ON COMPOSITE RATIONAL FUNCTIONS

A. PETHO AND SZ. TENGELY

ABSTRACT. In this paper we characterize all composite lacunary rational func-
tions having at most 4 distinct zeroes and poles and we also provide some
examples in case of 5 singularities.

1. INTRODUCTION

In this article we deal with a problem related to decompositions of polynomials
and rational functions. A classical result by Ritt [28] states that if there is a
polynomial f € C[X] satisfying certain tameness properties and

f=g10g920--0g- =hiohgo---0h,
then r = s and {deggi,...,degg,} = {deghi,...,degh,}. Ritt’s fundamental
result has been investigated, extended and applied in various wide-ranging contexts
(see e.g. [5, 11, 13, 14, 17, 18, 21, 22, 24, 25, 32, 33]). The above statement is not
true for rational functions. It is not true that all complete decompositions of a
rational function have the same length. Gutierrez and Sevilla [21] provided an
example with rational coefficients as follows

= 23(x + 6)3(2% — 62 + 36)3
 (z—3)3(22+32+9)3
x(x—12) xz(x+6)
(]

f=gogogs=1’0

x—3 z—3 "
w3(x+24)  x(2? — 62 + 36)
f=hohs == e o 3 1 0

We would like to emphasize that combinations of Siegel’s [30] and Faltings’ [16]
finiteness theorems, related to integral and rational points on algebraic curves, and
Ritt’s result have yielded many nice results in Diophantine number theory (see e.g.
[2, 6,8, 7, 10, 12, 18, 23, 26, 27, 31]).

In case of lacunary polynomials, that is when the number of terms of the poly-
nomial is considered to be fixed while the degrees and coefficients may vary, Erdos
[15] and independently Rényi posed the following conjecture. If h(x)? has bound-
edly many terms, then the same is true for h(x) € C[X]. Schinzel [29] gave a proof
in a more general case, namely when h(x)? has boundedly many terms. Schinzel
made the conjecture that if g(h(z)) has boundadly many term, then it holds also
for h(x). This latter conjecture has been proved by Zannier [34]. Fuchs and Zannier
[20] extended the problem, they considered lacunary rational functions which are
decomposable. An other possibility to think about lacunarity is that one considers
the number of zeros and poles of a rational function in reduced form to be bounded.
In this case Fuchs and Pethé [19] obtained results related to the structure of such
decomposable rational functions. We note that their proof was algorithmic, in
this paper we provide some computational experiments that we obtained by using
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2 A. PETHO AND SZ. TENGELY

a MAGMA [9] implementation. We not only compute the appropriate varieties,
but we also provide parametrizations of the possible solutions. We remark that
algorithms have been developed earlier to find decompositions of a given rational
function (see e.g. [1, 3, 4]). In [3], Ayad and Fleischmann implemented a MAGMA
code to find decompositions, as an example they considered the rational function

xt — 8z
f=i
x5 +1
and they obtained that f(z) = g(h(z)), where
2 2 _
g:x + 4z and he E 2£C.
rz+1 rz+1

2. AUXILIARY RESULTS
Fuchs and Pethd [19] proved the following theorem.

Theorem A. Let n be a positive integer. Then there exists a positive integer J
and, for everyi € {1,...,J}, an affine algebraic variety V; defined over Q and with
V; C A"t for some 2 < t; < n, such that:

(i) If f,g,h € k(x) with f(x) = g(h(x)) and with degg,degh > 2,g not of the
shape (A(x))™,m € N\ € PGLy(k), and f has at most n zeros and poles altogether,
then there exists for some i € {1,...,J} a point P = (a1,...,an,B1,...,0t,) €
Vi(k), a vector (k1,..., k) € Zt with ky + ko + ... + ki, = 0 or not depending on
Vi , a partition of {1,...,n} in t; + 1 disjoint sets Soo, S, ;- - . ,Sp,, with Se = 1]
if k1 +ka+ ...+ ki, =0, and a vector (Iy,...,1,) € {0,1,...,n — 1}, also both
depending only on V;, such that

t; t;
f(z) = H(wj/woo)kja g(z) = H@C — B;)
Jj=1 j=1
and
hz) Bi+t (G=1,....t), ifky+ kot ... 4k, #0
T) = i SN ’ ) ‘
% (1<j1<j2<t;), otherwise,
PR
where
Wi = H (zfam)lmv ]:13 ,
mEng
and

Weo = H (x — )l
mMESao
Moreover, we have degh < (n —1)/maxt; —2,1 <n —1.

