On Composite Rational Functions

Szabolcs Tengely

Number Theory Seminar, Debrecen
(joint work with Attila Pethd)

23/03,/2012
Research supported by OTKA PD75264 and Janos

Bolyai Research Scholarship of the Hungarian

Academy of Sciences



Introduction

We are interested in f € k(x) that are decomposable as rational
functions, i.e. for which

f(x) = g(h(x))

with g, h € k(x), deg g,deg h > 2 holds.
Such a decomposition is only unique up to a linear fractional

transformation
ax + b

cx + d

with ad — be = £1, since we may always replace g(x) by g(A(x)) and
h(x) by A~1(h(x)) without affecting the equation f(x) = g(h(x))..

A\ =
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Related results

Schinzel conjectured that if for fixed g the polynomial g(h(x)) has at
most / non-constant terms, then the number of terms of h is bounded
only in terms of /.

A more general form of this conjecture was proved by Zannier in
2008. He proved that if one starts with a positive integer /, then one
can describe effectively all decompositions of polynomials f € k|[x]
having at most / non-constant terms if one excludes the inner
function h being of the exceptional shape ax”" + b,a,b € k,n € N.
This description was " algorithmic”
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In this talk we are interested in rational functions

o
@

with a bounded number of zeros and poles (i.e. the number of
distinct roots of P, @ in a reduced expression of f is bounded).

We assume that the number of zeros and poles are fixed, whereas the
actual values of the zeros and poles and their multiplicities are
considered as variables.
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Theorem by Fuchs and Petho

Let n be a positive integer. Then there exists a positive integer

J < 2nn®" and, for every i € {1,...,J}, an affine algebraic variety V;
defined over Q and with V; C A"t for some 2 < t; < n, such that:
(i) If f, g, h e k(x) with f(x) = g(h(x)) and with degg,degh > 2, g
not of the shape (A\(x))™, m € N, A € PGLy(k), and f has at most n
zeros and poles altogether, then there exists for some i € {1,...,J} a
point P = (aq,...,an, B1,...,0t) € Vi(k),

a vector (ky,..., k) € Z% with ky + ko + ...+ k;; = 0 or not
depending on V;, a partition of {1,...,n} in t; + 1 disjoint sets
Sooy Spys - +s Sp,, With Soo =0 if ki + ko + -+ + ky, =0,

and a vector (f,...,1,) €{0,1,...,n—1}", also both depending
only on V;, such that ' ~ 8
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Moreover, we have degh < (n—1)/(t;i —1) < n— 1
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(ii) Conversely for given data P € V;(k), (k1,..., k&), (h,.-,1In),
500,58, - - -, 5p, , as described in (i) one defines by the same equations
rational functions f,g,h with f having at most n zeros and poles
altogether for which f(x) = g(h(x)) holds.

(iii) The integer J and equations defining the varieties V; are
effectively computable only in terms of n.
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Tools from the theory of valuation

The Mason-Stothers (1984) theorem says: Let f, g € k(x), not
both constant and let S be any set of valuations of k(x) containing
all the zeros and poles in P(k) of f and g. Then we have
max{deg f,deg g} < |S| — 2. Best possible.

More generally Zannier (1995) proved: Let S is any set of valuations
of k(x) containing all the zeros and poles in P(k) of g1,...,gm. If
g1,---,8m € k(x) span a k-vector space of dimension . < m and any
1 of the g; are linearly independent over k, then

-3 minfu(g). - v(en) < (4 ) 1512 2)

m —_
veM H
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Since k is algebraically closed we can write

n

F(x) =]](x—ai)

i=1
with pairwise distinct o; € k and f; € Z fori=1,...,n.
Similarly we get

g(x) = [(x—5)"
j=1

with pairwise distinct 5; € k and ki € Z for j=1,...,tand t € N.
Thus we have

n t

[10x — 0)" = £(x) = 8(h0) = [J(h) — )"

i—1 j=1

We now distinguish two cases depending on ki + ky + - - - +kt7é00r
not; observe that this condition is equivalent to v (g) # 0 or not.)
We shall write h(x) = p(x)/q(x) with p,q & k[x], p, g coprime.”
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Thecase ki + ko +---+ ki #0

There is a subset S, of the set {1,...,n} such that the «, for
m € S, are precisely the poles in Al(k) of h, i.e.

q(x) = H (x — am)™, I, € N,

meESs

Furthermore h and h(x) — B; have the same number of poles counted
by multiplicity, which means that their degrees are equal.

