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Runge feltétel

P(X,Y) = Em: Z aij X'YJ,

i=0 j=0

ahol a;j € Z é&s m > 0,n > 0, irreducibilis polinom a Q[X, Y]
gyiiriben.
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Runge feltétel

m n
POX,Y) =D a XY,

i=0 j=0
ahol a;j € Z é&s m > 0,n > 0, irreducibilis polinom a Q[X, Y]
gyiiriben.
1887-ben Runge diofantikus egyenletek egy osztalyara adott effektiv
végességi tételt.

P(X,Y)=0.
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Runge feltétel

Runge feltétel

P kielégiti a Runge feltételt, ha a kdvetkezd kritériumok koziil
legalabb az egyik nem teljesiil:

o X és Y legmagasabb kitev6s hatvanyai izolaltan fordulnak el,
aX™ és bY" alakban,

o minden a; ; X'Y7 esetén ni + mj < mn,

© 3 it mjemn @i X" Y7 egy irreducibilis polinom hatvanya konstans
szorz6tdl eltekintve.

Runge médszer
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Runge feltétel

o P\(X,Y): az dsszes a; ;X' Y/ dsszege, ahol i + \j maximalis,
o P(X,Y): az 6sszes olyan a; ;X' Y/ sszege, amely elgfordul
valamely Py (X, Y) polinomban.

Egy P polinom eleget tesz Runge feltételének, ha nem létezik A,
amelyre P = P, konstans szorzétdl eltekintve egy irreducibilis
polinom hatvanya.
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&’/ Runge feltétel

o P\(X,Y): az &sszes a; ;X' Y/ &sszege, ahol i + \j maximalis,

o P(X,Y): az 6sszes olyan a; ;X' Y/ sszege, amely elgfordul
valamely Py (X, Y) polinomban.

Egy P polinom eleget tesz Runge feltételének, ha nem létezik A,
amelyre P = P, konstans szorzétdl eltekintve egy irreducibilis
polinom hatvanya.

Tétel (Runge (1887))

Ha a P polinom eleget tesz a Runge feltételnek, akkor a P(x,y) =
0 diofantikus egyenletnek csak véges sok megoldasa van.
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P(X,Y)=X?—-Y8 YT _¥2_3Y 45

o PA(X,Y)=X?ha )< i,
o PA(X,Y)=X?—-Y®ha)=1,
o PA(X, Y):Y8 ha A > g,
igy P(X,Y) = = (X - YH(X +YH.
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Grytczuk és Schinzel (1991)
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Tengely (2003)
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Korlat a megoldasokra

F(X) — G(Y) polinom irreducibilis a Q[X, Y] gy(riiben. Legyen
1 < d | ged(m, n). Ekkor teljesiil Runge feltétele a
P(X,Y) = F(X)— G(Y) polinomra.

Tétel (T.Sz.)

Ha (x,y) € 7Z? megoldisa az F(x) = G(y) egyenletnek, ahol F
és G kielégitik a fenti feltételeket, akkor

max{|x| lyl} < IF ~"(m+ 1) (] + 1)F (b4 1) T2,
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A bizonyitas lépései

Lemma (Walsh)

Az U9 = F(X), V9 = G(X) egyenletek sltal definialt U,V al-
gebrai fliggvényekhez léteznek Puiseux kifejtések:

Z X~ v(X) = Z giX™'

,—_,

agy, hogy d*("/4+0=1f. ¢ 7 minden i > — % esetén, hasonléan

dA(m/d+)=1g < 7 minden i > — % esetén, és f_g =g m=1
Tovabba |fi| < (H(F) +1)d+*! hai> —1 &s |g| < (H(G) +
1)d "+ haj>—m.
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A bizonyitas lépései

d d

F(X) = Z x| 6= Y ey
Amennyiben |t| eleg nagy:

Zd e <%

és
o0

2m 7 1
> dd gt <3

i=1

> >
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A bizonyitas lépései

(u(x) = v(¥)) () + u(x)?2v(y) + ...+ v(y)?) =0,
ha d paratlan,

(U(X)2 - V(}’)z) (u(x)d_2 +u(x) ()2 + ..+ v(y)d_z) =0,
ha d paros.




(u(x) = v(¥)) () + u(x)?2v(y) + ...+ v(y)?) =0,
ha d paratlan,

(U(X)2 - V(}’)z) (u(x)d_2 +u(x) ()2 + ..+ v(y)d_z) =0,
ha d paros.

A fenti egyenletekbsl adédik, hogy

u(x) = v(y) ha d paratlan, és
u(x) = £v(y) ha d paros.