(ii) Conversely for given data P € Vi(k), (k1, ..., kt,), Socs Spys- 388, (I, 1n)
as described in (i) one defines by the same equations rational functions f, g, h with
f having at most n zeros and poles altogether for which f(x) = g(h(x)) holds.

(#ii) The integer J and equations defining the varieties V; are effectively com-
putable only in terms of n.

The method of proof of the above Theorem is effective. It provides an algorithm
to obtain all possible decompositions of rational functions with at most n zeros and
poles altogether.

We introduce some notation. Let

fa) =[] = )
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with pairwise distinct «; € k and f; € Z for i = 1,...,n. (Remember that without
loss of generality we are assuming that f is monic.) Similarly, let
t
k .
g(@) = [[@-p)™
j=1

with pairwise distinct 8; € k and k; € Z for j = 1,...,¢ and t € N. Therefore we
have

(A(z) = B

i~

[[z =) = f(z) = g(h(x)) =
i=1 j
We shall write h(z) = p(x)/q(x) with p,q € k[z],p,q coprime. Fuchs and Pethd
showed that if S # ) then

1

a@)= I (@)

meESoso

and there is a partition of the set {1,...,n}\ S in ¢ disjoint subsets Sg,,..., Sz
such that

(1) W)= 6+ —— [ (@ = am)™,

q(x) meS;

where [,,, € N satisfies I,,k; = f,, for m € Sg;, and this holds true for every
j=1,...,t. We obtain at least two different representations of h, since we assumed
that g is not of the shape (A(z))™. Hence we get at least one equation of the form

] L r—«Q b= g, L r—« s
(2) /B’L + q(x) TgL( r) ﬁj + q(x) ng( s) .

If S = 0 then we have

(0(@) - Ba@)® = T @ - am)™.

mEng

t

Now we have that t > 3, otherwise g is in the special form we excluded. Siegel’s
identity provides the equations in this case. That is if 1 < j; < jo < j3 < t, then
we have

(3) Vi1 garis T Vjsgr,ge T Vhaygs,gn = 0,

where

Uj1,52.4s = (6j1 - ng) H (l' — Oém)l"".

mGS'ﬁj3

3. THE COMPUTATION
The method of proof by Fuchs and Peth6 provides an algorithm to obtain the
possible varieties. So we followed the steps described below.

(1) compute the partitions of {1,2,...,n} into ¢ + 1 disjoint sets
(2) given a partition S, Ss,,...,9s, and a vector (I1,...,0,) € {1,2,...,n}"

compute the corresponding variety V = {vy,..., v, }, where v; is a polyno-
mial in a1,...,a,,01,...,5: obtained from (2) or (3)

(3) compute Groebner basis Vi of the ideal generated by the polynomials
Viy.-.,Up

(4) test ideal membership for all a;—cj, 4,5 =1,2,...,n,i # jand 8;—f;,4,j =
1,2,...,ti#]

(5) if there is no contradiction in the system list the given partition, vector and
variety.
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Now we provide some details of the computation. We note that there are no solution
ift=3,n=3and Soc #Qort=3,n=4and Soc #Dort=4,n =4 and S, # 0.

3.1. The case t = 2,n = 3 and S, # (). There are two types of systems here, in
the first class one obtains solutions having two parameters, in the second class one
has solutions having three parameters. Below we indicate the 18 systems which
yield families with two parameters.

(SOO7 SB17552)7 (l17l27l3)

System of equations

Solution (a1, az, as, B, f2)

({3}, {21, {1})
(1,2,2)

041—0534-1/4:0
az—az+1/2=0
B1—P2+1=0

(_1/4+ 0637—1/2+ as, a3, —1 + B27B2)

({23, {1},{3})
(2,2,1)

ar—az+1/4=0
0(2*05371/4:0
B1—P2+1=0

(—1/4+ a3, 1/4+ a3, a3, —1 + B2, B2)

({13, {2}, {3})
(2,2,1)

0(1—053—1/4:()
0(2—0(34—1/4:0
B1—pP2+1=0

(1/4+ a3, —1/4 + as, a3, —1 + B2, Ba)

