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Stellingen

W Letq > 1beaninteger and f : N — Q a periodic function mod q, i.e. f(n + q) = f(n)
for all n € N. Denote by (q) the Euler totient function and by v, (n) the exponent to which p
divides n. Put

P(d) = {pprime | pdivides q,,(d) > vp(q)},

1
e(r,p) = vp(q) + — if p € P(r) and v (7) otherwise.
p —

Let f(m) = f(n) for all m,n with v, (m) = v, (n) for all prime divisors p of q. Then
> @ = 0 if and only if

n=1

> (%) 1) =0

v|q

and
q

Z f(r)e(r,p) =0 forall prime divisors p of g.

r=1
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6s conjectured that if f : N — Z is periodic mod q such that f(n) € {—1, 1} when
1,...,g—1and f(q) =0, then > "> , @ = 0. However, there exists a function
N — {+£1} with period 36 such that

n=1 n



Erd6s conjectured that if f : N — Z is periodic mod ¢ such that f(n) € {—1, 1} when
n=1,...,q—1and f(q) =0, then > "> , @ # 0. However, there exists a function
f : N — {41} with period 36 such that

n=1 n

If f : N — Z is a function with period ¢ = p{"* - - - p7" such that f(n) € {—1,1} when
n=1,...,q—1and f(qg) = 0and f(m) = f(n) for all m,n with v,(m) = v,(n) for all
primesp | gand > > 4 fn) _ g, Theno; > 2fori =1,2,...,7r.

n

2005. majus 6. — p.3/15



U ={u1,...,u} beasetof distinct positive integers and s = Zf’zl u;. Theset U is
to be a unique-sum set if the equation Zle ciu; = s with ¢; € NU {0} has only the
tionc; = 1fori =1,2,...,n. Let u be an element of a unique-sum set U. Then

#U§g+1



Let U = {u1,...,ux} beaset of distinct positive integers and s = Zf":l w;. Theset U is
said to be a unique-sum set if the equation Zle c;u; = sWith ¢; € NU {0} has only the
solutionc; = 1fori =1,2,...,n. Let u be an element of a unique-sum set U. Then

#U§g+L

For every positive integer n the set
n—1
Gn = | J{2" - 2"}
k=0

IS @ unique-sum set.
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Let U = {u1,...,ux} beaset of distinct positive integers and s = Zf":l w;. Theset U is
said to be a unique-sum set if the equation Zle c;u; = sWith ¢; € NU {0} has only the
solutionc; = 1fori =1,2,...,n. Let u be an element of a unique-sum set U. Then

#U§g+L

For every positive integer n the set
n—1
Gn = | J{2" - 2"}
k=0

IS @ unique-sum set.

All the solutions of the Diophantine equation z# + 223 — 922y? + 2zy — 15y — 7 = 0in
rational integers are given by

(ZE, y) S {(_47 _1)7 (_17 _1)7 (17 _1)7 (27 _1)}'
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re exists a solution of the Diophantine equation =2 + ¢* = 2yP in positive integers
, P, q, With p and ¢ odd primes.



re exists a solution of the Diophantine equation =2 + ¢* = 2yP in positive integers
, P, q, With p and ¢ odd primes.

Diophantine equation 22 + ¢2™ = 2 - 2005 does not admit a solution in integers
n,p,q, with p and ¢ odd primes.



There exists a solution of the Diophantine equation 2 4 ¢g* = 2yP in positive integers
x, vy, P, q, with p and ¢ odd primes.

The Diophantine equation 2 + ¢?™ = 2 - 2005P does not admit a solution in integers
x, m,p, q, With p and ¢ odd primes.

Let C be the curve given by
Y2 =X%—-17X* - 20X2 + 36.

Then C(Q) = {co—, 00, (£1,0), (0, £6)}.
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There exists a solution of the Diophantine equation 2 4 ¢g* = 2yP in positive integers
x, vy, P, q, with p and ¢ odd primes.

The Diophantine equation 2 + ¢?™ = 2 - 2005P does not admit a solution in integers
x, m,p, q, With p and ¢ odd primes.

Let C be the curve given by
Y2 =X%—-17X* - 20X2 + 36.

