log(4A7) + 8A5 + H* 4+ 20log 2 + 13 h(k) + 19 h(a).

Proof. Conjugating the relation x—a = k&2 appropriately and taking differences
we obtain

2 2 2 2 2 2
a—m =k —Kké, —a=K& —ké, o—o=Kk&E—Kd.

Let
=K, T =Kk &, 73 = VK1K3&3.
Observe that

K1(O(1—Q’2)=T22—T12, K1((13—Q’1)=T12—T32, K1(O{2—O(3)=T32—T2,

and
D+ EeEK, M ek, B3ExnEVKIKK].

We claim that each 7; = 7; can be written in the form ve where € is a unit in
one of the K; and v € L is an integer satisfying h(v) < H*. Let us show this for
T, —13; the other cases are either similar or easier. Note that 7,— 13 = V1 /k2V"”
where v” is an integer belonging to K3. Moreover, v” divides

K2 K

2
—(T3— 1) -1/ — (T3 + T») = Kol — 3).
K1( 3— 1) K1( 3+ 1) = ko( — a3)
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Hence |Normk,g(v”)] < N. By Lemma 10.6.3, we can write v’ = v'e where
€ € K3 and

Now let v = Vki/kav'. Thus 12 — 13 = ve where h(v) < h(V') + h(k) < H*
proving our claim.

We apply Proposition 10.8.1 to the unit equation
(01 —n)+(3—7)+(2-1)=0,

which is indeed of the form vie1 + voe2 + v3e3 = 0 where the v; and ¢; satisfy
the conditions of that proposition with H replaced by H*. We obtain

h ( :1 - :2 ) < A3 + Ajlog{ H* + max{h(t2 — 73), h(t1 — 12)}}.
1— 13

Observe that

h(t; £ 7;) < log2 + h(t;) + h(T))
< log2 + 2 h(k) + 2 h(&)
< log2 + 3h(k) + h(x — a)
< 2log2 + 3h(k) + h(a) + log]x|,

where we have made repeated use of Lemma 10.4.1. Thus

(T2 ) <A A toglas + ogla),
M—13

where A = H* + 21log 2 + 3 h(k) + h(a).
We also apply Proposition 10.8.1 to the unit equation

(M+n)+(z3—1)—(2+ 1) =0,

to obtain precisely the same bound for h (g%g) Using the identity

(T1—T2)'(T1+T2) :K1(0(2—C(1)

T — T3 T — T3 (1 — 1)’

we obtain that

log 2 + h(k)

h — <
(1 —13) < >

+ h(a) + A5 + Aj log(A3 + log|x|).
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Now

log|x| < log2 + h(a) + h(x — o)
< log2 + h(a) + h(x) + 2h(y) (using x — o = T12/K1)
<5log2+ h(a) + h(k) + 2h(t1 + 13) + 2h(1 — 13)

K1(o3 — aq)

§5l092+h(a)+h(x)+2h( )+2h(‘r1—1'3)

1 — T3
< 7log2+5h(a) + 3h(k) +4h(t) — 13)
< 9log2 + 9h(a) + 5h(k) + 4A5 + 4A7 log(A3 + log|x|).

The theorem follows from Lemma 10.9.1. O

10.10 The Mordell-Weil Sieve |

The Mordell-Weil sieve is a technique that can be used to show the non-
existence of rational points on a curve (for example [12], [8]), or to help determine
the set of rational points in conjunction with the method of Chabauty (for exam-
ple [11]); for connections to the Brauer—-Manin obstruction see, for example, [24],
[36] or [48]. In this section and the next we explain how the Mordell-Weil sieve
can be used to show that any rational point on a curve of genus > 2 is either a
known rational point or a very large rational point.

In this section we let C/Q be a smooth projective curve (not necessarily
hyperelliptic) of genus g > 2 and we let J be its Jacobian. As indicated in the
introduction, we assume the knowledge of some rational point on C; henceforth
let D be a fixed rational point on C (or even a fixed rational divisor of degree
1) and let j be the corresponding Abel-Jacobi map:

J:C— ], P [P — D]

Let W be the image in J of the known rational points on C. The Mordell-Weil
sieve is a strategy for obtaining a very large and ‘smooth’ positive integer B
such that

J(C(Q) € W+ BIQ).