({1}, {3}, {2})
(2,1,2)

051—053—1/22()
a2—03—1/420
B1—PB2+1=0

(1/24 as,1/4 + a3, a3, —1 + B2, B2)

({2}, {31,{1})
(2,2,1)

ar—az+1/4=0
042—053—1/4:()
B1—PB2—1=0

(—1/4+ a3,1/4+ as, 03,1+ B2, B2)

({33 {1},{2})
(2,1,2)

041—043—1—1/2:0
042—053—1—1/4:0
Br—frt1=0

(-1/24 a3, —1/4 + a3, a3, —1+ B2, B2)

({13, {3}, {2})
(2,2,1)

041—053—1/420
az—az+1/4=0
B1—P2—1=0

(1/4+ as,—1/4 4 as, a3, 1+ B2, B2)

({13, {2}, {3})
(2,1,2)

Cl1*0¢371/2:0
042—053—1/4:()
/61—52—1:()

(1/2+ as3,1/4 4 as,a3,1 4 B2, B2)

({23, {1},{3})
(1,2,2)

0(1—053—1/4:()
042—043—1/220
/317[3271:()

(1/4 + a3,1/2 + a3, a3,1 + B2, B2)

({2}, {3}, {1})
(1,2,2)

041—043—1/420
ar—a3—1/2=0
B1—pP2+1=0

(1/4+ a3,1/2 4 as,as, =1 + B2, B2)

({3} {2}, {1})

a1 —as3+1/2=0

(=1/2+ a3, —1/4 + as,as, 1 + B2, B2)

(2,1,2) az—az+1/4=0

B1—P2—1=0
({34, {1}, {2}) a1 —az+1/4=0 (—=1/44 a3, -1/2 + a3, a3,1 + B2, B2)
(1,2,2) az—az+1/2=0

/3176271:0

As an example consider the system from the sixth row, that is (S, Sg,,58,) =
({3},{1},{2}) and (l1,l2,13) = (2,1,2). Here we obtain the following system of

equations

Oz170[3+1/2
ag —az+1/4
p1—pP2+1

\
o o
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Therefore one gets the parametric solution (a3 — 1/2,a3 — 1/4, a3, B2 — 1, B2) and

(r— a3 +1/2)%(x — az + 1/4)

Fla) = e ,
g(z) = (z = B2 + 1)(z — B2),
h(z) = fo—1+ (x —az+1/2) .

(x — ag)?

We note that one gets the same family in case of (S, Ss,,58,) = ({3}, {2}, {1})
and (ll, 12, l3) = (1, 2, 2).

Now we provide the table containing the 6 systems which yield families with
three parameters.

(Socs Spy,58,), (l1,12,13) | System of equations Solution (a1, @z, as, b1, B2)

({3}, {2}, {1})
(2,2,1)

aq —0[2+1/2ﬂ1 — 1/2ﬁ2 =0
g — (i3 — 1/451 +1/4/32 =0

(—az + 203, a2, a3, 40 — daz + B2, f2)

({1}, {3}, {2})
(1,2,2)

aq —0[3+1/4ﬂ1 —1/4ﬁ2 =0
a2—03—|—1/251 —1/2/32 :0

(a1, —az + 2a1, as, —4da1 + daz + B2, B2)

({2}, {31, {1})
(2,1,2)

a1 — a3+ 1/2ﬁ1 — 1/2ﬁ2 =0
(6] —(13—|—1/451 — 1/4/32 :0

(202 — a3, a2, a3, —4daa + das + P2, f2)

({1}, {2}, {3})
(1,2,2)

a1 — 3 — 1/451 +1/452 =0
a2—03—1/251 +1/2/BQ :0

(a1, —az + 2a1, as, 4ar — 4as + B2, B2)

({3}, {1}, {2})
(2,2,1)

a1 — g — 1/251 +1/252 =0
a2—6¥3—|—1/451 — 1/4,82 :0

(—a2 + 2as, az, as, —4das + 4az + B2, B2)

({2}, {1}, {3})
(2,1,2)

a1 — 3 — 1/251 +1/252 =0
a27a371/451 +1/4,82 :0

(2042 — a3, q2,a3,4as — das + ﬁz,ﬁz)

From the parametrizations one can easily obtain the corresponding rational

functions, as an example we take the fourth row of the table. That is, we have
(Sooa Sﬁl’sﬁ2) = ({1}7 {2}7 {3})7 (lla 127 l3) = (17 27 2) and

a1 — Qg — 1/461 +1/452
g — Qg — 1/2,@1 —|—1/2ﬁ2

0,
0.