> >
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A bizonyitas lépései

0=lu()£vy)l =D fix"£ Y gy |
i=—3 =2
Eleg nagy |x| és |y| esetén
0

Z dTMx £ Y dT gy < L

i=—3 i=—12

d

Egész egyiitthatés polinom!
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A bizonyitas lépései

a3

3
Q(x,y) = Z d°d 1 ix' £ dsz_lg_,-y" =0.
i=0 i=
Megoldas x-re: Resy(F(X) — G(Y), (
Megoldas y-ra: Resx(F(X)— G(Y), Q(X, )) = 0 Ahol

ag(X) ... ar(X)

ag(X) ar(X)
Resy (A(X,Y), B(X,Y)) =

bo(X) ... be(X)

> >
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Algoritmus

Ekkor

(u2(x) = )P < F(x) < (ua(x) + )" ha x ¢ [x; . x],

(1Y) — 8P < Gly) < () + )P hay ¢ [y, v ],
ahol

o = min {{0} U {x € R: F(x) — (u1(x) — £)° =0 vagy F(x) — (ua() + ) = 0}},

xg = max {{0} U {x € R: F(x) — (u1(x) — t)P = 0 vagy F(x) — (u1(x) + t)’ = 0}},
ye =min {{0} U {x € R: G(x) — (va(x) — t)P = 0 vagy G(x) — (va(x) + t)P = 0}},
yi = max {{0} U {x € R: G(x) — (va(x) — t)P = 0 vagy G(x) — (va(x) + t)° = 0}}.

s
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Algoritmus

m(x) —t < F(x)YP < u(x) +tha x ¢ [x7, x'],
uly) =t <GP <wly) +thay ¢y, vl

azaz
lui(x) — vi(y)| < 2t.

= x gyoke a
Resy (F(X) — G(Y),u(X) —v(Y)—=T)

polinomnak, ahol —2t < T < 2t egy racionalis szam, melynek
nevezdje a lemma alapjan egy véges halmazbdl keriil ki.
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Algoritmus

A ove ezo polinomo ‘:"-'
eredeti probléma megoldasait:

F(x) = G(k) ahol k € [y; , y;:],
G(y) = F(k) valamilyen k € [x;, x;"],
Resy(F(X) — G(Y),u(X)—v(Y)—T)=0ahol T€Q,|T| <2t

2m _

e .o2mo g
racionalis szam, melynek nevezéje osztja p » ~ ~-t.

t megvalasztasa: "baby-step giant-step", tgy, hogy az egyenletek
szama alacsony legyen.

Runge médszer
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Alkalmazas

X =3x+5=y8 —yT 49y 7> payt 3

Az uy és vq polinomok:

3
U1(X):X_§,
1 35 21 1053
_yh_ty3 20 sl 1USS
vi(Y)=Y 2Y + 5 Y 16Y 158
t =1/16 = egyenletek szama= 158

Megoldasok:
{(-657,5),(-3,-1),(0,1),(3,1),(6,—1),(660,5)}.

s
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Runge’s condition

P(X,Y) = Zm: Z aij XY,

i=0 j=0

where a; j € Z and m > 0,n > 0, which is irreducible in Q[X, Y.

Runge's method
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Runge’s condition

P(X,Y) = Zm: Z aij XY,

i=0 j=0

where a; j € Z and m > 0,n > 0, which is irreducible in Q[X, Y.
In 1887 Runge gave an effective finiteness result concerning a class
of Diophantine equation.

P(X,Y)=0.

Runge's method



Runge’s condition

Runge’s condition

P satisfies Runge's condition if at least one of the following con-
ditions does not hold:

@ ajn = amj = 0 for all non-zero i and j,
o for every term a; ;X' Y/ of P one has ni + mj < mn,

o the sum of all monomials a; ;X' Y7 of P for which ni + mj = mn

is up to a constant factor a power of an irreducible polynomial
in Q[X, Y].

Runge’'s method
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Runge’s condition

o Py(X,Y): the sum of all terms a; ;X" Y7 of P for which i + \j is
maximal,

o P(X,Y): the sum of all monomials of P which appear in any P as
A varies.

P satisfies Runge's condition unless there exists a A so that P = Py
is a constant multiple of a power of an irreducible polynomial.

Runge's method
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Runge’s condition

o Py(X,Y): the sum of all terms a; ;X" Y7 of P for which i + \j is
maximal,
o P(X,Y): the sum of all monomials of P which appear in any P as
A varies.
P satisfies Runge's condition unless there exists a A so that P = Py
is a constant multiple of a power of an irreducible polynomial.

Theorem (Runge (1887))

If P satisfies Runge’s condition, then the Diophantine equation
P(x,y) = 0 has only a finite number of integer solutions.

Runge's method
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SEIE

P(X,Y)=X?—-Y8 YT _¥2_3Y 45

o PA(X,Y)=X2if A< i,
o PA(X,Y)=X2—-Y8if \=
o PA\(X,Y)=VY8if A > 1,

1
4

hence P(X,Y) = X2 - Y8 = (X — Y*)(X + Y*).