Recall that a positive integer B is called A-smooth if all its prime factors are
< A. By saying that B is smooth, we loosely mean that it is A-smooth with A
much smaller than B.

Let S be a finite set of primes, which for now we assume to be primes of
good reduction for the curve C. The basic idea is to consider the following
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commutative diagram.

C(Q) ——= J(Q)/BJ(@Q)

| la

J
[ ]CE,) [ | J(F,)/BI(E,)

peS peS

The image of C(Q) in J(Q)/BJ(Q) must then be contained in the subset of
J(@Q)/BJ(Q) of elements that map under « into the image of the lower hori-
zontal map. If we find that this subset equals the image of W in J(Q)/BJ(Q),
then we have shown that

J(C(Q) € W+ BJQ)

as desired. Note that, at least in principle, the required computation is finite:
each set C(F,) is finite and can be enumerated, hence j(C(F,)) can be deter-
mined, and we assume that we know explicit generators of J(Q), which allows
us to construct the finite set J(Q)/BJ(Q). In practice, and in particular for the
application we have in mind here, we will need a very large value of B, so this
naive approach is much too inefficient. In [12] and [8], the authors describe how
one can perform this computation in a more efficient way.

One obvious improvement is to replace the lower horizontal map in the dia-
gram above by a product of maps

C(Q,) % G,/BG,

with suitable finite quotients G, of /(Q,). We have used this to incorporate in-
formation modulo higher powers of p for small primes p. This kind of information
is often called “deep” information, as opposed to the “flat” information obtained
from reduction modulo good primes.

We can always force B to be divisible by any given (not too big) number. In
our application we will want B to kill the rational torsion subgroup of J.

10.11 The Mordell-Weil Sieve Il

We continue with the notation of Section 10.10. Let W be the image in J(Q) of all
the known rational points on C. We assume that the strategy of Section 10.10 is
successful in yielding a large ‘smooth’ integer B such that any point P € C(Q)
satisfies J(P) — w € BJ(Q) for some w € W, and moreover, that B kills all the
torsion of J(Q).
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Let
¢:Z" > JQ),  ¢lar,...,a) =) a;D;
so that the image of ¢ is simply the free part of J(Q). Our assumption is now
that
J(C(@Q)) € W+ ¢(BZ").

Set Lg = BZ". We explain a method of obtaining a (very long) decreasing
sequence of lattices in Z":

BZ" =121 DD DL (10.11)

such that
JICQ)) C W+ ¢(Ly)
forj=1,... k.

If g is a prime of good reduction for / we denote by

b0 2 > IE),  bglar,....a) =Y _aiD,

—_—

and so ¢4(l) = ¢(l).

Lemma 10.11.1. Let W be a finite subset of J(Q), and let L be a subgroup of Z.
Suppose that j(C(Q)) C W + ¢(L). Let g be a prime of good reduction for C and
J. Let L’ be the kernel of the restriction ¢q|L. Letly,..., L, be representatives of
the non-zero cosets of L/L" and suppose that W + ¢4(l;) & JC(Fy) for allw € W
and i=1,...,m. Then j(C(Q)) C W + ¢(L).

Proof. Suppose P € C(Q). Since j(C(Q)) C W + ¢(L), we may write J(P) =
w + ¢(l) for some L € L. Now let lp = 0, so that lo, ..., L, represent all cosets
of L/L’. Thenl=1;+ U forsome ' € "and i =0, ..., m. However, ¢4(l') = 0,
or in other words, 5(\[7) = 0. Hence

—_—

J(P) = J(P) = W + (1) = W + @g(L) + dg(l') = W + g (L).

By hypothesis, w + ¢4(l;) & JC(Fy) for i =1,...,m, so i = 0 and so |; = 0.
Hence j(P)=w+ '€ W + L’ as required. O

We obtain a very long strictly decreasing sequence of lattices as in
(10.11) by repeated application of Lemma 10.11.1. However, the conditions of
Lemma 10.11.1 are unlikely to be satisfied for a prime g chosen at random.
Here we give criteria that we have employed in practice to choose the primes g.
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(1) ged(B, #/(Fy)) > (#(F,))*°,
() L'+ L,
(Il) #W - (#L/L' —1) < 2q,
(IV) W + ¢g(ly) & JC(Fy) forallw e Wand i=1,...,m.