Thus

(x — a3)?(z — 201 + a3)?

f(z) = @2 :
g9(z) = (z — 4oy + das — B2)(x — Ba),
) = o+ 000

3.2. The case t = 3,n = 3 and So = 0. In total there are six parametrizations
here, these are indicated in the table below.
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(881,582,585, ), (l1,12,13) | System of equations Solution (a1, a2, as, B1, B2, B3)
({1}, {3}, {2}) 1Bz — a1f3 + azfi — aafz — asf +asfs =0 | (— 220 azg;_g§51+a3ﬁ3
(1,1,1) ag, a3, 1, B2, 3)

({23, {1}, {3} 1B — a1f3 — a2z + azfs — azfi + azBe =0 | (22F2= a"’gff;gﬁl @3Bz |
(1 171) 052,053,51,52,53)

({3}, {1}, {2}) Oélﬂl — 051/33 _ a251 + a2ﬁ2 _ Ot3ﬁ2 + 063/83 =0 (QQﬂl a2£i+——§§.ﬂ2 a353
(1 171) 052,043,61,62,63)

({1}, {2}, {3}) a1f2 — a1fs — azfi + azfs + asPi — azfz =0 | (20 “2§§_§§B1+“352
(1,1,1) oz, a3, 1, B2, B3)

({3}, {2}, {1} 11 — a1z — 2P + azfs + azfl — azfBs = 0 | (2281= azgf72552+%ﬁ3
(17171) 052,053,51,52,53)

({2} {3}, {1}) a1f1 —a1f2 + a2fs — aefs —asfi +asBs =0 | (— @Bz~ a2/3i7a23/31+a3/33
(1,1,1) az, as, b1, B2, B3)

As an illustration we provide an example corresponding to the parametrization
indicated in the fourth row, that is (Sg,, Sp,, Ss,) = ({1}, {2}, {3}) and (I1,1s,13) =
(1, ]., ].) Now let (ag,a37ﬂ1,527ﬁ3) = (27 ]., —]., 1,0) and ]ﬂl = kQ = 1, kg = —2. One
has that a; = 0 and

5 = (x —2)x
f@) = o
g(z) = ("”_193—9“'1)7
h(z) = z-1.

3.3. The case t = 2,n =4 and S, # 0. There are 264 systems to deal with. We
will treat only a few representative examples.

Systems containing two polynomials.

If (S, S8,,58,) = ({4},{1,2},{3}) and (I1,l2,13,14) = (1,1,2,1), then we have

ay + g — 203 — B + B2

a3 — 2apa3 — P + a2fe + aj + aufi —aufe =

Since a; # o and B; # B; if i # j, we have that

o = —og+ 203+ 51— B,
ay = « (a2 — a3)”
4 = ag— ——
B1— B2

For example, if we consider the solution (aq, s, as, a4, 51, 82) = (—=2,1,0,2,0,1),
then we get

(x — D)a?(z +2)

flx) = W’
g(x) = (z- 1)z,

Systems containing three polynomials.

If (S, S8y, 58,) = ({1},{2,3},{4}) and (I1,12,13,14) = (1,2,1,3), then we get
o1 + 1/3043 — 4/3@4 = 0

as +1/2a3 — 3/2ay

i —2azaq +ai —4/381 +4/3B,

1|
o o
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Thus one obtains the parametrization

ap = —1/3a3+4/304,
Qg = —1/2&3+3/20¢4,
B = 3/4ai —3/2aza4 + 3/403 + Bo.