There is a partition of the set {1,...,n}\S« in t disjoint subsets
Sﬂ17 ceey Sﬁt SUCh that =

h(X) = Bj —+ —X H (X — Ofm)/m”
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Since we assume that g is not of the shape (A(x))™ it follows that

t>2. Let1 </ <j<tbegiven. We have at least two different
representations of h and thus we get

or equivalently B(u; — u;) = 1, where 3 =1/(8; — 3i) and

v q(X) [[ b=t~

w,
rESB o©
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Actually, the u; are S-units for the set of valuations
S={Vay,---yVa, Voo } C M corresponding to ag,...,a, € k and co.
In fact u; and u; have also no zeros in Al(k) in common and they
have all exactly the same poles (also with multiplicities), namely

am, m € So and possibly oo.

The Mason-Stothers theorem implies that

Im <n—1forallm=1,... n

We point out that the number of variables and the exponents depend
only on n. Since f(x) = g(h(x)) is given at this point, there are
k-rational points on this algebraic variety and one of them
corresponds to (o, ...,apn, 51,..., ) coming from f and g.
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Thecase ki + ko +---+ ks =0

Here we have
[T6— o =] (2 - J) = [1et) — BraG)*
i=1 j=1 \9 J=1

There is a partition of the set {1,...,n} in t disjoint subsets
55, ...,S5s, such that

(p() = Ba(x))5 = T (x — am)™

m€55j

Thus k; divides fp, for all m € SBJ.,j =1,...,t. On puttlng
Im = fm/k; for m € Sg. we obtain

p(x) = Big(x) = [ x—am)mj=1,..,t. [
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Let us choose 1 < j; < j» < j3 < t. From the corresponding three
equations the so called Siegel identity v, ;, i, + Vj, i, + Vjr 5.y = 0
follows, where

Vitdous = (ﬁjl — 5j2) H (X — Oém)l’".

m€55j3

The quantities v, j, i, are non-constant rational functions and they are
S-units. Observe that by taking j1 = 1, /o = i, js = j with
1 </ < j <t the Siegel identity can be rewritten as

Bi—Prwi  B1—Biw _1q
B —Biwm B —Bwi
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An algorithm to compute solutions
1) Let 5+, S3,, ..., Ss, be a partition of {1,2,...,n}.

2) For the partition and a vector (/,...,/,) € {1,2,...,n}" compute
the corresponding variety V = {v1,...,v,}, where v; is a polynomial
in aq,...,0p,01,...,0: Here we used Groebner basis technique.

3) To remove contradictory systems we compute

¢ = H,'7gj(@i - O‘j) Hi;éj(ﬁi _ ﬁj)
4) For all v; compute
Vi

L ged(vj, d)’

uj

and _
u’k—l

u, =

o ng(U,'k_l,Cb)7
until ged(u;,_,,®) =1.
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We performed the algorithm for n = 3 and n = 4 and obtained a
complete list of all decomposable rational functions with number of
singularities at most three or four. We have several sporadic examples
for n > 4 too, but the number of partitions to be considered grows
very fast, and we do not understand yet how to exclude very early the
contradictory systems.
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Thecase t =2, n=3 and S, # ()

There are two types of systems here, in the first class one obtains
solutions having two parameters, in the second class one has solutions
having three parameters. There are 18 systems which yield families
with two parameters.

As an example consider the system from the sixth row, that is

(Soos 5515 58,) = ({3}, {1},{2}) and (h, b, k) = (2,1,2). Here we
obtain the following system of equations

a; —az3+1/2 = 0,
Ck2—043—|—1/4 = 0,
Bi—PB2+1 =
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Therefore one gets the parametric solution
(C¥3 - 1/27 a3 — 1/47 043752 — 1752) and

X — 2X—CE
F(x) = ( 3+t/<23 (()43)4 3+1/4)7
g(x) = (x = B2+ 1)(x = f2),
h(x) = Bo — 1+ (X—CY3—|—1/2)2.

(X — (3 )2
N\,

{_%:\»”;‘;;:;:‘;;ii;;f«?:%
) [/
[ ==\

\'\ H qQ19 s“ ‘

\\ i? 1 £ | |

\\\ 7 \‘}:;\‘«, _ {,:{}’i S
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There are 6 systems which yield families with three parameters.