Then C(Q) = {co—, 00, (£1,0), (0, £6)}.

One can use TeX not only for typesetting but also for resolving Diophantine equations.
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There exists a solution of the Diophantine equation 2 4 ¢g* = 2yP in positive integers
x, vy, P, q, with p and ¢ odd primes.

The Diophantine equation 2 + ¢?™ = 2 - 2005P does not admit a solution in integers
x, m,p, q, With p and ¢ odd primes.

Let C be the curve given by
Y2 =X%—-17X* - 20X2 + 36.

Then C(Q) = {co—, 00T, (£1,0), (0, £6)}.
One can use TeX not only for typesetting but also for resolving Diophantine equations.

Klaar is kész.

2005. majus 6. — p.5/15



Tekintsik a kovetkez0 gorbét:
C: Y’ = f3X"+ foX' + f1X° + fo = F(X),

ahol f; € 7Z és I diszkriminansa nem nulla.
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Tekintsik a kovetkez0 gorbét:
C: YV’=fX0+ hX'+ iX° + fo = F(X),
ahol f; € 7Z és I diszkriminansa nem nulla.

C genusza 2
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ahol f; € 7Z és I diszkriminansa nem nulla.

C genusza 2
ha J rangja < 2
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Tekintsik a kovetkez0 gorbét:
C: YV’=fX0+ hX'+ iX° + fo = F(X),
ahol f; € 7Z és I diszkriminansa nem nulla.

C genusza 2
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Tekintsik a kovetkez0 gorbét:

C: YV’=fX0+ hX'+ iX° + fo = F(X),
ahol f; € 7Z és I diszkriminansa nem nulla.

C genusza 2

ha J¢ rangja < 2

Chabauty-maodszer alkalmazhato

ha J¢ rangja > 1
?
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Ikus Chabauty

: (X,Y) — (X2Y)



Ikus Chabauty

(XY) — (X2Y)
' Y= FYx) = fax® + for® + fix + fo



Ikus Chabauty

(XY) — (X%Y)
. Yz — Fa(ili’) — f35133 = f25132 = fliU = f()
(X,Y) — (1/X2%Y/X3)



Ikus Chabauty

Y) — (X2Y)

= F(x) = fsz’ + for* + frz + fo
Y) — (1/X%2Y/X?)

= F’(x) = for® + fie® + fox + f3

(X

X

YZ
(X

Y2



Elliptikus Chabauty

.¢1°( )—>(X27Y)

mEY: Y= Fz) = fsx° + for’ + fiz + fo
“ s (X,Y) — (1/X%,Y/X?)
BE: Y’ =F'z) = for’ + iz’ + fox + f3

= Tegyuk fel, hogy F'* irreducibilis és
{(xla 1/1)7 SR (xma Ym)}

egy reprezentacidja £4(Q)/2E£(Q)—nak.
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H)do lekepezés

yoke F'*(x)—nek.
i E9(Q) — Q(a)*/(Q()*)?

(#,Y) = fa(z — ), ploo) =1

2 létezik (x;, Y;) ugy, hogy (x,Y) + (z;,Y;) € 26*(Q)

“(Q) igy (z — a)(z; — a) € Qa)?

v — a)(fzz? 4 (f2 +afs)z + (fi + afz +a’fs)) = Y? € Q(a)?
Q(e)?

(zi — )z(fsz® + (f2 + afs)z+ (f1 + afe + o® f3)) = y°



Tetel (Flynn,Wetherell). Legyen

Fx) = fs(x — aq)(x — az)(x — az) (nem feltétlendl
irreducibilis), tegyiik fel, hogy (X,Y) € C(Q) és

x = X?. Ekkor van olyan 1 < i < m, hogy « kielégiti a
kovetkez0 egyenleteket:

Ep y,? = (x; —ag)eFx)/(x —ap), k=1,2,3,

ahol y. € Q(ay) és (z; — ay) = f3, ha (z;,Y;) = oo és
(i — ag) = f3 ] [pzi(xi — o), haz; = ay.