The criteria |-V are listed in the order in which we check them in practice.
Criterion 1V is just the criterion of the lemma. Criterion Il ensures that L is
strictly smaller than L, otherwise we gain no new information. Although we
would like L’ to be strictly smaller than L, we do not want the index L/L" to be
too large and this is reflected in Criteria | and Ill. Note that the number of checks
required by Criterion IV (or the lemma) is #W - (#L/L" — 1). If this number is
large then Criterion IV is likely to fail. Let us look at this in probabilistic terms.
Assume that the genus of C is 2. Then the probability that a random element
of J(Fq) lies in the image of C(Fg) is about 1/q. If N = #W - (#L/L" —1)
then the probability that Criterion 1V is satisfied is about (1 — g~ ")N. Since
(1 =g "7 ~ e~", we do not want N to be too large in comparison to g, and
this explains the choice of 2q in Criterion Ill.

We still have not justified Criterion I. The computation involved in obtaining
L’ is a little expensive. Since we need to do this with many primes, we would
like a way of picking only primes where this computation is not wasted, and
in particular #L/L’ is not too large. Now at every stage of our computations,
L will be some element of our decreasing sequence (10.11) and so contained
in BZ". Criterion | ensures that a ‘large chunk’ of L will be in the kernel of
¢q 1 Z" — J(Fq) and so that #L/L" is not too large. The exponent 0.6 in
Criterion | is chosen on the basis of computational experience.

10.12 Lower Bounds for the Size of Rational Points

In this section, we suppose that the strategy of Sections 10.10 and 10.11 suc-
ceeded in showing that j(C(Q)) C W + ¢(L) for some lattice L of huge index in
Z', where W is the image of J of the set of known rational points in C. In this
section we provide a lower bound for the size of rational points not belonging
to the set of known rational points.

Lemma 10.12.1. Let W be a finite subset of J(Q), and let L be a sublattice of
Z". Suppose that j(C(Q)) C W + ¢(L). Let y1 be a lower bound for h — h as in
(10.2). Let

pzzmax{ fl(w) T we W]».



10.13. Proofs of Theorems 10.1.1 and 10.1.2 209

Let M be the height-pairing matrix for the Mordell-Weil basis Dy, ..., D, and
let A1, ..., A, be its eigenvalues. Let

ugzmln{\@ : j:1,...,r}.

Let m(L) be the Euclidean norm of the shortest non-zero vector of L, and suppose
that psm(L) > po. Then, for any P € C(Q), either j(P) € W or

h(y(P)) > (3m(L) — t2)* + w1,

Note that m(L) is called the minimum of L and can be computed using an
algorithm of Fincke and Pohst [22].

Proof. Suppose that j(P) & W. Then j(P) = w+ ¢(l) for some non-zero element
L € L. In particular, if - denotes Euclidean norm then L > m(L).

We can write M = NAN! where N is orthogonal and A is the diagonal
matrix with diagonal entries A;. Let x = LN and write x = (x4, ..., x;). Then

h(p(l)) = ML = xAx! > 13x% = 1312 > 15m(L)%.

Now recall that D +— \/fAI(D) defines a norm on J(Q) ® R and so by the
triangle inequality

VAP =V hg) —/hiw) = usm(t) — .

The lemma now follows from (10.2). O

Remark. We can replace pzm(L) with the minimum of L with respect to the
height pairing matrix. This is should lead to a very slight improvement. Since
in practice our lattice L has very large index, computing the minimum of L with
respect to the height pairing matrix may require the computation of the height
pairing matrix to very great accuracy, and such a computation is inconvenient.
We therefore prefer to work with the Euclidean norm on Z'.

10.13 Proofs of Theorems 10.1.1 and 10.1.2
The equation Y2 — Y = X® — X is transformed into
C : 2y>=x>—16x+8, (10.12)

via the change of variables y = 4Y — 2 and x = 2X which preserves integrality.
We shall work the model (10.12). Let C be the smooth projective genus 2 curve
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Table 10.1:
coset of unit rank bound R for bound for
J(Q)/2)(Q) K of K; requlator of K; log x

0 1 12 1.8 x 10% 1.0 x 10%03

D; —2a 21 6.2 x 10°3 7.6 x 10492

D, 4 - 2a 25 1.3 x10%* 2.3 x 10290

Ds —4 —2a 21 3.7 x 10°° 1.6 x 10498

D + D, —2a+ a? 21 1.0 x 1072 3.2 x 10487
D; + D3 2a + a? 25 7.9 x 10°° 5.1 x 10°%°
D + Ds —4+ 21 3.7 x 10°° 1.6 x 10498
Di+ D>+ D3 | 8a—2a° 25 7.9 x 10°° 5.1 x 10°%°

with affine model given by (10.12), and let J be its Jacobian. Using MAGMA [5]
we know that J(Q) is free of rank 3 with Mordell-Weil basis given by
Dy =(0,2) — oo, D; =(2,2) — oo, D3 = (=2,2) — 0.