(Soo, Sﬁl , 552), (h, b, ) System of equations Solution (a1, ap, a3, B1, B2)

({3}, {2}, {1})
(2,2,1)

a] —apx+1/281 —1/28, =0
ap —a3 —1/4B81 +1/48, =0

(—oo +2a3, ap, a3, 4an — 4az + B2, B2)

({1}, {3}, {2})
(1,2, 2)

a1 —az+1/481 —1/458, =0
ap —a3z +1/281 —1/28, =0

(a1, —o3 + 21, a3, —4ay + 4a3 + B2, B2)

({2}, {3}, {1})
(2,1,2)

ap —a3z +1/281 —1/28, =0
ap —az+1/481 —1/458, =0

2oy — a3, ap, a3, —4an + 4az + B2, B2)

({1}, {2}, {3})
(1,2, 2)

ap —az —1/481 +1/48, =0
ap —a3z —1/281 +1/2B8, =0

(o1, —a3 + 20, a3, 4a; — 4asz + B2, 52)

({3}, {1}, {2})
(2,2,1)

ap —oap —1/281 +1/2B2 =0
ar —az+1/481 —1/48, =0

(—ao +2a3, ap, a3z, —4ap + 4az + B2, B2)

({2}, {1}, {3})
(2,1,2)

ap —a3 —1/281+1/2B8>, =0
ap —a3 —1/4B81 +1/48, =0

2oy — a3, ag, a3, day — 4az + B2, B2)
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Consider (5, Sg,, S8,) = (11},1{2},13}), (h, k, ) = (1,2, 2) and

a1 —az—1/41 +1/48, =
ap — a3z —1/2681 +1/208, =

Thus

(x - @3)?(x — 201 + 3)?
f(X) T (X . 051)2 y
g(x) = (x — 4a1 + 4az — B2)(x — B2),
7
h(x) = By + X —3)

X — (1

..\\\ ’ ‘ S ///
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Thecaset =3,n=3and S, =)

In total there are six parametrizations here, these are indicated in the

table below.

(SB]_ ) Sﬁ2a5ﬂ3a )7 (lla I27 I3)

System of equations

Solution (a1, a2, a3, B1, B2, 53)

({1}, {3}, {2})

a1y — a1B3 +axfB; — azxBy — azB; + azfB3z =0

(— azﬁl—azb’g—a351+a353
Bo— B3

(1,1,1) az, a3, B1, B2, B3)

({2}, {1}, {3}) Q1B — o183 — By + anBs — azfy + azfy =0 | (2222 azgficggﬁl_a?’ﬁz
(1,1,1) g, a3, B1, B2, B3)

({3}, {1}, {2}) a1B1 — a1f3 — axB1 + az2Br — azfr + az3f3 =0 (azﬂl—azglgiggﬁz—ag%
(1,1,1) a2, a3, B1, B2, B3)

({1}, {2}, {3}) a1fBr — 183 — azBl + axf3 + a3zB; — azfy =0 (azﬂl_azgj:gsﬁﬁ%ﬁz ;
(1,1,1) a2, a3, B1, B2, B3)

({3}, {2}, {1}) a1B1 — o182 — azBr + a3 + azfBy — a3B3 =0 (azﬁl_azﬁf_gjﬁﬁ%%
(1,1,1) az,a3,B1, 82, 83)

({2}, (3}, {1}) 181 — 18y + a2 — azf3 — a3y + azfs = 0 | (~ 2222025 2‘235““3?3
(1,1,1) '
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As an illustration we provide an example corresponding to the
parametrization indicated in the fourth row, that is

(551, 552, 553) = ({1}, {2}, {3}) and (/1, b, /3) — (]., 1, 1). Now let
(042,043,61,62,63) = (2, ]., —1, 1,0) and kl = k2 = 1, k3 = —2. One
has that w3 = 0 and

 (x=2)x
() = i
2(x) — (X—l))<gx+1)7

h(x) = x-—1.
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Thecase t =2, n=4 and S, # ()

There are 264 systems to deal with. We will treat only a few
representative examples.

Systems containing two polynomials.

|f (500,551,552) = ({4},{1,2},{3}) and (h, h, K, 1z) = (1,1,2,1),
then we have

a; +ap — 203 —B1+B2 = 0

2 2
ar —2apa3 — azB1 +axBr +az +agfBr —aygBy = 0.

Since a; # « and f5; # §; if i # j, we have that

a; = —az+2a3+ B1 — B,

(a2 — az)?
B1 — B2

(e 7] = oo —
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For example, if we consider the solution
(a1, an, 3,4, 51, 02) =(—2,1,0,2,0,1), then we get

o (x—= 1)x%(x + 2)
o = Ut
g(X) — (X o 1)X7

hix) — (x —Xl)_(X2+ 2).
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Systems containing three polynomials.

If (So0,S8,,58,) = ({1},{2,3},{4}) and (h, b, K, 114) =(1,2,1,3),
then we get

a1 +1/3a3 —4/3aq =
ar +1/2a3 —3/2a4 = O

a3 — 2304 +ai —4/381 +4/38, = O.