2005. majus 6. — p.9/15



A F-\\V tétel alkalmazasa

Y2 =X6—17X* —20X? +36 = (X — 1)(X +1)(X? —18)(X? + 2)
F(z)=(x—18)(z — 1)(z + 2)

00 B :9°=z(x—1)(x+2)
Ty =(—2:0:1) | E11:y?=—20z(x — 1)(z + 2)
To=(1:0:1) | E23:y?=3x(x—18)(xz — 1)
G=(0:-6:1) | E31:y?=—18z(x — 1)(z + 2)
T + T E43:y? =20x(z — 18)(z — 1)
T+ G E51 :9°? = 10z(z — 1)(z + 2)
T+ G Es.1 :y? = 34x(x — 1)(x + 2)

C(Q) = {oo—, 00T, (£1,0), (0,£6)}
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(@) € £(Q()),z € Q

Legyen £ : y? = gzx3 + gox? + g1z + go elliptikus gorbe Q(«) felett.
z=—zfy, w=-1/y, w=g3z’+ gaz’w+ grzw’ + gow®

Rekurziv helyettesitéssel:
w = ’LU(Z) S Z[g()a g1, 92, 93] [[Z]]

Szintén hatvanysort kapunk 1 /x—re:

1/z = 1/x(z) € Z[go, 91, 92, 93] [[2]]-

Két pont 6sszegének x—koordinataja:

w(l + yow)® — (g2w + g3z + gzrow) (2 — Tow)”

gzw(z — xow)?

((.CU(), y0>—|—<ﬂ3, y))x — € Z[go, g1, 932,93, X0, yo][[Z]]
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Redukalt gérbe: £ : y2 = Gax3 + Goz? + g1z + §o.
E(Q(a)) = (€(Q())tors, P1, ..., Pr)

Az € gorbén P; mar torzio,
Qi = m; B;.

S={T+kiP1+...+k-P}.

Barmely P pontra
P=S4+nQ1+...+nQr.

A megoldasszamot korlatozé hatvanysorok:

Ooo(N1,...,np) = (M1Q1 + ... +1rQr) 5t € Zpla][[n1, ...

Qs(nl, ... ,nr) = (S—I—lel + ... —I—nrQr)x € Zp[oz][[nl, ...

2005. méjus 6. — p.12/15



Os = 05 + 00 a4+ ... 405 Vot

)

ahol 6\ = 60V (ny,... . ny) € Z[[na, ..., m,]]
A P pont z—koordinataja racionalis, ezért
o)) = ... =6V =0

a szereplo hatvanysorok megoldasszamara
Strassman-tételével nyerhetiink korlatot, ha ez
megegyezik az ismert pontok szamaval keszen vagyunk.
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Dem janenko-Manin-maodszer

Cunw:Y2=uX®+0X*+0X?% 4 u= F(X),

Ekkor £¢ = £°.

Magassag: h(P) = h(ACC1/£E2) = log(max{|z1|, |x2|}).
Kanonikus magassag: h(P) = limy,—oc 47" h([2™]P).
Tulajdonsagok: A (P) = h(P) 4+ O(1) és h(mP) = m2h(P).

ih(j) — %h(A) —1.946 < h(P) — h(P) < éh(j) + éh(A) +2.14

(f1 + ¢2)(X,Y) = (f+(X),Ygq4 (X)) € (1 — ¢2)(X,Y) = (f-(X),Yg_ (X)), ahol

_ —2uX3 —3uX? —2uX +vX?
Cu(X442X342X2 42X +1)]
2uX3 — 3uX? +2uX +vX?

== 4 3 2 ;
u(X* —2X34+2X2 —-2X +4+1)

J+(X)
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Tegytk fel, hogy £4(Q) = (£%(Q)tors, R) €S P € Cy»(Q).
Ekkor

¢1(P) = [n]R+T1, ¢2(P)=[m|R+ Tb.

Ha NN elég nagy, akkor
[N]¢1(P) = [nN]R, [N]¢2(P) = [mN]R.

Igy h(¢1(P)) = n’h(R) és h(¢2(P)) = m>h(R).

|A(¢1(P))~h($2(P))| < [A(¢1(P))~h(61(P))|+|h(92(P))—h(¢2(P))|+|h(¢1(P))~h(¢2(P))l

= |m? — n?| < konst. = min{|m|, |n|} < konst.
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