Runge's method
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Masser (1980)
Hilliker and Straus (1983)
Ayad (1991)

Grytczuk and Schinzel (1991)
Walsh (1992)

Poulakis (1999)

Tengely (2003)

Laurent and Poulakis (2004)

Levin (2004)

Beukers and Tengely (2005)
Sankaranarayanan and Saradha (2008)

Runge's method
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Bound for the solutions

Theorem (5z.T.)

Let F,G € Z[X] be monic polynomials with degF = n <
deg G = m, such that F(X)— G(Y') is irreducible in Q[X, Y] and
ged(n,m) > 1. Let d > 1 be a divisor of gcd(n, m). If (x,y) € Z?
is a solution of the Diophantine equation F(x) = G(y), then

m? m Leri m2tmntm
max{[x], [y[} < d*F~"(m+ 1) 3 (5 +1)F (b4 1) T2,

where h = max{H(F), H(G)} and H(-) denotes the classical
height, that is the maximal absolute value of the coefficients.

Runge's method
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Sketch of the proof

Lemma (Walsh)
There exist Puiseux expansions (in this case even Laurent expan-
sions)

u(X) = Z fix—i

j=—n

d

!L\SMS

of the algebraic functions U,V defined by U9 = F(X), V9 =
G(X), such that d?(n/d+i)- 1f- € Z for all i > —7, SIml/arly
dAm/d+)=1g c 7 for all i > —.%, and f n = g m =1
Furthermore |f;| < (H(F) + 1)a*ti* for i > —5 and |gi| <
(H(G) +1)d+ ! fori> —m.

m\a

Runge's method
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and

d
F(X)(Z X~ ) . G(Y)

If |¢] is large enough we obtain

Zd e

& 2
> d¥ g
i=1

s

Runge's method



Sketch of the proof

obtain that

(u(x) = v(y)) (u(x)¥"L + u(x)¥2v(y) + ... + v(y)¥ 1) =0,

if d is odd,

(u(x)? = v(¥)?) (u(x)?72 + u(x)¥*v(y)? + ... + v(y)??) =0,
if d is even.

Runge's method
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Sketch of the proof

obtain that

(u(x) = v(y)) (u(x)¥"L + u(x)¥2v(y) + ... + v(y)¥ 1) =0,

if d is odd,

(u(x)? = v(¥)?) (u(x)?72 + u(x)¥*v(y)? + ... + v(y)??) =0,
if d is even.

It follows that

u(x) = v(y) if d is odd,
u(x) = tv(y) if d is even.




> Sketch of the proof

0= u(x) £v(y)| = Z ix £ Y gyl

If |x| and |y| are large enough we have

Zd 1fx’j:2dd Loy ™ < 1.

i=—5 i=—2

- d

A polynomial having integer coefficients!
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Sketch of the proof

i=0 i=0
Solutions for x: Resy(F(X) — G(Y), Q(X,Y)) =0.
Solutions for y: Resx(F(X) — G(Y), Q(X,Y)) = 0. Where
ag(X) ... ar(X)
ag(X) S . ar(X)
Resy (A(X, Y), B(X, Y)) = bo(X) be(X)
bo(X) .. b0

> >
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Then we have
(u2(x) = )P < F(x) < (ua(x) + )P for x & [x;, x; ],
(v1(y) = )P < G(y) < (va(y) + )P fory ¢ Iy, v ],
where
X =min{{0} U {x € R: F(x) — (u(x) — )" =0 or F(x) — (ua(x) + ) = 0}} ,
x§ =max {{0} U {x € R: F(x) — (u1(x) — t)P =0 or F(x) — (ux(x) + t)® = 0}},
Yo =min{{0} U{x € R: G(x) — (va(x) — )° = 0 or G(x) — (va(x) + t)° = 0}} ,
yi =max {{0} U{x € R: G(x) — (va(x) — t)P = 0 or G(x) — (va(x) + t)P = 0}} .

s

Runge's method




Algorithm

un(x) — t < F(x)YP < up(x) + t for x ¢ [x7, x],
i) =t <GP <wly)+tfory ¢y, vl

that is
|ur(x) —wva(y)| < 2t.

= x is a root of the polynomial
Resy (F(X) — G(Y), u(X) = v(Y) = T),

for some 2r’§1tiona| number —2t < T < 2t with denominator
dividing pT_l.

Runge's method



Algorithm

F(x) = G(k) for some k € [y; ,y; ],
G(y) = F(k) for some k € [x;, x/ ],
Resy(F(X) — G(Y),u(X)—v(Y)—T)=0forsome T € Q,|T| <2t

2m
with denominator dividing p »

The number of equations to be solved depends on t, a good choice
can reduce the time of the computation.
We use the so-called "baby-step giant-step" algorithm to fix t.

Runge's method
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An application

X =3x+5=y8 —yT 49y 7> payt 3

We have
u(X)=X - g,

1 35 21 1053
_ 4 _ ~\3 Vo _
R A R e
t =1/16 = Fequations= 158
Solutions:

{(—657,5),(—3,-1),(0,1),(3,1),(6,—1),(660,5)}.

s

Runge's method