Thus one obtains the parametrization

a1 = —1/3az3+4/3ay,
ar = —1/2a3 4+ 3/2aq4,
B1 = 3/404% —3/2a3a4—|—3/4a2—|—B2.
Let us take (a1, a2, a3, a4, 81, 62) = (—1/3,—-1/2,1,0,1,1/4), then
we have
3 2
fo) = (x — 1)x°(x +21/2) |
(x+1/3)
g(x) = (x—1)(x—1/4),
1 x3
h(x) - Z + x + 1/3‘
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Systems containing four polynomials.
Consider the case (S, Sg;553,) = ({1},12,3},{4}) and
(h, b, k1) =(3,1,1,3). One gets the system

a; —ag—1/3 = 0
ar +az —2a4 —1/3 = 0
a3 —2azas —1/3az3 +af +1/3as +1/27 = 0
1 —B2—1 = 0.
The parametrization is as follows
a1 = a4 +1/3,
B =3 1
a2 = o4+ 13 5’
V=3 1
a3 = og £ — + —,
18 6
B = B2+l

As an example we take (a1, ovn, 3, o, B, B2) = (1/6, —/—3/18, \/—/3'/1;3,—1/6,1,0),
then we obtain

(x — V3/18)(x + V=3/18)(x + 1/6)> |

flx) =

(x — 1/6)0 |
g(x) = (x—1)x, | 91
(x +1/6)°
S P V5 Eh
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Systems containing five polynomials.
If (Soo,S8,,58,) = ({1},{2,3},{4}) and (h, b, K, 1) =(3,1,2,2),
then we have

a1 —1/3ap —2/3a3 —1/3 =

a% — 2ap 04 + 2000 + 8a§ — 16azag + 603 + 90é421 — 8ayg +1 =
ar +7/2a3 —9/2cq4 + 1
a3 — oy +8/27

B1—PB2+1 =

o O o o o

As a concrete example we deal with the case
(Ckl, o, 3, 04, 51, 52) = (4/27, 1/27, —8/27, O, 0, ].). |t easily follows

that
) = (x — 1/27)x?(x +68/27)2 |
(x —4/27)
g(x) = (x—1)x,
X2
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Thecase t =3, n =4 and S, # ()

We could not eliminate 24 systems directly by our approach, but it
turned out that in any possible solution either a;; = «;; for some | # j,

or B; = B; for some | # j. Let us consider a concrete example out of
the 24 systems. If (50, S3,, S8,, Ss;) = ({2},{1},{3},{4}) and
(h, b, h, 1) =(2,2,2,1), then we have

a] —ag +1/4
ap) —ag —1/4
a3 —ag +1/4
B1—B3+1
B2 — B3 +1

1 | | (1
© o o o o

The last two equations yield that 81 = >, a contradicﬁ/tidh.
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Thecaset =3,n=4and S, = ()

There are 6 systems having two polynomials in the Groebner basis,
one of these is as follows: (Sg,, Ss,,55,) = ({1,3},{4},{2}) and

(/17 /27 /37 l4) — (]-7 27 ]-7 2)
As an example consider the case (a2, a3, aq, 81,53) = (0,1,3,0,1).
We obtain that «; = —3 and 0> = 4. Let ki = ko =1 and k3 = —2.

We get that
P 3)2(XX: 1)(x +3)
£ = 1
) — D3

2x — 3
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There are 18 systems having three polynomials in the Groebner basis,
one of these is as follows: (Sg,, Ss,,55,) = ({1},{2,3},{4}) and

(h, b, k1) =1(2,1,1,2).

Now we consider the example with (ap, as, aq, 51, 62) = (0,1,3,0,1).
We have that a; =2/3 and 83 = —8. Let ky = ko = 1 and k3 = —2.
We have that

X — 2X— X
g _ 203 1)x

(x = 2)*
 (x—=1)x
g(X) T (X i 8)2 Y
« _ )2
b = X2

—3x+4
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Thecaset =4, n=4and S, = ()

Here we have 24 systems to solve. Since one has 24 very similar
systems, we will deal with one of these only. Let

(5517 5/327 5537 554) = ({1},4{2},{3},{4}) and

(/17 /27 l37 l4) — (17 17 ]-7 1)

Now let (0537044751752753764) — (Oa 173727 170) and
ki = ko = 1, k3 = ks = —1. One obtains that

(x + 1)(x + 2)

f(x) = x_Dx
O - (x —3)(x —2)
g(x) = - Dx

h(x) = —x+1.
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