Let us take (a1, ag, a3, a4, 81, 02) = (—1/3,—1/2,1,0,1,1/4), then we have
(x — )23 (z + 1/2)?

g(z) = (z—1)(z—1/4),
1 3
hz) = 1t o

Systems containing four polynomials.
Consider the case (S, Sg,,98,) = ({1},{2,3},{4}) and ({1, l2,13,14) = (3,1, 1, 3).
One gets the system

al—a4—1/3 = 0
ast+az3—2a4—1/3 = 0
a3 — 20304 — 1/3a3 + a3 +1/3a, +1/27 = 0
pr—p2—-1 = 0.
The parametrization is as follows
a; = ag+1/3,
v=3 1
A T
V=3 1
= A
a3 Qg 18 +67
pr = B+1

As an example we take (o, as, as, ayq, 51, f2) = (1/6,—+/—3/18,4/-3/18,—-1/6,1,0),
then we obtain

(z — /=3/18)(z + v/—3/18)(z + 1/6)3

glx) = (z— 1,
_ (z+1/6)?
"= e

Systems containing five polynomials.
If (S, S8,,58,) = ({1},{2,3},{4}) and (I1,l2,13,14) = (3,1,2,2), then we have

04171/304272/3013*1/3 = 0

a3 — 2000 + 20 + 803 — 16az0 + 6z + 903 —8ay +1 = 0
s+ 7/2a3 —9/2a4+1 = 0
ag—ag+8/27 = 0
B1—pP2+1 = 0.
We get the parametrization
a1 = ag+4/27,
ay = OZ4+1/27,
az = aq—8/27,

fr = P2—1.
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As a concrete example we deal with the case (o, a2, a3, ay, b1, B2) = (4/27,1/27,-8/27,0,0,1).
It easily follows that

(z —1/27)2%(x + 8/27)?

fa) = (z — 4/27)6 ’
glx) = (z-1Daz,

3.4. The case t = 3,n = 4 and S,, = 0. There are 24 systems to handle
in this case. The systems are getting more and more complicated therefore we
deal with two typical cases. There are 6 systems having two polynomials in the
Groebner basis, one of these is as follows: (Ss,,58,,98,) = ({1,3},{4},{2}) and

(I1,12,13,14) = (1,2,1,2). The system of equations are given by

a1B2 — a1Bs + 202681 — 20282 + a3Be — a3f3z — 204B1 + 243 = O

2 2 2 2 2 2
ajB1 — azf2 — 2aza3B1 + 2azazfe — azfa + azf3 + 2azasfl — 2azagfz — ayfi + ayBs

Il
e

There are four solutions where a; = o or 8; = 3;

(a1 = oy, a9 = g, a3 = a, o, P, B2, B3),
(o = a3, a9 = a3, a3, 04, b1 = B3, P2, 3),
(a1, a2, a3, 04, B1 = B3, B2 = B3, f3),

(a1, a0 = ay, a3, 04, B1, B2 = B3, B3).

These solutions do not lead to appropriate rational functions. There is one solution
which yield solutions of the original problem

o3 — 2000004 + 30y

o =
g — 20&3 —+ gy

B, — a3B1 — 200361 + a3 B + 2azaa B — 2a304 85 — a3 B1 + a3 B3
2 - 9

(a2 —az)?

where aw, a3, a4, f1, B3 are parameters such that «; # oy, 8; # f; and g — 2a3 +
ay # 0. As an example consider the case (aq,as,aq,51,83) = (0,1,3,0,1). We
obtain that oy = —3 and 2 = 4. Let k1 = ko = 1 and k3 = —2. We get that

(x —3)%(x — 1)(x + 3)

fla) = - ,
_ (z—4)

g(x) = m,

hz) = (z —2316)£x3+ 3) '

There are 18 systems having three polynomials in the Groebner basis, one of these
is as follows: (Sg,,S38,,58,) = ({1},{2,3},{4}) and (I1,12,13,14) = (2,1,1,2). The
system of equations is

ajaz + ajag — 2ajayg — 2apa3 + azay +agay = 0

a1B2 —a1B3 — 1/202B1 + 1/2a283 — 1/2a381 + 1/2a3B3 + aaBfr —agB2 = 0
a3B1 — a3f3 + 2aza3f — dasazfz + 2apa383 — dazasfi+

+dagayBa + a§ﬁ1 - a§33 — 4dazayfi + dazasfa + 404251 - 4042@2 = 0.