The MAGMA programs used for this step are based on Stoll's papers [45], [46],
[47].

Let f = x> — 16x + 8. Let a be a root of f. We shall choose for coset rep-
resentatives of /(Q)/2/(Q) the linear combinations 2?21 n;D; with n; € {0,1}.
Then

X—azkfz,

where k € K and K is constructed as in Lemma 10.3.1. We tabulate the «
corresponding to the 2?21 n;D; in Table 10.1.

Next we compute the bounds for logx given by Theorem 10.9.1 for each
value of k. We implemented our bounds in MAGMA. Here the Galois group
of f is S5 which implies that the fields K4, K5, K3 corresponding to a partic-
ular k are isomorphic. The unit ranks of Kj, the bounds for their regulator as
given by Lemma 10.5.1, and the corresponding bounds for log x are tabulated in
Table 10.1.

A quick search reveals 17 rational points on C:

00, (—=2,£2), (0,£2), (2,+2), (4,+22), (6, +62),
(1/2, £1/8), (—15/8, £697/256), (60, =9859).

Let W denote the image of this set in J(Q). Applying the implementation of the
Mordell-Weil sieve due to Bruin and Stoll which is explained in Section 10.10
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we obtain that j(C(Q)) C W + BJ(Q) where
B = 4449329780614748206472972686179940652515754483274306796568214048000
=2%.3*.5.77.112.13°.17°.19.23. 2931 [| »p.

37<p<149
p#107

For this computation, we used “deep” information modulo 29,30, 5% 73,113,132,
172,192, and “flat” information from all primes p < 50000 such that #J(Fp) is
500-smooth (but keeping only information coming from the maximal 150-smooth
quotient group of /(IFy)). Recall that an integer is called A-smooth if all its prime
divisors are < A. This computation took about 7 hours on a 2 GHz Intel Core 2
CPU.

We now apply the new extension of the Mordell-Weil sieve explained in
Section 10.11. We start with Ly = BZ> where B is as above. We successively
apply Lemma 10.11.1 using all primes g < 10° which are primes of good reduc-
tion and satisfy criteria I-IV of Section 10.11. There are 78498 primes less than
10°. Of these, we discard 2, 139, 449 as they are primes of bad reduction for C.
This leaves us with 78495 primes. Of these, Criterion | fails for 77073 of them,
Criterion 1l fails for 220 of the remaining, Criterion Il fails for 43 primes that
survive Criteria | and Il, and Criterion IV fails for 237 primes that survive Criteria
I-11I. Altogether, only 922 primes g < 10° satisfy Criteria I-IV and increase the
index of L.

The index of the final L in Z> is approximately 3.32 x 103240 This part of
the computation lasted about 37 hours on a 2.8 GHZ Dual-Core AMD Opteron.

Let 1, w2, p3 be as in the notation of Lemma 10.12.1. Using MAGMA we
find tn = 2.677, up = 2.612 and p3 = 0.378 (to 3 decimal places). The shortest
vector of the final lattice L is of Euclidean length approximately 1.156 x 101080
(it should be no surprise that this is roughly the cube root of the index of L in
73). By Lemma 10.12.1 if P € C(Q) is not one of the 17 known rational points
then

h(;(P)) > 1.9 x 102,

If P is an integral point, then h(j(P)) = log2 + 2log x(P). Thus
log x(P) > 0.95 x 10219,

This contradicts the bounds for log x in Table 10.1 and shows that the integral
point P must be one of the 17 known rational points. This completes the proof of
Theorem 10.1.1. The proof of Theorem 10.1.2 is similar and we omit the details.

The reader can find the MAGMA programs for verifying the above computa-
tions at: http://www.warwick.ac.uk/staff/S.Siksek/progs/intpoint/
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