The only solution where one can obtain appropriate rational functions is

—agay — azay + 2azag
(23] = s
ag + a3z — 204

3 a2B1 + 2aza361 — dasazfa — dasagfl + dasasfa + adf1 — dazasfi + dagagfe + 4031 — 4o B
3 = ;

(a2 — a3)?
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where aw, as, ay, f1, B3 are parameters such that o; # oy, 8; # 8; and ao + az —
20y # 0. Now we consider the example with (e, ag, a4, 81, 62) = (0,1,3,0,1). We
have that oy = 2/3 and 3 = —8. Let k1 = k2 = 1 and k3 = —2. We have that

(z—2/3)*(z — V)=

fla) = EEEEED
_ (z—=1)z
9(x) m7
r—2)2
hz) = %

3.5. The case t = 4,n = 4 and S, = (. Here we have 24 systems to solve.
Since one has 24 very similar systems, we will deal with one of these only. Let

(SBy,S8,,58s,58,) = ({1}, {2}, {3}, {4}) and (l1,12,13,l4) = (1,1,1,1). One gets
the system of equations
o1fB2 — o By — a1 + s + i — oufBa
o3 — o184 — asfBi + azBy + asB — asfs
aof33 — By — a3y + 3By + agfly —auffy =

There are three solutions which do not correspond to appropriate rational functions,
the remaining solution has

a3 — azfs — agfr + asfs

“= B3 — P ’
S 3B — a3fy — aygflo + asf33
? B3 — P .

Now let (0(3,0(4761,,62,B3,64) = (071a3a27170) and kl = kQ = 17k3 = k4 = —1.
One obtains that

(x+1)(z+2)

flz) = W7

_ (z=3)(x—2)
9(x) = (z -1z
h(z) = —z+1.

4. TWO EXAMPLES WITH n = 5

We computed all the varieties corresponding to n = 5, the systems are getting
more and more complicated therefore we selected only two examples given below.
Some details of the computations can be found in the following table and all systems
in case of n = 5 can be downloaded from
http://wuw.math.unideb.hu/~tengely/CFunch.txt.tar.gz

n|t| Se | # systems
512 #0 4644
513(#0 60
514 #£0 0
5|5 #0 0
513 0 384
514 0 0
515 0 120

In this section we provide two examples in case of n = 5.



10 A. PETHO AND SZ. TENGELY

o Consider the case (S, S8,,58,) = ({1,5},{3,4},{2}) and (I1,12,13,14,15) =
(3,1,1,3,1). One gets a system containing 5 equations

a; —2a44+a5 = 0

as —3/2a4+1/2a5 = 0

ag —3ay+2a5 = 0

o —3akas +3a40f —a+1/2 = 0
fr—pP2+1 = 0.

The solutions of this system of equations are given by
1 1 1 1
(0617 a1+i %Cka 5(\3/5011—1) %Ck7 5(\75&14—1) %Cka 5(6/5051—"_2) \3/14-16, 617 ﬂ1+1>7

where ( = 1%‘/3 and k£ =0,1,2.
o Let (Soo, Sﬁl s SQQ) = ({1, 2, 5}7 {3}, {4}) and (ll, l2, 13, l4, 55) = (1, 1, 17 37 1).
We obtain the following system of equations

a1+ og — 3oy + a5

o O o O

a% — 3asay + asas + 3ai — 3oy + ag —1
a3 — ozi + 304421045 — 304405% + ozg’ —ay =
fr— P2 —1
The general solutions are given by

a1,

a2,

1
as = —a1+a2+2(4 al—a2+2\/§a10¢2—2x/a1—a2+2\/§ag—\/a1—0¢2+2(2\/§a?+\/§>)+

1 +1
—a — asz,
2% T2
1 1 1
ag=—-y/—a2+2ajas —a2 +4V3+ a1 + —a
4 6\/ 1 102 3 g o1t gaz

1 1 1
a52—5\/—0¢1+a2+2\/a1—a2+2\/§+5a1+5a2
B1,

B2 =pB1 — 1.
and

ay,

@2,

1 -
as = T V—a1 + as +2(4 a1 — as + 2V3a1as — 2v/a1 — az +2\/§aé —Var — a2 +2(2 \/504% +\/§)) +

1 +1
- al -~ a2
2 2 7

1 1 1
— 2 2
ay = at + 201 a2 +4V3+4+ —ag + ag,
6\/ L 12 2 2 ! 2

1 1 1
as = —y/—a1 +az +2 041*042+2\/§+5041+5&2,

2
B1,
B2 = pB1 — 1.
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